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ON POLYTROPES ROTATING WITH VARIABLE ANGULAR 
VELOCITY (IN TIME) 

' By Sunil Kumar Roy 
Mathematics Department, Allahabad University 

Communicated by Prof. A. C. Banerji 
(Received on November 21, 1941) 

§1. Considerations of gravitational equilibrium of fluid masses under given 
conditions of rotation and oscillation have become important in comparatively 
recent times. Emden^s work on non-rotating polytropic configurations helped 
Eddington^s pioneer investigations of the ease of pulsating gaseous spheres with 
application to the important considerations of Cepheid Variables, and the work of 
Chandrasekhar in rotating polytropes, Bhatnagar^s work on polytropes rotating 
with a variable angular velocity depending on the distance from the axis of rotation 
suggested the introduction of the time factor into the variation of the angular 
velocity. Besides the applicability of such an investigation to the pulsation theory 
of the Cepheid Variables, the consideration of the oscillations of a rotating polytrope 
is made more important by a recent suggestion of Prof. Banerji about the possibility 
of its application to the Theory of the Origin of Planets. 

The consideration of the combined oscillation and rotation of fluid masses 
of non-constant density is necessarily very complex being more difficult than the 
obviously simplified case of the constancy of the density when the gravitational 
potential of the mass is easily put down, at the surface of the fluid mass, in terms of 
the normal displacement at the surface, while the equation of continuity is very 
simply satisfied. Here we have considered the consequences in a few cases of 
variable angular velocity, varying with the time. Consideration of the Pulsation 
Theory of the Cepheids, it is hoped, will be given in another communication. 

In this communication we shall consider the dynamical equations of motion, 
together with the Equation of Continuity and I^|)isson^s Equation connecting the 
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density with the gravitational potential of the mass under a given poly tropic 
relationship. We shall deduce the conditions of integrability and proceed to the 
integration of the equations of motion after suitable choice to satisfy these conditions. 

§2. The general equations of motion in polar co-ordinates of a fluid mass^ 
the viscous forces being neglected, are 

Dgr qe^-^Q<i>\cY lap 

r ^ dr P dr ' 

Dqe q^^ cot 6- qr qe _ 8V i 

r rci^ p red 


gr q^p'^qp _ dY i ^ _ 

Dif r r sin Oc*P p r sin ^80 

where 

Dt ct dr rdd r sin dcii 
the equation of continuity being 


( 3 ) 

( 4 ) 


^ , _L A. ( 

‘ 2 o vP^r 

ct r cr 


*) + 


r sin B c6 


8 1 
(pqg sin $) + - 


r sin d 


0<'/> 




Here we consider the case when the fluid mass is rotating about the axis 6^ = 0 with 
an angular velocity o> which is a function of the time, the radius and the lati- 
tude, ie., 

(ja=(o (r, p, t) 

p being written for cos and we shall superpose on this motion a radial velocity 
which we take like (o as a function of r, p and t, i.e., 


and 


Qr = ,Qr in t), p-p{r,[l,t) 

q^p^r sin ^.(o = r sin ^.co (r, p, t) 


Under the conditions as taken above, the gravitational potential will bo 
independeDt of the longitude so that we can write Poisson^s Equation 


)''' Equation of Con- 
tinuity in the form 

¥f.'^ 

We assume the polytropic relationship between the pressure p, and the 
density p 

and replace the fuaction p by the function @ where 

p = a@*^ 
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The equations of motion then take the forms 

, ^Qr , • S. ^ ^ - ,,.d@ 

+qr~ “ sm’tf = o Ka” (n+l)-^ 

cr cr cr 


dt 


1 


0“^ t_ 00 

-rco^ sin6^ cos6> = -^ — Ka”(n+1)-^. 

red red 


r 4- cosing =0 


It directly follows from equation (3)^ that 


— 1 1 

2 0) 0^ 


1 4.!1L 

*^2 o> dr 


( 1 )' 

( 2 )' 

(3)' 

(7) 


Changing from 6> to ji we get from (1/ and (2)' 


+g,^-a,V+<«V’=|;(V-R0) 


1 


(ir 


where 


R=(w + l)Ka» 


r»«V =7^ (V-R0) . 

^ cn 


( 2 )" 


Our solutions will be those of (l)" and (2)" with the help of (7) such as to satisfy (5)'. 

§3. Condition of Integrability ; In order that the two equations (l)" and (2)'' 
may be integrable simultaneously we have to satisfy the condition 


a / a?, dqr , 

7-^1 "sr 




Remembering that and oo are functions of (i and 7', the above relation reduces to 

8Vr 


dtd\k 


+ + 2to Vli + li 

0 

= 2rixa)’* + r*jx;r“(o)®) 


8^9 

"V <*> 


that is, 


dtc\x 
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§4. Approximations: The above condition 18) by substitution from equation (7) 
for Qr will give us a partial differential equation in co of the third order being of the 
first order in r and g, and of the second order in the time t. This is rather com- 
plicated to handle. We therefore introduce function coi which also depends on time 

such that , . 

(0 = «)o (l + u)i) 

where ©0 is the static value of ©. We substitute (h) in (8) and neglect squares 

and higher powers of coi- First we write down 

CO =coo4-(Do coi 

r 8(0 1 
Zi 

C0^ = (0o^ + 2c0o*^(0i 

Then eqn. (8) takes the form 

Dividing the above by 2(Oo ‘^r^|i we write the equation in the form 

f ^ 8(0i _ 8(0 i 

4 (Oo^ 8 ^^ r[i 8 |x r|i 8 ^ dr 

§5. It is easily seen that in (8)' if we put ^ =0, is necessarily 

Eero in order that the condition may be satished, that is, it shows that coi cannot be 

^0) 2(0 2(0 

a funetipn of ji alone. Similarly, in the case is found to be 

Eero showing that the amplitude also cannot be a function of r alone, 

Again, if we assume that ^-‘=0, a necessary condition for integrability is 


O 

that “ =0; we take this case, that is, when (Oj is purely a function of the time. 


,6r 


It will then be observed that the equations 11), (2) and (3) reduce to 


dqr cjr 

M .dr 


©V + ^ (V — R 0) . 

. . (A) 

r*©V= ^(V-R®). 

1 [X 

. (15) 

;■ 1 rfo) 

~ 2 01 dt 

. . (C) 


Since “ is purely a function of the time t, a direct consequence of our assump- 
tion is that the radial velocity is proportional to the distance from the origin and 
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that during the time in which (o is increasing the radial velocity is inwards, and the 
reverse is the case when o) is decreasing. 

In consequence of equation (6), the equations (A) and (B) become 


t 2 dAco dt ) 



= Ka^ {n+ l) 


dr 


and 

L 

^ aV Ka^(n+l)a@ 

m 11= -7 — 

^ rcjji r CjjL 

from which^we may write 


cv ,.,a® / ,,, 1 i/rftovi 




av av 

Substituting these values of ^ and in Poisson^s density-potential relation we get 

^ |-[,>Ki(n + l)|2-,-> { «,•(!-,■) + ! 1(1 f )= ) ] 

+ L ^1^(1— p,^)Ka»>(n + D|^+{l— H®)r’(o’n j= — 4jtYa®” 
L- 1 

Putting 4jtY?'* = (?^+l)Ka” and a)® = 23iYa-»^ the above equation simplifies to 

cl) ® ^ dt\v dt] IfiU ' i 


We can however note that the terms in these brackets are functions of the time 
and we can write Ai’ x ijiyoil'i for this term so that A'V is a function of the 
time only. 

Denoting by R the expression l^a^in-^ 1), we have by integration of (A) and 
(B) and changing from co to and from r to the equations 
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Writing — + /s(|, in place of the arbitrary /’sll, we get 

4KYa . 1 


V-R@=^' 




Since the identity holds for all values of i, [i and we have 

fi (|i,i) = -^r-' Av + f, Itt) 

The right-hand side here is a function of ^ and t only, whereas the left-hand side is 
a function of |i and i only. Therefore both are merely equal to a function f (/) of #. 
Hence, we get 

V-R0=-M* Av^f{t) 

Using the definition of A as above, we can write the above in the form 

Y-n%=-B^ lv+Av)+R^^vPA[i)+f{t) . . . (U) 

The equation of continuity simply becomes 



dt ir* (a dt] 


Putting 00 ” 
in the form 

for p and changing from r to |, we write the equation 

of continuity 


0© 1 rfj) 1 r 3© , j. V 

dt i; d# 4 1 re cU • 

. (12) 

The Poisson equation becomes 



1 ^ i 00 \ 

. (13) 


It is directly seen that equations (11) and (13), (v + Av) not being a function of |x or 
are of the same form as Chandrasekhar’s equations for statical solutions of slowly 

retatmg polytropes, their solutions being therefore expressible in terms of Emden’s 

funcUon $ (|) and auxiliary Emden’s functions i)), (|) and ij)* (|l in the form 

®— K|) + Aj\J)2(||P,((i)} + /^».^j(|) _ _ _ 

The term in © in equation ( 14), dependent on the time, is 

Av 

It » therefore eeeUy «eo that the eqoat™ of eontinuity (19) renain, oneatisBed 
mrfer oor aesampttooe, unless ^=0. We therefore have to oonclude that porely 
radial oscillations of a rotating polytrope are not possible. 
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§6. We now take the case ^7=0, that is, coi does not depend on the dis- 
tance from the origin. The variation is now depending on conical surfaces with 
the axis of rotation as their axis and the centre the vertex. The condition of integ- 
rability becomes in this case 


1 d' ?CQi I — ca>i 


i.e., 


4coo'^ Sc rpcp 




^=0 

cp 


v=l 


Such a condition of integrability is satij-fied by a function of the form 

t) = Ja(v) cos (2coo Vv t) rfv + JB\v) sin (2coo Vv t) dv + C (t) 


For example, in the simple case B(v) = C{^)=0 and A(v) = ~ v 

sin 2o)o t 


-i 


we get 


coi(v, t)=a- 


2coo^ 


It shows that the amplitude goes on decreasing towards zero as the time increases. 
It indicates that if such an oscillation be started it will go on decreasing until 
eventually it assumes Chandrasekharas static form. It is only an indication, however, 
since we have not completely solved all the equations of this case. 

§7. Lastly we take the case ^^^=0, that is, the variation does not depend 

ct 


upon the time. Then 




5coi 

ir 


which is satisfied by taking o)i = CO 1 u^). It is easily verified, however, that 

in this case coi =cOi satisfies the condition of integrability without any 

appeal to approximation. Further in this case is obviously zero Hence, the 

equation of continuity is identically satisfied. Thus having satisfied, firstly the 
equation of continuity, secondly the third equation of motion, and thirdly the condi- 
tion of integrability, we can proceed to the integration of the finet two equations of 
motion and with the help of Poisson’s equation connecting the gravitational potential 
with the density deduce 0. In particular we may consider to “ (0o(l + Xr \/ 1 — 


Chandrasekhar considered (Oj=0. Bhatnagar considered m- 


(Oo 


tain modifications, and the case co'=cOo^{l' 


•« ^2 (l-tl’')}- 




with cer- 


§8. We now come to a different consideration of the condition of integra- 
bility (8)' 
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We find that if we assume m, to be harmonic with period ~ the condition becomes 






Hence, our condition of integrability is satisfied if Oi is n fnnotion of r’tt’-sin'o) 
where V =|^— - i-® ’ angular velocity in the form 

In the case when X is zero this as we know reduces to (o=®o( 1 + Wi(mn<?) ). The 
amplitude function can be expanded in negative powers of r, the first term of which 

may be written 


ai 




. On the surface with t constant, this is a maximum 

' n 


and decreases as 0-^0, i.e., it is maximum on the equatorial plane and 

decreases towards the poles, which is similar to the variation of the surface rotation of 
the sun which has not yet been satisfactorily taken ac count of in any theory of steady 
angular velocity/ It will be observed, however, that if in the above equation (15) 
we put cos a^=0, we get o}=(0o, ie., periodically the sun will move with uniform 
rotation. In the absence of a complete data to bear out the fact, we cannot say 
anything further. Concerning Bhatnagar's work on variable angular velocity 
Prof. A. C. Banerji remarks** that In the variation law taken for co containing 
only one term, we find that the angular velocity increases with latitude. But in the 
ease of the SUE it is observed that the rotation of its surface is maximum in the 
equatorial plane and decreases towards the poles This is apparently contradictory 
to our assumptions,, but it may be remarked that the equatorial acceleration can be 
accounted for by taking two or more terms of the series for the value of (O and by 
suitably adjusting the constants ai, ^ 2 , flis* . • . . some of which may be negative 
But here (O has been taken as a function of t sin B and we can write 

(0=/’(rsiD^) 

If / (rsin increases as rsin J increases then co would have its maximum 
value at the equator. In this case the inner parts of the sun would have a lesser 
speed of rotation than the outer. So on any theory of steady but non-uniforni 
ahfular velocity simultaneous increase in the angular velocity as the latitude 
decreases and as we proceed further from the axis of rotation cannot be explained. 

I am grateful to Prof. A. C. Banerji for his keen interest in the work 


**Presidential Address, Section of Mathematics, Proceedings of the Twenty-seventh Indian 
Science Congress 1940, p. 



NOTE ON A THEOREM OP VALIRON AND COLLINGWOOD 


By S. M. Shah 

Mathematics Department, Muslim UNivERsrry, aligar-h 
Communicated by Dr. Gorakh Prasad 
(Eeceived on December 2, 1941) 

G. Valiron and E. P. Collingwood proved that^ 

Theoeem a. he any Integral function of positive order p<1, then 

lira inf \iN(r, a) ^ 
logMCr^) 

for all values of ^ and all 'values p. 

They also proved an analogous result for functions of zero order and deduce a 
known result. 

Theorem B. If for f^r) 

1 ogM(r) = O ( (log r) 

thm 

logM(r)‘^N(r, d) 

for every a* 

In this note I show that the results of Theorems A and B are in a sense the 
best possible. I prove 

Theorem 1. Given any non-decreasing function d {x) tending to infinity wiih 
cr, tJm'c exists an Integral function f(z) for which 

lim 
^—>00 


( 1 ) 


logMfr) __ 
(logr)*^(r) 


( 2 ) 


lim sup logM(r) 


r*->oo N(r, 0) 

Theorem 2. Given any p^O, and any positive function for ivhich 

lim sup log 


X’-^oo 


log ic 


^p 


(I) G. Valiron and E. F. Collingwood, London Math. Soc. J. 4. (1929), 210—213. 

M(r), N(r,a) n(r^a\ and T(r) have their usual meanings, See E. C. Titchmarsh Theory of 
Functions (Second Edition), Chapter 8. 
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there exists mi Integral funetion Ffa) fm- which 

, lim inf RN/V*, o) _a 

™ logMIr'-''*) 

. . lim sup logM(r/R)__ 

w N(n 

logM(r/R) _ ^ 

f ?^(r, o)'\i)(r)”~ 

k=l + [p], R=exp (\ogrl6{r)) and 6(r) has been defined in the statement 
of Theorem 1. 

2. Lemma 1. Given 6{cc}, a non-deereasmg fimction tending to oo uylth 
there exists a non^deereasing fmietion '^(x) tendmg to infinity with x a^id sneh that 

'^(cc) ^l 3 rK=logloglog ir; ^(x)^ ^6{^) for all x^X 
Proof. Choose X such that ^(£c)>0. Let 
'^(a:)=0 for 0 ^ cc ^ X 

=la ir-l3XforX<a;gXi 

where Xi is the first meet of the curve y—^/t(x) with y^h x—hX in the interval 
X >X. If they do not meet at all then we take 

'^(x)=h^“^hX, for x>X, If they meet, let 
^to=Z3Xi-Z3XforXi<a;<l+?i 
where X>i (— Xi) is the greatest number such that 

'^(x) —h(v^h (l+ti)+^ 3 Xi — Z 3 X for l+t;i<aj:<X 2 * 

where X, is the first meet of y^^/fix) mthtj=kx-ls (l+'CO + iaXi in 

the interval £c>l 4-^1. We repeat. 

It is seen that for x^X 

ix)^lsx ; (cc)^ \/d[x) and (x) is positive non-decreasing function tending 

to ^ with X. 


3. Proof of Theorem 1. Let =:X, h be defined by 

^ (e\)=Max Ai' WO} 

I and for n^By In be defined by 

where X and ''P (x) have been defined in lemma 1. Let 

00 

/(«)=e{i+ —} ”*” 
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where (e^»)]. Since 

is convergent for every a >0, hence f («) is an integral function of zero order. Let 

00 

S r < Then log M (r) = ^^M^w log ^1+ 

1 

< tn^ 1 log (2r) + tn log (2r)+ +o(l 

= Ai + A 2 -f As + 0(1) 

where for n S 

Ai < , log r< ^ I log r 

< - I log ^2^w. ’og 0 ( (log r)2) 

A 2 < 21« tn log r ^21og^r ^ 21og^/' \/^(r) 

A,< h,+ , V(e^’+'>’ - 

If now e^" /”+V2 then 

A , ^n+lli K+1 • e^n+i/2 

g\n+l ^ 

If /"+'/2<r< e^"+‘ then 

^3 h ^i'n+l =0 (dog r)^) 

Hence, 

lim logM(r) _ 
r-*oo (logr)* 6>lr) 

Zeros of f (2) are— e^” ; let r=e^”— 1. Then 
N {r, o) = j cn{r) (log r-log ^i) ~ _ I ; log M(W2) 

Ai 

'-^K K log I 1+ “In- J > for Vi > v/o. 

Hence, for n ^ 'Ui > >/o 

log M(v-/2) Ktn ^ieK) X „_1 

N(r,o) ^ ~ 8}i„_, #„_i — 
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Hence, 

iim sup log MV) _ lim sup L iLL =soo 
N (r, o) r-*°° N (r, o) 

Proof of Theorem 2. Let 

^a;)= exp {(p+il‘) log x} where we may suppose >0. 

Let 

,, f upper bound 1- I 

;ir = ““{ i2r f 

Then tends monotonically to zero as and 

92 

al)(r)S exp {(p+t)^) log r). Let X^=n*’' ; Ei = 82= I ; 


and 


£«=3ii„+ 


(4+ p) log l„ . 




w=8, 4, 5, . . . 

f 1 'C. 


n=l, 2, ; 1%) =TT 1 1 + £• 


F(,t) is canonical product* of order p. Let r— Xjf"— 1- Then for n—rt2 

HM< 2« log V. 

l0BM(,iE)>;„te{l+,ig ) 


log Mlr/R) , 
Ntr,ojiiAr) ' 




+ 


|^(4+p)-^ 


p 

k' ■'« 


+ e„ _ 1 


T-~— 1 log^„_i 

logX.„_,J 


+ 0 ( 1 ) \ 


- — ►00 With 71 -+CXD, 

Hence (4) is proved. (5) and (3) can be proved similarly. 

Finally we add that by considering log M(i^/2) instead of log M(0 we can 
prove relations (3), (4) and (5) with T(r) instead of log 


(2) Cf. S. Shall, Bulletin American Math. Soc., 40 (1940), 909--912. 



POLYTEOPIC GAS SPHERES WITH VARIABLE INDEX 
By H. K. Sen 

Mathematics Depabtment, Allahabad University 

Commiiniciited by Professor A. C* Banerji 
(Eeceived on January 26, l942) 

SUMMARY 

Eddington's problem, of liow far tbe properties of the variable polytrope lie between those ^ 
the limiting, uniform polytropes of maximum and minimum politropic indices, has been considered 
It has been shown from quite general considerations that the gravitational potential energy cannot 
be an isolated extremal property exhibited by the one-phase model of the limiting polytrope. Using 
Candler's equations, several intermediate properties have been deduced for the variable polytrope, 
besides those derived by Candler, in particular, the ratio of the central to the mean density. The 
temperature distribution in the variable polytrope has been considered in various aspects, and several 
integral theorems as well as the monotonic decrease from the centre to surface of certain physical 
variables, which is assumed for real stars, have been shown to follow from the polytropic equation. 

In what follows, we will consider a sphere of perfect gas, of constant mean 
molecular weight, in hydrostatic equilibrium. The sphere will be called a uniform 
polytrope^ if at every point in it the relation 

P=k/‘''« (1) 

is satisfied, where P and p are respectively the pressure and density at any point, and 
K and n are constants- 

Eddington® showed from thermodynamic considerations that real stars 
approximate to the law (1) with and discussed in detail these configurations 

which have acquired the designation of “ standard polytropes/^ Theoretical 
objections were raised later on against the standard model, voiced most prominently 
by Milne, ^ ^ according to whom a better representation of the observed facts would 
be a two-phase configuration with a central poly tropic core of index Ui surrounded 
by a polytropic shell of different index ^ 2 - Jeans^ objected to the standard model 
on the ground that there were reasons to suspect that the perfect gas law were not 
obeyed right up to the central regions of the star, where the matter must be supposed 
to be in a liquid or semi-liquid state. 

We are thus led to consider configurations in which the polytropic law (1) 
does not hold throughout the entire mass. In fact, all possible spherical distribution 
of matter can be conceived of as made up of concentric shells, the polytropic index 

13 



li 


mathematics: h. k. sen 


varying from sholl to shoii. Eddington* initiated the consideration of such models* 
He defined* the (variable) polytropic index n by the relation 


A 

dr 


y(l0gP) = (l+^) ^(logp), 


( 2 ) 


where P is the pressure and p the density at a point distant r from the centre, and n 
is a function of r. 

We will call a configuration satisfying the relation (2) a variable pohjtropc. 
When n is a constant, relation (2) reduces to (1). 

Eddington proved^ that the negative potential energy, ft, of a variable 
polytrope of mass M and radius E, is given by 


_ 3 p M* 
~b-n ^ R ' ■ 


(3) 


where G is the gravitational constant, and Ho is an average value of taken in a 
particular manner, which, for positive values of the polytropic index, lies between its 
maximum and minimum values. 

Thus, if the index of the variable polytrope varies between the limits vii and 
H 2 , the extremal values of its potential energy are given by the uniform polytropes 
of the same mass and radius and indices n\ and respectively. 

In a later paper,* Eddington investigated the general problem of to what 
extent the properties of the polytrope S with variable index within the limits 
and Wj lie between those of the limiting, uniform polytropes, Sj and S 2 , of respective 
indices and Hg- He showed from physical considerations that in actual stars 
the polytropic index is likely to increase monotonically from a value H i = 1'5 at the 
centre to 71^ =3-5 at the surface. He showed that the potential satisfies an equation 
formally similar to Enden’s equation. The solution curve was found to lie initially 
between the limiting polytropes but was liable to divergence further on. His 
conclusion is that the potential energy is probably the only intermediate property 
of the variable polytrope S, and that the extremal value of any selected property of 8, 
subject to the condition that n increases outwards monotonically from to 71 ^, is 
given by a two-phase model with an inner portion of constant index iii and an 
outer portion of constant index H 2 , the relative extent of the two portions depending 
on the selected property and on the characteristics (e.g., mass and central density) 
chosen to be kept constant. 

The object of the present paper is to show from quite general considerations 
that, contrary to Eddington’s surmise, the gravitational potential energy cannot 
be an isolated extremal property exhibited by the one-phase model of the limiting 
polj-trope. In fact, Candler* has obtained several properties, other than the potential 
energy, of the variable polytrope S, which lie between those of the limiting, uniform 
polytropes, Si and Sj. It should be noted that these papers have only considered 
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the hydrostatic equilibrium of the polytrope. Very recently, N. R. Sen^^ has 
considered the thermodynamic properties of a mixture of gas and radiation, and 
obtained an extremal property for the temperature distribution of the variable 
poly trope. We will consider both aspects of the case, and with the help of Candler^s 
results^ deduce further extremal properties of the variable poly trope, for the 

potential, temperature, mean temperature, ratio of gas to radiation pressure, and the 
ratio of the central to mean density. We will investigate the problem of how far 
correspondence exists between three gas spheres in the sense defined by Sen,^^ and 
consider the intermediacy of the temperature distribution by a new definition of 
corresponding points. We will prove Chandrasekharas extension^ of Eddington^s 
theorem" for minimum central temperature to stars with appreciable radiation 
pressure by a modification of a method due to Eddington,*' and extend the Theorem X 
of Chandrasekhar’s paper^ for vanishing radiation pressure. Following Chandra- 
sekhar, we will give two integral theorems on the central potential and central 
temperature of a perfect gas sphere of given mass and radius, and deduce two 
integral theorems due to Chandrasekhar^ concerning radiation pressure and 


Jr 

extremal property of K= where m is a constant, from the property of a 




variable poly trope. Certain extremal properties of Chandrasekhar’s K= 


i+- 

P m 


without Chandrasekhar’s restriction of K decreasing outward^ will be deduc- 
ed from Candler’s equations,^ and a closer upper limit found for K than that 
given by Chandrasekhar in page 80 of his monograph,^ leading to Chandrasekhar’s 
Theorem 7 on the upper limit of the central radiation pressure of a given gas 
mass.^ We will also show that the monotonic decrease, from the centre to surface, 
of certain physical variables, which is assumed for real stars, follow naturally 
from the hydrostatic equation and the definition of the variable polytrope. 

Certain consequences, as we have just said, directly follow from the relation (2) 
and the equation of hydrostatic equilibrium. We state and deduce them as follows. 


i 


Theorem I. The pressure, density, iemperaiure, potential and the ratio of 
the pressure to density at any point of a vcuriable poly trope of positive index ore 
monotonic decreasing tu7ictio7is of the distance of the point fro7n the ce7i;tre. 

That the pressure P and the potential ^ are monotonic decreasing functions 
of the distance r of the point from the centre, follows from the hydrostatic equation 
of equilibrium, dP==— ^ pdr, which is equivalent to cZP = prf</>, where p is the density 
and Q the gravitational acceleration at the point. 

Now, we have from relation (2) 


P V n } p 
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As n is positive, we have from (4) that dp has the same sign as fZP. 

Again, we have from (4) 

4 (5) 

\ P I P «P 

We have from (5) that d ) has the same sign as dp. 

Farther, we have the equations of gas and radiation pressure 

-^=-4rT, and (]-p)P=4-«T" (6) 

p [xii o 

where k is the Boltzmann constant, [i the mean molecnlar weight, H the mass of the 
proton, and a the Stefan-Boltzmann constant. 

We have from (6), by differentiation, 




. (7) 

and 

(l-p) <ZP-P# = rfT. . 

. . (S) 


It is easily seen from (7) and (8) that (IT is negative for all values of 
positive, zero or negative. 

Ritter, Eddington, Milne and Chandrasekhar'^ have derived a number of 
integral theorems on the hydrostatic equilibrium of a gas sphere. Chandrasekhar® 
has very succinctly summed up the main results in the statement that, subject to the 
condition that the mean density p (r) inside a sphere of radius r does not increase 
outwards, the physical variables characterising the given equilibrium configuration 
of central density p^ and mean density p, namely, the central pressure, potential energy, 
mean values, with respect to the mass, of the gravity, pressure and temperature (for 
the case of negligible radiation pressure), have values respectively less thm\ those 
for the configuration of uniform density with p = pc , and respectively greater than 
those for the configuration of uniform density with p=p, the mass remaining the 
same. We can, adopting Chandrasekharis method, prove the same property for the 
central potential, follows. 

Theorem II The central 'potential of any equilibrium configtimtion of 

mass M and radius J?, m which the mean density p inside r does not fnerease 
outward, mmt satisfy the inequality 




uhere R and Be are the radii of spheres of mass M and uniform densities p and p^. 
reepeciimly. 
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where Rc is the radius of the sphere of the given mass M and uniform density equal 
to the given central density 

We can easily see in a general way the truth of Chandrasekharas summary'^ of 
the integral theorems. 

The physical variables characterising a given equilibrium configuration can be 
put into the following integral forms^ : 


0 

f M{r)dM(r) 

4ji: * 

1 r‘ . ’ 

G 

rM{rldMG) 

1 


•MMr)r;MG) 

4jiJ 


d T 

are the mean 


' M 


I ‘ 


. (14) 


^ ^ v,* ** V AIJJI ^ 

pressure and temperature respectively, a is the negative potential energy, and the 
integrals are taken from the centre to the surface. 

It will be clear from (14) that the physical variables can all be represented by 
the general integral 

M 

i (r) d M (r) 

p j . . . . , 

r 




( 15 ) 


where o and v have integral (including zero) values. 
We have from (15) 


M 




d (r)] 


( 16 ) 


The integral (16) is a minimum when, fw each step of M’"+*(r), r is as great 

condition that p (r) is not to increase outwards, will 
^ ' V - uniform density equal to the • mean 

®oon to be that of the sphere of the same 
mass and of unitorm density equal to the central density p^ 

f. .^*“‘"y5®“>’^®<it‘»atEddington« has obtained minimal theorems subject 
^ e condition that the density p at any point does not increase outwards We 
can easily see as follows that Chandrasekhar’s condition, that the mean density 

ffldin^onl.^ ^ ^oes not increase outwards, is less stringent than 
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We have 



M{r) 


Differentiating (17) with respect to r, we have 


4jc d p jr) 
3 dr 



( 17 ) 

(18) 


Substituting d M (r) =4 p d we have from (18). 

dr ^ 

We have from (19) that the condition ^ j —SO is equivalent to p 

dr 


Thus, at a point r where the density is p and mean density p (r), where p^p (r), 
we can introduce a thin, spherical shell of matter of any density between p and p (r), 
thereby reversing Eddington^s density gradient, but not Chandrasekharas. 

It is at once evident from Chandrasekhar’s summary '' of his integral theorems 
that most of the physical variables characterising an equilibrium configuration with 
polytropic index varying between the values 0 and n do attain extremal values in 
the c?7^e-phase model of the limiting, uniform polytrope. As Chandrasekhar’s 
theorems are independent of the mode of variation of the polytropic index, the 
mmimtim value for given mass and radius is doubtless attained in the <97^e-phase. 
model of ijero polytropic index, that is, the uniform density sphere of the same 
mass and radius. This is borne out by Candler’s *^ Theorem II, which gives minimum 
central pressure and density for polytropes of minimum index. If, instead of the 
mass and radius, we keep the mass and central density the same for all configurations, 
the 'maximum value is now attained in the ane-phase model of zero polytropic 
index, that is, the uniform sphere of the given mass and density equal to the given 
central density. 

However, in view of Eddington’s general investigation,® we cannot maintain 
that the one-phase models of limiting indices would give the extremal values of all 
the physical variables. Eddington^ has, in fact, obtained a two-phase model for 
the minimum central temperature, namely, an isothermal sphere surrounded by a 
region of uniform density, which gives a range to the poly tropic index from zero to 
infinity. 

Candler* has reduced the Emden equation^ to a first-order one by introducing 
the following dimensionless variables X and Y which are invariants oE the Emden 
equation involving the Emden function and its first derivative, with respect to a 
Lane transformation : 


r p jr) y_ p23tG- \l rp 
\ 3 / ’ V 3 / ’ 


( 20 ) 
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In fact, as Sen^ ® has remarked, if we transform X and Y to usual polytropic 
variables for n = constant, we obtain 


x-V 


'3 w+1) 


I 2 

»+ i > 
f^«-i 


( 21 ) 


Ii = i u. 


n~i 

U 


where Ii and 1 2 are the two invariants 

(22) 

’ 

i and 21 being the variables of the normalised Emden equation.^ 

Sen^^ has analytically proved that Ii, I 2 , each has a single maximum for 
given n, which throws light on the general nature of Candler^s curves. 

Candler^s variable X is a positive quantity increasing from zero at the centre 
to infinity at the surface ; the variable Y is a positive quantity increasing initially 
from zero at the centre, and reaching a value at the surface which may be zero, finite 
or infinite according to the surface value of n. 

Candler defines correspo 2 iding points for different configurations as those 
with the same value of X, and gives the following reason for his choice of the 
variables: 

The choice of X as the variable which determines what points in the two 
stars are supposed to correspond is arbitrary, and similar results could be obtained 
by a different choice. It has the advantage of simplicity, however, in that X has the 
same range of values, from zero to infinity for any star, and the analysis is the same 
whether we are comparing two stars with the same central pressure and density or 
with the same mass and radius. Since we are ultimately concertjed with the 
comparison of integral properties of the two stars, the choice is not of great impor- 
tance/^ 

With his variables X and Y Candler derives the following Hrst-order equation ; 


dX 


n—1 
n+ 1 


xy 


^3+X';Y-2X 


(23) 


Hegivesexplicitsolutionsof (23) for?j=o, 1 and 5, 


, , , and draws the solution- 

curves for the polytropes M = 0, 1, 3 and 5. 

The following properties of the solution-curves as deduced by Candler 
from his fundamental differential equation (23) are relevant to our paper : 

(i) Ail the solution-curves leave the origin with unit slope. 

'«> of two configurations S, are such that 

Y) +/ 11 °°*'^®®Ponding ” points (that is. points with the same value of 

Xh then the solution-curve for S lies'entirely above the solution-curve for S\ 
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It is property (ii) of the solution-curves that gives them their importance. 
Candler has expressed the physical variables in terms of X and T and with 
the help of property (ii) shown several characteristics to lie between those of 
the limiting, uniform polytropes for two classes of variable polytropes, riz , [a) of 
fixed mass and radius and (b) of fixed central pressure and density. In parti- 
cular, he has shown the intermediacy of the central pressure and density for class (aX 

We will now use Candler^s results to find further intermediate properties 
of the variable poly trope. We suppose, as we have already stated in the beginning 
of our paper, all poly tropes to be perfect gas spheres of constant mean molecular 
weight li- 
lt should be noted that Candler’s theorems hold only for those characteristics 
which vary monotonically with the index for poly tropes of uniform but different 
polytropic indices, as can be seen from the British Association Tables of Emden 
functions.^ The reason for this is apparent. -The same is particularly true^ of the 
ratio of the central to the mean density, which is purely a i unction of n and assumes 
large values for t^>3. We prove the intermediacy property for this ratio as 
follows. 

Theorem IV. If the poly tropic indices 7?, of two polytropes^ S, vary in 
any mamter beUvee72 the centre and surface such that — at all Carres’- 
ponding points^ then the ratio p of the central to the mean density is less for 8 
than for S^. 

Denoting t^ e variables of the star by dashes, we have, from Candler's 
equation (24) 

PrI 

Candler has shown that the denominator of the integrand is positive and 
Y>yi for n<n^. Hence the integral is negative and the ratio (24 )<1. The 
theorem follows. 

Cor If the polytropie index n of a poly trope S varies in any manner 
between a lower limit ni(> ’-\) and an upper limit n-z (^5), then the ratio of the 
central to the mean density of 8 is greater than that of Si arid less than that of 
where Si and 8 2 are uniform polytropes with the respective indices ni and 

It should be noted that the theorem is perfectly general, concerning only 
the poly tropic index and independent of the physical variables characterising the 
star, that is, it is true for all stars whether of the same mass, radius, etc , or not. 
Further, the polytropic index n need not be subject to Eddington’s restrictiou^ of 


- = exp 3 


(Y^-YWl + X^VZX 


{ 13 T X^)Y-i^X ]{(3 -e X‘^i Y ‘ ~ 2 X} ’ 


(24) 
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monotonic increase from the centre outwards, but may vary in any manner within 
limits Wi(> — 1) and 7^2<^ >). This disproves the following remaik of Eddington® • 

But, so far as we know, the gravitational potential energy is the only quan- 
tity to which this* applies ; and there are certainly some quantities, the ratio of 
the central to the mean density, which do not always lie between the values 
given by the two limiting polytropes.’^ 

We next consider the potential ^ of the variable polytrope. 

Theorem V. The potential <56 is less for S than for 8 ^ at correspondmg 
points (that isl points loith the some value of X)^ tvhere 8 and 8 ^ a.re two pohjtropes 
with the same mass and radius^ whose polytropic indices n and vary in any 
7nanner behveen the centre and surface such that -'l<n<n}^b at all correspond- 
ing points. 

Taking the zero of the potential on the surface of the star, we have 

E 

^ ^ O^r) dr, (26) 

r 

Let r, and g{r'^, be the values respectively of the distance from the 
centre and the gravity at corresponding points. Then g(:r), g^(r^) are both positive* 
Also Candler" has shown that and g{r) <gUr^). Thus we have 

K . R 

=1 gir}dr«t>^= f g^(r^) . (2h) 

■r y ^ 

as the correspondence is one to one, and the length of the interval in the first integral 
is less than that in the second. 

Cor. 1. Under the eonditmis of Theo. V, the central potential of 8 is less 
than that of 8 ^. 

Coe. 2. If the polytrapic index n of a polytrope S mnen in any manner 
between a lower limit n, {>-\)and aw upper limit n, (<5), then the potential 
at correspoMmg points is greater for S than for S, and less for S thaw for 
where Si and S 3 are the tmiform pohjtropes with the respective indices Ui and nl 
a7td hamng ike sajne tnass and radius as 8 . 

Cos. a The negative potential energy a of the variable polytrope S of Cor. 2 
hes between its values for the limiting polytropes Si and 83 . 

a = ij<t>dm, . 


The property of intermediacy. 


(27) 
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where dm is an element of mass at the point where the potential is 4>, the corollary 
follows from (27) on constructing shells of equal mass at corresponding points. 

Eddington’ has derived this property of si by a different method. 

We can similarly prove the following theorem for stars "of constant central 
pressure and density. 

Theorem VI. If fhe polyfropie index n of a polytrope S varies in any 
manner bet'irem a lover limit ni(> ’-1) and an upper limit n^ (—5^, then the 
potential at corresponding points is less for S than for Si and greater for S than 
for S2, where 81 and S2 are the uniform poly tropes tvith the respect w indices 
and 712 a>nd having the same central pressure and density as S. 

We will now consider the mean temperature T with respect to the mass, and P, 
the ratio of gas to total pressure. 

Theorem YII. If the polytropic index n of a polytrQpe S varies in any 
mannew beUveen a lower limit ni (i>0) and an upper limit n^ {^5), then the mean 
temperature 

r 

TdMM 

0 

is greater than that of Si and less ih m that of ^2 corresponding points, so long 
as s/ 3^ where Si nnd 82 are the uniform polytropes^ tvith respective indices 
ni and ^ 2 , having the same mass and radim as 8. (Radiation pressure is 
neglected.) 

We have 

d M(r) = 4:itr^pdr, . . . . . . (28) 

where M r) is the mass inside the sphere of radius r, 

From (28) and the equation (6) of gas pressure, we have 

r r r 

f TdM(r) = J-^j~d M{r)= Pr" dr, . . (29) 

0 0 0 

Now, by a theorem due to Milne, we have 

r 

a{r) = 12% f Pr^ dr, 

0 


( 30 ) 
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where siM is the negative potenh’al energy of the sphere of radius r. 

From (29) and (30), we have 

U M{r) 

1 GnH _ M y) 

5- Wo k r ’ 

from equation (3^ due to Eddington/ 

Denoting the corresponding quantities for the star S 2 by dashes, we have, 
similarly 

rjfVrt 1 , OpH . M ( t ) (3*^) 


T" (r) 


5—W2 Ic 


Now, we have, according to equations (47) and (48) in Candler^s paper/ 


M(rVM"(r) _ r (3 - (Y - T) 

Hr J{l3+X‘j Y-2X} {(3 t XH Y'-^X}' 

X 


Candler has proved the denominator of the integrand to be positive and Y 
for w<w'. Also X^ V3, by hypothesis. Hence the integral in (33) is negative, and 
the ratio (33 ‘ <1. 

Eddington'^ has proved, further, that Wo <^ 22 - Hence, we have 

T{r)<T'{y) (34) 

The other part of the theorem follows in like manner. 

Cor. Under the conditions of Theo VII, the Qnemi temperature of it variable 
polytrope S is q? eater than that of 8x and less tha'n that of S>ji, where 8% and are 
the uniform, limiting polytropes of the same mass and radius as 8. 

We have the following two theorems on the intermediacy of P, the ratio of gas 
to total pressure. 

Theoekm VIII. If the polytropic indices w, of two polytropes, 8, S'-, of the 
same mms and radius, vary in any manner between the centre and surface such that 

l<n<n^<b at all corresponding points, thm the value of % the ratio of gas to 
total pmsure, is less at any point in 8 than at the corresponding point in 8\ so long 
as X is small, and the converse lohen X is large. 

Eliminating T between the equations (6) for gas and radiation pressure, we have 


_ a /'pH r P® 

P* 3 V A: j p* • • . . (35) 
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From Candler’s^ equations (25’) and (46), we have 

CO 

PVp* f 12(Y-Y^)dX 

{P^)V(p’)" lYi ®''’^/{(3 + X^) Y-2X} i.3 + X^)Y'-2X} • ’ 

X 

yi 

Now, from the property (i) of Candler’s curves,^ Y -^1 as X“>0. Also the integ- 
ral in (36)->'0, as X-^^o. Hence; we have, from (35) and (36), 

3<(3^ when X is small, 
and [5 >P^, for large X. 

Cor. 1. Under the coyiditions of Theo. VIII, the cenh^al and the surface values 
of the 7ntio of gas to total pressure, for a. variable polytrope S lie betwee7i their 
respective values for the limiting, nniform polytropes Si ajid ^ 2 , of the same 7 nass 
and. radius as S 


Cor. 2. There will be 07ie or ^yiore points at ivhicli the poly tropes 8, Si a7id S^ 
of Tlieo. VIII will have the sayne value of p. 

This follows, as P varies continuously with r, the distance of the point from the 
centre. 

It should be noted that for poly tropes of positive indices, the minimum value 
of |3c, according to Theo. VIII, Cor. 1, is attained in the uniform density sphere 
(/^=0). This leads to, as we will immediately explain, the following theorem due to 
Chandrasekhar‘S : 

The 7'atio (1 — P^ ) of the 7'adiation pressure to the total pressure at the centre of a 

wholly gaseous configuratioji in equihhy'iim m 'which p (r) does not inci'ease otct- 
ward, satisfies the inequality 


whe7'e p* satisfies the quartie equation 

« = (y)1( 


3*, 


k 




Y L 1 - 3 * 1 1 

/ 8"^ J 


Gt 


(37) 

(38) 


is the mean moleeidar 'iveight at the centre. 

The P"^ of (38) is the P^ for a uniform density star. This follows from equa- 
tion (35) and the expression^ for P^. the central pressure, of a uniform density star 


of mass M and radius E, vi%,, 


P =—3^ 

0 8jt ■ 


(39) 


Theorem IX. If the poly tiwpic indices n, of two polytropes 8, S^, with 

the same central py'essure and density, vary in any 7}ianner hetivee7i the ceiitre and 
surface such that -'X<7i<7V^5 at all co7respo7iding points, then the value of p, the 
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ratio of gas to total pressure, is greater at any point (except the centre) in 8 than at 
the corresponding point in S^. 

We have, from Candler’s^ equations (42) and (43), 

P®/P* _IY^Y _ T 12(Y^-yWX 

{pij.y(pi)4 - ( Y j J{(3+X*)Y-2X}{(3+X^)Yi-2X} ' 

0 

From (35) and (41), the theorem follows for all X =j=0. 

Coe. It the poly tropic index ?z of a polytrope S varies in any znamier betiveen 
a loiaer limit ni (> — i) and an upper limit 1^5), then the value of (3, the ratio 
of gas to total pressure, at corresponding points (except the centre), is less for 8 than 
for Si and greater for S than for 8%, where Si and S 2 are the imiform polytropeSy 
ivith respective indices and and the same central pressure and density 
as S. 

From equations (6) and (35) it follows that and are the same for the 
polytropes S, Si and S 2 of Theo. IX. These are the configurations which have been 
the subject of a thermodynamic investigation by Sen in a recent paper^ '* in which 
he has obtained the following extremal theorem on the temperature distribution of n 
variable polytrope ; 

If n< 3 (or > 3), the temperature of the given configuration at any point is 
intemnediate between the temperatures at corresponding points of the poly tropes ni 
and n^ with the same central density and temperature as the given mass. 

Sen defines corresponding points as those with the same value of j3 and remarks, 

‘ Any two such masses need not have corresponding points, but for the purpose 
of the arsrumeats which follow, the different gas masses will be supposed to have 
corresponding points.^'’ 

It follows from Theo. IX, Cor., that Sen’s configurations are intermediate with 
respect to p at Candler’s corresponding points (i.e., points with the same value of X). 
Hence, if p vary monotonically from the centre to surface for each of the three 
configurations S, Sj and S*, we shall have a continuum of unique (one to one) 
corresponding points, starting from the centre, which will not, however, extend to the 
surface of the variable polytrope S. With the help of the following theorem, we 

mil investigate in greater detail the existence of corresponding points as defined 
by ben. 

Theobem X far any mode of ranaUm of the polytropie index n. f ineremes 
or deereaeee momtcnoally from the. centre to mrface, amxn-dmg ae„<3:^io emetant 
only for the standard polytrope (n=3). 
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From the equations ( 6 ) for gas and radiation pressure, we have 


1-|3 ^ a pH T" 

P 3 k P ' 

Hence, we have 

_ a pH 3TVdT‘-TVp 
^ 3 k 


where 


a |iH TH3-n^) 

3 k p 


d% 


d Ho g p)_ 
d (log'T) 


is the polytropic index for gas pressure alone.^^ 
Now, Sen^^ has shown shat 



(41) 


(42) 

(43) 


Hence our theorem follows, as we have shown in Theo. I that the temperature 
decreases outwards. 

It may be noticed that Chandrasekhar^ has obtained the necessary 
and sufficient condition for ( 1 —p) decreasing outward to be that A’rj at any 
point inside the star must be greater than the average value of kr\ for 
material exterior to r, which is equivalent to decreasing outward, where 

AT|(r; is the mean value of hyr) with respect to the pressure, k being the opacity 
L(r)/M (r) 

■ L/M 


co-efficient and 


Lfr) denoting the luminosity for mass M(r). We 


have shown in Theo. X that for a variable polytrope the necessary and sufficient 
condition for (I — p' decreasing outward can be stated in the simple form that the 
polytropic index n should nowhere exceed the value 3 . 

The following results regarding the existence of corresponding points in Sen^s 
configurations^® follow from Theos. IX and X. 


Case I. ni<?i2<3^ 

There is a continuum of unique (one to one) corresponding points, starting 
from the centre, but not extending to the surface, of S. There is correspondence, 
howevei’, between S and Sj, right up to the surface of S. 


Case II. /i2>72i>3. 

There is again a continuum of unique, corresponding points starting from 
the centre, which does not extend to the surface of S. There is correspondence, 
however, between S and 82 , right up to the surface of 8 . 
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Case III. mi=3, W2>3. 

There is oniy one corresponding point for the three polytropes, the centre. 
There is correspondence, however, between S and feg, right up to the surtacc of fe. 


Case IV. ni<SjU 2 =B. 

The centre is the only corresponding point for the three polytropes. There is 
correspondence, however, between S and Si, right up to the surface of S 

Case V. ^^l<3, 7i2>S. 

The centre is the only corresponding point for the three poly tropes. There 
will not be unique correspondence even between two polytropes, unless the variable 
polytrope S consist of two regions, viz., a central core with ?z<3 (or >3) and an 
envelope with 72 >3 (or <3). 

We will first consider the case of a central core in which 22 <3 with an envelope 
where / 2 > 3. p will at first increase in S and then decrease. In the interval at the 
end of which P returns to its initial central value ( ), two points in S will correspond 

to one in Si. Afterwards the correspondence will be unique between S and 8^ 
right up to the surface of S. 

Similar considerations will apply to the reverse model. 

We thus arrive at the conclusion that for the existence of corresponding points, 
as defined by Sen,^^ for all the three configurations, the index of the variable 
polytrope must vary between limits which are both less (or greater) than 3, and in 
these cases a continuum of unique (one to one) corresponding points exists, beginning 
from the centre, but not extending right up to the surface, of the variable polytropc* 

Neglecting radiation pressure, we will derive the following theorem on the 
intermediacy of the temperature distribution in a variable polytropc. 


Theorem XI. If the polytropic index n of a polytropc S varies in (inij niaunvr 
betiveen a lotver limit — and an upper limit 72-2 (^^5), then the tempernture 

at corresponding points, so long as 0<X^ V 3, is greater for 8 than for Si and less 
foi S than for 829 whei e 8 ^ and 82 are the uniform polyt^vpes, with 'respective 
indices Ui and and the same central pressure and density as 8 . {RadioMon 
pressure is neglected.) 

We have, from the gas equation ( 6 ), 



where the dashes refer to 83 . • 

From (4:4:) and CandleFs equations ( 4 : 2 ) and ( 43 ), we have 


T Y' 
T ' — Y 


/- 


X 


{X'-3)(Y-Y')dX 


{(3 + X='j Y- 2 X} {(3 + X^) Y''- 2 X} 


The ratio (45) <1 for 0<X2 ^3, and the theorem follows 


(45) 
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We have thus proved the intermediacy of the temperature distribution for 
polytropes of constant central pressure and density and negligible radiation preSvSure, 
for a small region surrounding the centre (except of course the centre itself). We can 
similarly prove the following theorem on the intermediacy of the temperature distribu- 
tion, for all parts except a central core, in polytropes of the same mass and radius. 

Theorem XII. If the polytropic index n of a poly trope S' varies in any 
manner between a loiver limit Hi (>~i) and an upper limit (So), then the 

temperature at corresponding points^ so long as X ^ sf 3 , is greater for 8 than for 
8 1 and less for 8 than for 8 2, where Si and 82 are the uniform polytropes^ with 
respective indices ni and and the same mass and radius as 8. 


It may be noted that we cannot extend the theorem so as to include the centre 
of the polytrope, as the central temperature is not a monotonic function^ of ??, and 
the one-phase model cannot, therefore, give the minimum central temperature. In 
fact, as we have already remarked, Eddington^* has obtained a two-phase model for 
the minimum central temperature. 

It thus appears that neither the fixing of the mass and radius nor that of the 
central pressure and density will ensure the intermediacy of the temperature 
distribution throughout the polytrope. By a suitable dehnition of corresponding 
points, we arrive at the following model, which has a similar intermediate property for 
the temperature distribution. 

We have proved in Theorem I that the potential at any point decreases monoto- 
iiically from the centre outwards. Polytropes of the same mass M and radius R 


have the same surface potential Gr 


M 


We define corresponding points as those 


where the potential is the same. We note that the correspondence so defined is 
unique, and we have a continuum of corresponding points, starting from the 
boundary, for polytropes of the same mass and radius. 

Now, Eddington^ has shown that 


P 

where n is an average value of n lying 


n i- 1 




(46) 


between its extreme values (assumed positive). 


From (46) and the gas equation (6), we immediately have"^ 

rp ^ JllL _i_ 

k n + 1 ’ 


(47) 


neglecting radiation pressure. 

As n lies between the limiting indicial values, we have proved the following 
theorem : 

Theorem XIII. If 8 be a polytrope whose index varies in any manner 
between the positive values ui and cmd 81 and 82 be the uniform poly tropes 
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imth the respeetine indiees ni (ind and the same mass and radMis as ^S, the 
iemperatiire at any point in S lies between those at the corresponding (of eqtial 
potential) points m Si and Sg. {Radiation pressure is neglected) 

We remark that when — 5, the central potential of S lies between those ol 
Si and S 2 , by Theorem V, Cor. 2; hence the correspondence does not extend right 
op to the centre of S, and we cannot assert the intermediacy of the central 
temperature. There will be complete correspondence, however, between S and Sg, 
and the central temperature of S will be greater than the temperature at the 
corresponding point (which will not be the centre) of Sg. 

It may be noted that most of the integral theorems dealing with the tempera- 
ture neglect the radiation pressure. Chandrasekhar, in a recent paper, ^ has general- 
ised Eddington^s minimal theorem^ for central temperature, taking radiation 
pressure into account, as follows : 

In ariy gaseous eqitilibriiim configuration of pr escribed mass and radius and 
of constant mean molecular weight fx, in tvhich both p and T do not increase outward^ 
the minimum value of is attained in the sequence of equilibrium mifigurations 
which consist of isothermal cores and homogeneous envelopes. 

By a study of the appropriate sequence of composite configurations, the 
minimum central temperature has been found to assume the form 


/ T» \ ^ \ r\ ^ 

\ ^ c /mm. ^ ii Hmin, ? . (48; 

where is a dimensionless quantity depending on M(x"‘ only. Chandra««ekhar 
has tabulated ^ function of the mass of the configuration expressed in a 

suitable unit. It has been found that Q^ynin. nionotonically decreases with increasing 
mass from the value 0*640 (M=0) to 0 (M-*>oc). 

In the course of his argument, Chandrasekhar has proved the following general 
theorem : 

If KiP, p) be an arbitrary continuous function in the variables P and p such 

that 




M 


>0 and 


dK 

ep 


then in miy eqmUh-mm configuration p) ^nd 9 do not incrm^c 

outward, the minimum value of K, = attained in the sequence ofeqrdlir 

K and homogeneous 

We will prove a similar theorem under less stringent conditions. 
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Theorem XIV. If K (P, p) he an arhitmry conUmwiis fimetion in the 
cK 

variables P and p such that >0 and not decreasing from the centre to sttrface^ and 


<0, then in any equilibrium cmifiguration in which both p and K (P, p' do 

not increase outward^ the minimum value of ( Pf,^ p^ ) is atiamed in the 

sequence of equilibrium configurations which consist of cores of constant K and 
homogeneous envelopes. 

Our proof is a modification of the argument by which Eddington has proved 
his minimal theorem® for the central temperature of a star of negligible radiation 
pressure. 

We will first prove the following Lemma. 

Lemma. In the configuration in 'which Kc aitains the minimum^ P a 7 id K 
ca^mot simultaneously be monotonically decreasing at any point r m the interval 

For, if not, consider three consecutive infinitesimal spherical shells with 
Pi>P2>P3 and Ki>K 2>K3. Since P2>P39 we can remove a small mass from 
the second to the third shell without reversing the density gradient It can be 
easily seen that this will reduce the pressure interior to the shell p 2 by a constant 
amount. It should be noted that this constant reduction of pressure will not affect 
the hydrostatic equilibrium interior to P25 as the hydrostatic equation remains 

cK 

unaltered. The change in K interior to the shell P 2 will be JP, and as we have 

?K 

supposed gpp->0 and not decreasing from the centre to surface, there will be a 

reduction in K, least (but not zero) at the centre, and increasing (or stationary) 
outwards. Thus the gradient of iK inside P2 is not reversed, and outside Ps it 
remains as before. Since Ki>K2>K3, there is a small margin for changes in 
K in the two shells without reversing the gradient of K. 

Thus, we can always reduce without violating the conditions by making a 
small transfer of mass at a point where both Pi>P 2^P3 and Ki>Kii>K3. Hence, 
for minimum both these inequalities cannot be simultaneously true. It follows 
that in any part or whole of the interval ' p and K cannot be sirnulto'neously 

monotonically decreasing. The configuration of minimum Kg must therefore be 


capable of division into spherical shells in which p and K are alternately constant. 
P and K cannot both be constant in the same spherical shell, as this would make 
P constant in that shell and p would consequently be zero from the equation of 
hydrostatic equilibrium. 

It should be noted that both Eddington^s® and Chandrasekharas^ enunciation 
of the Lemma proved here hnutatis mutandis) are slightly incorrect, as, at any 
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(Ip 

point in the boundary between two shells of constant p and K, both and 
non-existent. 


(m 

d.r 


are 


Now, the central part of the configuration with minimum Ke anist have con- 
stant K, that is, be a poly trope of index m. Otherwise, if K be not constant in a 
central core, take a mass 8M from the outer part of the configuration and distribute 
it uniformly through a small sphere at the centre, of radius r and finite density p. 
Make T tend to zero, keeping p finite. From equation (39), we have the central 

pressure for the uniform sphere = Plence the increase of central pressure 

o 


tends to zero as r tends to zero, while p, which is the increase in the central density, 
remains finite. Thus, if r be taken small enough, Kp will decrease finitely, as 
cK 

^<0.. This transfer is ruled out if the configuration have a poly tropic 

central core for which K is constant, as it would lead to a reversal of the 
K gradient. 


Our argument here differs somewhat from that of Eddington*’ who has made 
the increase of central pressure tend to infinity. It may be pointed out that this 
can be so only if 8M be kept finite. In that case, it follows from equation (39) 

that the increase of central pressure ^ while the increase of central density 

8M ,, , , 

Consequently, the central pressure increases infinitely faster than tho 

central density, and the central temperature will increase, if r be made sufficiently 
small. (In fact, the increase of central temperature -*oo^ a.s r ->■0.) 

The rest of the configuration must be uniform,’ for any polytropio .shell 
interposed in between would, by greater concentration of mass toward.s tlie centre, 

increase Pg and hence Kg ^as 


We note that the proofs given by Eddington'’ and Chandrasekhar” of their 
eorems are slightly incomplete. Eddington has not proved that there can be no 

hat th? t I . \ Chandrasekhar has not proved 

tliat the central part of the star must be polytropic. 

functifnTfp'^f"‘^“/°“-1 temperature T in a polytrope is a continuous 
timction of P and p and satisfies the conditions of Theo. XIV. 


This we can see as follows. 
From the equations (6) we have 
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From (48), by differentiation, we have 

8^ 

8P 


1 , 8T 

V and — 




(49) 


As p and T are positive and do not increase outwards, (49) shows that the 
conditions of Theorem XIV are satisfied. 

This leads to Chandrasekhar’s minimal theorem^ on the central temperature 
of a gaseous configuration, taking radiation pressure into account. 

Tf we take 

P 

5 * • • . . • 


K 


(50) 




where m is a positive constant, we have 


8K 
8P ■ 


J + — 

p ' tn 


and 


8K 

dp 


= -( 1 + -^1 

\ 7)1 J 


2 I — 

P ^ m 


(51) 


Hence K given by (50) satisfies the conditions of Theorem XIV, and we have 
the following Corollary to Theorem XIV. 

Theore]S[ XIV, CoK. In any equiUhrinm eon figiiraUoyv of 'premlbed lyiass and 

P 

radvis in which both p aiid K== j' (m > 0) do not increase outward^ the 

p'+TW 

yninimimi vahte of is attained in the seqimice of eqiuilibrmm configurations which 

consist ofpohjtropic cores of index m and homogeneous envelopes. 

It may be noted that our corollary is an extension to all positive values of n) 
of a theorem due to Chandrasekhar.^ 

The following theorem gives the necessary and sufficient condition for K defined 
by (50) not to increase outward. 

. P 

Tbeorem XV. The necessary and sufficient condition that K = p 

p'”^ m 

{m > 0) does not mcrease as we proceed outward from the centre to the surface of 
a variable polytrope is that the maximum index in the polytrope. 

Logarithmically differentiating (50), we have 
dK_ dip 
K - P 

FVom (2) and (52) we have 

K ' 

where n is the polytropic index at the point considered, and our theorem follows 
from (53). 


-1 

1 + 

i-) 

dp 

. ( 52) 




p ‘ 


A- 

- 1 ' 

1 dp 


. (53) 

n 

M . 

f P 

, . . . 
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Now, for 0<m S 3, Candler^ has proved that decreases with iacreasinfv 
polytropic index n. Hence is minimum for the uniform polytrope of niaximum 
polytropic index which must be m. We have thus proved the following’ extension 
of the Theorem 11 in Chandrasekharas paper ^ : 


Theorem XVI. In any equilibrium eonfiguraiion of preseribed mem and 

P 

radius in which both p and K= , , i {0< m do not increase outward, the minw 

P 

mum vahie of Kq is the constant value of K lohich ninst be ascribed to a co^npleie 
polytrope of index m having the given mass and radius. 

Unlike Chandrasekharas, our proof makes no use of computations, and is a 
straight-forward deduction from the definition of a variable polytroi)e and the very 
general theorem of Candler.^ 

We can similarly prove the following theorem due to Chandrasekhar^ : 

In a gaseous stellar configuration imvhich both p ami 1-p do mi imreasv 
outward, '^nust be greater than the constant value of I- ^ ascribed to a 

standard model configuration of the same mass. 

This will be clear when we consider that the necessary and sufficient condition 
for (1-p) not to increase out?rard is that the poly tropic index »:£ 3, as proved 
in Theorem X. We have further shown in Theorem VIII, Cor. 1, that is 

maximum for maximum 7i. Considering polytropes of index u < 3, the above 
theorem of Chandrasekhar follows. 

The theorem just quoted does not hold for polytropes with « > 3. For such 

pol3^pes we can, bya method similar to that adopted above, prove the folIowin<r 
analogous theorem. h 

Theoeem XVIL For gasmis spherical configurations in wMch both p and 6 
do mi increase outward, the minimum value of p, attained in the standard 
model configuration of the same mass. 


We have already proved that p* of equation (38) is the for a uniform density 
s ar, an , in eorem VIII, Cor. 1, that % decreases with n. The Theorem XVII 
tharetore, gives, for poijttopes with n > 3, a closer npper limit to (1 -p„) than tl.e 

rooT^pI ■" ’ -■I -I-W i" «T-«tion» (37) and (33) 

■boft ^ 

wr-fs+i, ^ as for those with '«>3. This accords well 

with the cntical nature of the standard model. mis accords well 

tothel“Tarf^rmSMdS2 comparable 



POLYTBOFIC (IAS SPHERES WITH VARIABLE INDEX 35 

♦ 

'‘The equations in that theory now become * inequalities. This makes the 
conclusions drawn on the basis of the standard model have a ‘minimal^ character 
which is of considerable physical importance.^^ - ■ . 

Candler^s theorems^ enable us to enunciate and prove extremal propei^ties of K 
as defined by (50) without Chandrasekhar’s restriction^ of K decreasing outward. 

Theorem XVIII. If the poly tropic indices n, n} of two poly tropes S, tvith 

th&smne central pressure and density vary in any manyier between the centre 

p 

and surface, such that — l<«<w^S5 at all corresponding po‘ints, then h= r 

(0<m— 3) is less at any point in S [ecccepi the centre) than at the corresponding point 
in 8'^. 

From Candler’s^ equations (42) and (43), we have 

P/P" ( I^y . ..{(4-3v)X^-3v}(Y-YMrfX , 

PVTi^ “I Y / Pi{(3 + a;=‘)y-2X}{{3+X®)Y^-2X}’ ' 


where v = 1 ^ — . 

m 

The ratio (54) <1, for and for all X=t=0. 

P 

CoK. Under the conditions of the Theorem, K= f (o < m S3) for a variable 

P m 

■polytrope lies bettveen its values at the corresponding points of the limiting, 
uniform polytropes of the same central pressure and density. 

We can similarly prove the following theorem for polytropes of fixed mass 
and radius. 

Theorem XIX. If the polytropic indices w, n^ of two polytropes 8, 8^ 
with the same mass and radius vary in any manner beitveen the centre 
a, nd surface such that — l<7i<n^^ b at all corresponding points, then 

[ 4.-1 (o<w^3) is greater at an%f point in S than at the corresponding 

p 7/1 

point in 8^ ivhe7i X is small, a?id the coiivei^se i.vhen X is large. ' 

, . ■ ' . P ' 

Cor. 1. Under the conditions of the Theorem, ir= for a 

variable polytrope, for small (or large) X, lies betweenits values at the correspooid- 
ng points of the limiting, uniform poly tropes of the same mass and radius. 

Cor. 2. If 8 he a polytrope 'whose index varies between the limits 0 and 5, then 


^ Pc 


la.* 
p I-f- 

c 7n 


1 (is 


”*GrM R , (o<toS3) . ■ (55) 
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It follows from Theorem XIX that the maximum value of K^, is attained in 
the sphere of uniform density («=0), and, by (39), the right-hand side ol: (55) gives 
the value of for a uniform density sphere. 

In e(][uations (129) and (130) of his monograph,'^ Ohandrasekhar has given the 
following upper limit for : 

I 3 m ni- 1 

K <(~W — ^ M {10)7^3), . . (56> 

v3 / 3lm— 1) 

The inequality (55) is more general than (56) and gives a closer (in fact the 
best possible) upper limit. 

The upper limits given in (55) and <56) coincide when w = 3, iind iu this case it 
is easily seen that they give Chandrasekhar’s Theorem 7 oh the upper limit ol the 
central radiation pressure for a star of given mass/' as expressed iu equations (37) 
and (38) of our papei®t 

The above investigation has been carried out under th<3 guidan(M‘. ol Pro! . 
A. C. Bauerji, to whom the authors most respectful thanks are due. 
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SOLUTIONS OF THE DIFFEEENTIAL EQUATIONS /’'(!»)=/•( ± ~) 
WHERE /"(i ARE PROPERLY DEFINED 
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(Dr. Ludwik Silbersteia solved in a recent paper^ the differential equation 
/•I (a;) = and this tempted me to tackle the above problem, which is nothing 
but a generalisation of his case.) 

I. First take the case f^(x) 


The equation reads : the rth derivative of a function at x is equal to the value 
of the function at Thus unless ir = l, the proposed equation is not an ordinary 

differential equation. 

To satisfy it put f (z) = 
where m^n &% are constants 

whereby we get 7 n{m — 1) — • 2) 4. ])xy^ ^ ^ — 1) ( w — 2) 

(72— which becomes an identity. 

Whence 

m(m”^l) (m-“2)......(tn“"r 4 * 1 ) (i) ni—r= —n (ii) 

ln{n-l) {?i- 2 ) {n-r + 1 ) =1 (w) n-r= {iv) 

Now (n) & (iv) give the same result, vi%.^ n^r —m .. .... W. 

(Combining (i) & {iii) we find 

m(m — 1) (m—2) (?^^'~r+l). n{n-’l){n'- 2 ) (n“-r+l) = l. 

Substituting for n from (t^) we get 

m{m--iy\wr- 2 )^ +1)^ (m—r) =(— 1 )^ (vi) 

Now this gives 2 r values of m and thereby 2 r values of n from (v). 

Now X is given by (i). 

So all the constants arc now determined. 
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Therefore the complete solution of the differential equation is given by 

P=l 

where A s are arbitrary constants. 

A point may arise as to why I do not assume f{x) 4- 

But it may be proved easily that in that case we get one more equation than 
the number of unknowns and no two of those equations coincide as it has been 
found in the case of (ii) & (««?)• Hence etc. 


Particular Case:^ 

(A) WImi r=l, the differential equation becomes 

r («)=^(i) 

so that our equations for determining n & X become 


or —1 or 

1 ± 




and our solution becomes 


«X=1, 

m®“-fn + l=0. 


1±?V8 . l+iVB 

2 — ’ 


.-1 

m2 



+miX 




) + A 2 + 


where Aj & A 2 are arbitrary constants. 

where ffi is another arbitrary constant and here stands for (Ai + ™jj. 
This is the result arrived at by f^lbetstein. 
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After this he has simplified it further and his work runs as follows ; — 
j~ Put x=^ i- 

{t) = e”^^+mem —e2 me ^ 

or after simple reductions, 


fit) = ae '2 cos t + sin ^^^~t ^ 

In terms of x itself, 

{x) = a>J X V 3 cos^-^^ loga;]+ sin log ®j | 
Since Vs cos t +sin cos ^ ^ j 

We may write also /(£c)=a Vx cos log x— 5]. 


(3) 


( 4 ) 


This, with an arbitrary constant coefficient a, is the complete solution of the 

equation /Mas) = /(-—I- 


For x=l, f{X)=a cos — a 


_ 

3“ 2 


so that t (x) = f (1) V® cos ^ log j 


The function is completely determined by its (arbitrarily given) value at a:=l. 1 
Now there are some minor points or slips, in Silberstein’s treatment, which it 
is my duty to point out. 


When he puts «;=/ , f{x) cannot be equal to f(t), but fix) must change to a 
function of t, say, F(f), where F(t) =f(^ ). 

Again, he is not justified in writing a for the arbitrary constant throughout, for 
example in (3) of his treatment, his actually is equal to ax, 


where a 



—ax, this a occurs in (1) or explicitly the a 


in f(sc) = a ^ a; + mx”^ 

Again his V in (4) is not the same as his V either in (3) or (1). 

But it is, in fact, a^, another arbitrary constant, where a 2 = 2 ai. 

If we retain the same a throughout, it is very likely to create confusion. 
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There is another point, namely, all his must be changed to tor 


V 3 cos ^^+sin-^if=2cos “ T ) 

2 2 ^ 2 6 / 

found in the paper 

rr. N'ow consider the Equation = /■( — ~). 


and not 2 cos i 


j as 


Proceeding as in Case I, and putting f (cr) = a;”* + Xa ” 
we get the equations for determining m, n and A, to be 

n=r—n7 

m{ni—l)(m-2) (m-r+l)=l (— f)” . 

and 2 lnin-1) («.-2). ..... (n-r+ l)=(-l.r ■ 

Combining (ii) & {in) we get 

m im-l) (m-2) .(7;j.-r+l) (n-1) (n-2) . . . (n-r+l)=(—l) 

or m (m-D® (m-2)* (m-r+1)- (tn-r)=l by (/) 

which gives 2r values of m 

the complete solution of the above equation is given by 
2r 


(*) 

(ii) 




(i) 


f(x) = S B 


p=l 


x”^p + (~\.Y-”‘p m (m -1) (m -2)....(«2„-^+1)3!'' 


where B^s are arbitrary constants. 

Particular Cases of I ~ 

(B) When the equation for determining m is given by 

mim'-iy (m— 2)=(— 1)® 

or(m^-2m) (m^ “ 2??2 + l)=l 

or y f^+l)=^l where y==m^^2m 

1 A 1-1 • ”“14'\/1-4-4 — liV5 


m 


P 


or y^ + y-l=0 


which gives y= 


whence we get ^ ^ j — -0 or 2m^— 4w!— (V? — 1)=50 


or V2~T5T2 

4 2 


and 




or 2m*— 4m+(V'H' )=0 


or m 


_ 4±2V4 2l\/5.f:'T) 2 ± y 2 - 3 
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Thus we get the four values of iu and thus the complete solution by substitut- 
ing in (a). 


(C) Whenr=3, 

(m— 2)* (w— 3)=(— 1)® 


or {m^—3m) (w^— 3?ra + 2)^ = — 1 
or ?/(^+2)^ 4-1=0. where 

or + 4|/®4 4^-1- 1=0 
or (?/4-l) iy^ — y + l) + iy (^4-1.) =0 


or (^4-1) (y* 4- 3«/ 4- 11=0 which gives «/=— lor 


When y= — l or m* — 3 hi4-1=0 


3± V9-4 
or m= n 


-3± ^'9-4 . -3± Vs 

C) 7 

3± V5 


2 


y=— or 6m — (— 34- Vs ) =0 

6 + \/364-8(-34-x/o)_ 3 ± 3± ^/34-2^/T 

or m= 1 2 - 2 

y=. — or Imf — 6iw 4-(3-l-V5)=0 

uJ 

6+ v' 36~^-5T7S_ 3± Vs-a-v/s' 
or = 


This shows that wo get the six concrete values of 'm and after substituting 
these values in (a) we shall get the complete solution. 


(D) When r=4 

(m — 2)^ (m— 3)^ (wz— 4) = (--l)'^ 
or(m^“-4m) —4m4*3)^ (7W'*--4??z + 4)=l 

or y (^ + 4) (^+3)^““1==0 where 
or (^^ + 4«/) (^^ + 6?/ + 9)— 1=0 

or 4- 10^^ +33^^ -4- 36^ — 1=0 (0« 

Suppose this equation to be the same as 
ay^^4hy'^ + 6c^^4"4d^ + e=0 

Comparing these two we get a=l, /> = o, ^=y, = and <?= —1. 

Putting i^:=^+ [J in (z) we geC^ 

-f 4G% + - 3H' = 0, 

where H=ac— ¥ = *“4 
I=a^-4ftr/+3^"= 

F. 6 
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an-3H^== -i-3(T%)=: -U 

J=ace+ 2bcd — ad ^ ^ — e 

-G"=4H®-a^HI+«®J. 

We find* thatif s:= ^/p + Vs'+ satisfy the above equation. 

■p, q and r must be the roots of 

Or since -G*=4H*-a*HI+a®J, where eT=ace+2W-«fl!‘‘'-^*®-f“, 
the equation ( m ) may be written in the form 

4(#+ H)* H)+ «* j:=o 

Now putting )! + H= ® 

we get ■“ +>1=0 

or 4tf* +7+^=0 

4 8 

or +3Hi^+ Gi =0 . . . (zv), where Hi ==:ti, Gi == /a. 

Since Gi^ + 4Hi^ is positive two roots of 0 will evidently be imaginary^. 
Now^ if 6?== y Pi + y is a root of (w), we must have 

Pi=i(-Gi + '/G?+4H?), and 
SO that if ^1, 02 and 0^ be the three roots of (zv), we have 

01 Pi 02 =0}/^ Pi +co^ir^, and 03=o)‘^4^ Pi +o)T/~, 

V^Pi ^Pi Pi 

where co, (o^ are cube roots of unity. 

From (in) we get /=0— H, ie., p=0i~H, (?=02-H, r=03“-H 
so that we get m^—4:m=y=zs—% 5=1, 2j 3, 4 

where -1= //p+y^4-//r 

p — q — a/ r 

—a/ p +/>/ q — r 
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Thus we shall get eight roots of 7)1 and after proper substitution we shall get 
the complete solution. 

(E) ' Whenr = 5, 

or (m ^ — 5'?;^) (m ^ - 5m + 4) ^(7n ^ — bon + 6) ^ 4- 1 = 0 

or ?/(^4-4)^{?/+6)^ + l = 0 where y=m^--5m 

or {z'--5) — 1)^4-1=0 where ^ + 5 = 

or (z-b) {z^-2z^-^l)'¥l==0 

.V 5 _ 5^4 _ 2- ^ — 4 = 0. 

Putting we get 

Also consider /’( — if)=0 or <^(j^)=0 
whereby + 

By Descarte s Rule of Signs(^), we may say that fXt)===0 Can have, at most, ttvo 
positive and three negative roots. 

Now AO) = 1 ! /(3) == 243 324 — 1 44 4- 1 = a negative quantity 1 

Al)= -26 J A4) = 1024-768-256-f 1 = 1 - f 

cM0)= ~1W(2)= -11 
<^(1)= 4fcf)i3)= 62J 

These indicate that f(t) has two real positive roots, one lying between 0 and 1, 
and the other between 3 and 4 and three negative roots, one lying between 0 and — L 
another between —1 and —2, and finally the last one between —2 and —3 and thus 
all the roots of f{t) are real. 

Approximations to these roots can very easily be found by applying “Newton’s 
Method of Approximation/’C^) 

(F) When 7" 6^ 

‘m[77i — 1 ) ^ — 2) ‘^ ( — 3 ) ® (m - 4) ^ — 5) ^ — 6) = ( — 1) ^ 

or — 6m-^ 9) = 1 

or ?/('?/ + 0) (^4-5)^(y+8)‘‘^— 1=0 where ?/ = m.’— 6/// 

or (;i:4-4) f’j;4'3)" — 1 = 0 where ;•= ?/ + ') 

so that A'v) = ^rU + 3)}M^^^4-4) 5) — 1=0 

It is evident that f ix) has a positive root lying between 5 and 6 and a negative 
root between —4 and —5. 

Expanding f(x) we get t{x)~x^ — 17:^^^ — 129.^" — 180;.';^ -»1=:0 

f( - x)=x^' - 5.^,^ - 17 ^ 4- 129-.^ “ ISO'^' " - 1 = 0. 
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Using Descarte^s Rule of Signs, we can say there are, ai mostj one positive 
root and three negative real roots, and thereby there must be at least two imaginary 
roots 

Arguing further, from /’(;«)=0, we can infer that there is positive i^oot, 
0725 negative root and four imaginary ones. Then putting each = ^=: '/M^ — 6nz, we 
shall get 12 roots of 7n, whereby the complete solution can be found, though our 
solution will only be approximate. 


(G) Now taking the general case, 


. . (Mj 

Ihis is an equation of (2r)^^ degree in m. Putting y=z 7 tY nir, this can be 
reduced to an equation of the degree and the method of combining the factors 
on the Left Hand Side of equation (M) is that we group together the first and the 
last, the second and the last but one, the third and the last but two and so on. 

In every case when r is even, ni must have two real roots, one between 
0 and -i and the other between r and r+1 and the other roots will be imaginary. 
Since there is no general method of solving a general equation of the fifth 

e^ree an higher orders, we have no other way but to take to approximations in the 
case r=5 and onwards. 

Agamia cases when r is odd, all the roots of ?/ will be real and the upproxi- 

mations of roots may be found in the following way 

When r is odd, suppose it to be equal to 2s +1. 

Now 


ni {m-\Y (m~2)\ U-3)^ 


(■w-r+3)‘^ (■/«— r+2)- (m— 7-+l)“ 


or 'Wi/+r-l)Mj+21r-2)}Ml/ + 3(r-3)}^ {?y+4 (r-4)}= 


(w-r)=(-l)»‘- 
{■// + « (.S'+l)“= -1 


or 


^(?/+r-l)*{y+2(r-2)}“ {y+3{r~B)P., 
Ihe approximate values of y are given by 



r+ l 1 

' 2 “7 





+ 1-+ 1 


^^Hil-r) + 2ir-2)}{(l~r) + 3(r~3)} 
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+ 2{r— 2)= ± — — j " 

V2^;^{2(2-r) + j— l}{2{2-r) + 3(r-3)}... {2(2-r)+^-^} 


y+ 


r—l r+1 


to j factors 


The equation II can be treated in a similar way. 
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Introduction 

These axe some of the Differential Equations which I came across while 
tackling problems of varying viscosity in Hydrodynamics. Want of definite solutions 
of these equations led me to work on this paper. 


I. 


li= 

9# 


(v« + Pi!c) v^l, where Vo and Pi are finite constants. 


Put 


where li is a function of x, y and but independent of I and I is a finite 
SO that we 

?Le^'ii=(vo + pia:) 


■ ( 1 ) 

cottstant, 


or V=*?i- 


l. 


Vo + Pia: 
3a:® 3)7® ^ 3«® 


|i=0 


Vo + Pi® 

Putting Vo +Pia;=PiX 

or 3x=3X and changing ?/ to Y and x to Z in (2) we get 


ii=0 


liiX 


4, 1 

a-rri -r ^ 9X®’ 


3Y* 


?i=0 


-4V. 


3Y® 9Z® 3X® 


where 


• — Ai 


Nowputli=i,R . 


(a) 

(3) 


(4i 

(5) 
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where ^2 is independent of X and a function of Y and Z whereas R is a function 
of X alone. This substitution leads to 


R 


[ 92=“ j 


+ 1 


/'9='R. 

9X^ 


J. 

X 


r ®)=‘ 


or 


'ga 3T" 3Z=* iR 


9^R- 
R 9X=“‘ 


h. 

X 


Equation (7) is satisfied if we write 


(7) 


9Y^'^ 92^ +/--§3-0 

J_ £lR_Ai 
R dX.^ X 


( 8 ) 

1- where k is a finite constant. 

(9)1 


Let us first consider equation (9). 

JL fA. ^ 1 -- i 

R lX2~'X“^' 
orX-^- (?li + /cX)R=0. 


OO 

Suppose R= S 

p=Q ^ 


^tn+F 


Substituting this value of R in the above equation, we get 
X [Ao {w2— 1) X”*“^+ Ai(m4-1) ^72 X^~^+A2 (m4*2) ( 222 - 1 - 1)X"^ 

4 - +Ap (m+p) (222-hp— 1) ...] 

- ai+7c.X) (AoX’”+ A,X’”+1+ A2X”*+2+ + ApX^+P 

+ )=0 

.or Ao X«*-i+ Ai {m+1) mX”* +A 2 (w+2) (m + l)X»"+^+ . . . ^ 

+ A^^^ (to+p+1) {in+p) X”*‘^^+. . . 

-Ao ?Li X’^-Ai Jii X^'+i - Ap ?iiX»”+^’ - . . . . I 

-Ao/jX'”+^ -Ap-iAX'^+P- . . . ^ 


whence 

m (m— 1 ) =0 (10) 

Ai m (222-M) -- Ao =0 , . (11) 

Ap-|>i (222 + 2}+l^ {ni’^rp) — Ap 7.1 — Ap-i 7s=0 ..... (12) 
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From (12) we get 

^L- h: . .-—I*—, for pSl 

Ap_j im+p+Dim-i-p) (m+p+1) (?«+??) Ap_i 

T . Lt —7 

p-*°°Ap-\ 

where /io— 1- 


where 




where s-^O 


:^£±1_ ;^£+^ ■where 8i->'0 


Therefore proceeding to limits as p-^oo 
we find /co = 0 


>0 as p— >°o. 

From this result we may conclude that the series thus found for = 0 or 1 will 
be absolutely and uniformly convergent for all values of x including those in the neigh- 
bourhood of aj=0, which is a regular^ singular point for the diflerential equation. 

Since the diflFerence of the two values of m is 1, which is an integer, the two 

'solutions, Ri and E 2 will be given by Ei = j^E and E 2 = jm-O ’ 

by the method of Frobenius. 

Let us first find Ei. 

Now Ai m(m+l)— Ao^i=0. . (11) 

Apj^l (tw+p)— A^ — Ap^-i /(‘=0 (12) 

for pSl. 

^ — Q __ > — where Bo and Aq are arbitrary constants, related 

m(m+l} m+l u u j , 

by BoW=Ao. 

Putting in (12), A 2 im + 2) (^w + 1)— Ai li-Aok-O 


A 2 (m+ 2 ) (w«+l) = Bo -h mk j 

(jw+2)(m+l)( ?w+l ) 


(?w+2)(m+l)( m+l 

(»w+3) (?m+2) (m+3)(w + 2) { {m+2)(m+l) 


Bo ki 

(w+3) (m+2) (m+l) 


— (■ 
»+2 V. 


4 - /. } 
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4 f ) 


A ““ ^ / A *1 \ 7 ^ *“ ^ -^0 

^ im-ti) {m + 3) ' ^ ^ * 2 (m + 4} (m-i-S) . (7;z+3) {wz-i-2) (m+l) 


[. 

I m-h 




+ 


BqA : 


/ ^ 1 * 


( m + 2 M > w + l )\ m+l 


+ mk 


Bo 


.f_ii 


(m + 4) (m -f 3) ( w- + 2) ^7?^ -hi) L “h 3 


j 


1 / h ' 

/ n^h 2 \ m -jr I 
3 


+ k 


(_k 

l m+l 


- “h mk 
+ mk 


)] 

'■) +'■' f 

)]. «* e . 


Thus 


R = Bo X'^f m + -^-X + 
L m + l 


1 




+ 


(m+2) (w+l) \ m+l 




i — +« 27 j X * 


iJiL 

{m+ 3) (m + 2) (7>2 + 1) 1 7 n+ 2 \m+l 


1 772 4- 


' 4 -^ 72 /t 


t)+i} 


f _Ai 


, L _ f-AL 

(77z-h4) {m+3) {m+2) {m+l) lw-h3 772 4-2V m+l 


-+ mli 


+ h 


+ ] 


SO that Ri =[R]jn = l 

l 2 = [- 

Hence, the complete solution is R==(Ri 4-R2) 


R 5 = r - P-i 

, cm \m-0 


The form of Ri is given by 

1 + ^ •x+( 


Ri = BoX [ 


2-3 


il. 

1-2 


+ ^) x * 


A. 

2-3 


+ J 

r(Ji_ . + -A") +, 

1 

X* 

34 1 

[ \ 2-3 1-2 2-3 / 

1-2 j 

+ Mj 

[ f .k_ . Al + 

) +h 

Jtl.1 

4-5 L 

1 3-4 V 2-3 1-2 ^ 2:3 

1-2 j 

+ 'K2i • I'i + -is )]''• + 


] 


Now take equation (8) 

" + 




'ey" dx 
Transforming to polars we get 


Suppose Y = 2 / = r sin 0 
7j — x = r cos ^ 


^ 1 21 * , 1 9^52 


dr 


.2 


dr 


+ 


de '^ 


4- 2 ^ 0 


Put la = cos 
F. 7 


,( 15 ) 
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where t] is a function of r alone, and n is a finite constant, so we have 

cosne[|^ +“1^--^ 11+ /q] = 0 




Here two cases arise, when k is positive or negative. 
Case (e). & is + ve. 

Put tJY r = Ti 


d7\ . 

or = v fc 
dr 


^3 

dr^ 


=: ^ ^ I dif\ dr I \drt 

dr \ dr) dri \ dri dr ) dr * 


= k^ 

dr’ dr,’ 


mdrp = r.-^ 

dr dri 

Therefore equation (16) is transformed to 


>'i" ^ + n ^ + (r, T) = 0. 


dri* ' ^ dri 
Now this is clearly Bessel^s Equation. 
Hence,!] = A + B W 


(16) 


(17) 


when h is not an integer or zero 


5== GO 

where J = S (~1)® (ri \/t+ 2 s 

“ \ Z J a and B .arc arbitrary constants. 


. When M=0, 

ri=A' Jo + Bi Yo® , 

where Yo=Jo logri + 2 + _ 


}, 


™ arbitrary constants. 

irnen h ts a positire integer other than zero 


ti*A*J h-B'Y w 
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where Y^=J^ log n- S(-irr 


/a + 2v 


6* = a- I 


z. = ! 


Vi/x + v) 


- imu) S 


5 = 0 


jJ,-5 


\ri) Tn^ 


Case in), k is negative, say, equal to — ki where iii is positive. 
Putting k/ k\ we get from (16) 




(18) 




whence ti= Ci I„ (rs) + C 2 I where ( 9 - 2 )= S 

Cl and C 2 being arbitrary constants, when \i is not an integer or zero. 
When p is an integer or xero. 

q = C'i I^c (^ 2 )+ C /2 {r^Y'^^ C' and C '2 being arbitrary constants. 

^ 4-2 f V ’I 

where K4?'2) = - S iks)!—] log^ + Y - i S s"' [ 

t,=o v!(n+v)! ( - j 

yx — I __ 

+ i ^ (2 r 2 ) “ y— — ^ y being Euler^s constant. 

= 0 

the complete solution is giv^ii by 

g = I = .R = cos [ 1 $. iiR 


= e^^. cos ]x6 (Ri +R 2 ).r|. 


IL 




dt 




where k is a finite constant. 

( 1 ) 


Put i = e ; r.u 
where a is a finite constant and;?/ stands for a function of r, 0 and 4^ only. 

_ J. n A. \ 4 ^ . ^ 

dr^ r dr r^ sin^ 36iv d$) r^ sin“^ 99^*^ 

Substituting the value of i in the differential equation, we get 


9 O Ci 

■ Now V‘'=~+ " ^ 


d^u 




. 3w 2w . 1 d I , . du \ 

dr r rsin^ 90 90 7 

I d^u^ 
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or r*p-+ 4r |^ +a=*m+2«4- ~ sin^ 1^' ) + si 


1 




9f/>" 

Put ^^=E. S 

where R is a^-f unction of r alone and S, a function of 0 and only 
so that we get 

,->S 0 +4 ^ f +(aV+2) ES + ^ii jVl ““ siS H 

or dividing by RS, 

as 


( 2 ) 

(3) 


R dr R dr 


S sin^ 9^ 

Now (3) can be satisfied if we put 

1 df . ^9S\, 1 9-S 

S sin^ 9^1 do ) 


sin 0 


do 


^ O 2/i r^U.'^ 


> / S sin d<P 

_j r^d^R , 4raR , / 2 . / 1 4 ^ 

R R ar r+2)-w(TO+l) 


S sin"6» d4 

4 «(« + l). =0. . (4) 


(3) 


R ar^’ R dr 
'" m(w+1)} R=0 . . . (5) 

The solutions of (4) are clearly Tesseral Harmonics’. 


n being a positive 
integer or zero. 


Taking equation (5) we suppose R= S A 

p=0 

m+;> 

r 

Substituting in (5) we get 


Ao[{?M(jM-l)+4m+2-AA(AA+l)}r’"+a^-'"+']+ . . . . 

+A^. 1 [•••]+ Aj(, [ . .) + 

. ...=0 

or Ao {w=+3to+ 2 -?^(?^+l)} r'"+aV’"+' ] 

+ A 1 + 1) ® + S(m + 1) + 2 


■4“ . , • ■ . 4* 


(6) 


[{(»?;+p)-+3(w+p) + 2-'Aj(n+l)}r’"'^'’+aV’“+^+'] 
Comparing the co-efficients we get 

‘^^ + 3m + 2— n(?^+l) = 0 .... 

and- - [(?re+p)-+3(w + p)+2-w{TC+l)] Ap +a'Ap_,= 0 . 


= 0 . 

( 7 ) 
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Taking (7) we get 


Again, from (8) 


f 3/;i4'2— ^(^4-1) = 0 
or {m + (n+2)}{m-~(w--l)} = 0 
/. ^yi == — (,^ -I- 2) or te— 1) 
say, ^ 1=^—1 and m 2 = —(724-2). 


a 


-A. 


(10) 


(7?24-J)‘*^) + 3v 7724'P)4-2 — 72(n4*l) ' 

for 

(10) shows that the series thus found will be absolutely and uniformly 
convergent for all finite values of t including those in the neighbourhood of 7’=0, 
which is a pole in this case. For values of 7 * in the neighbourhood of r = 0, E. will 
remain finite when we reject the negative value of m and accept that one which 
is not negative, i.e., we must take the value of m to be 72 ~ 1. 

It is evident from ( 10) that all the A^s can be expressed in terms of a single 
arbitrary constant Ao. 

Now in (10) 

*) 

(X 

Puti)=l, Ai= 


2)=5 


A,= 


(m + 2) ^ + 3(m + 2) + 2 — n(w + 1) 




/ - \ 2 Ct ___________ ' A 

{(7?^4“l)^4-3(/i^4•l) + 2— n(724-l)} {l7?24‘2)^ + 3(7n4'2)4^2“'7z(n4-l)} 

& so on. V 


Hence, 


R= Ar' 


h 


{m + l)^4-3(w+ 1)4- 2 -'■ 72(72 4-1) 


4- 


a* 


{(7724-2)® 4 3(m -1-2) + 2 — 72(72 4-1 )}{(7724"l)‘^-h Bin?- 4- 1)4- 2- 72(7241)} 
4 

where A is an arbitrary constant. . . . 

Therefore we get the complete solution of II to be 

^ z= 0 r. u . - 




= e 


r.R. S. 


= rS (R 1 +R 2 ) 


where Ri =[R],k=k_ 1 and 


mi 


E 2 




by suitably modifying the arbitrary 
constant, by the method of Frobenius, 
since the difference between the two 
values of m- is an ititeger. 
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0E 

III. k being a finite constant. 

Here put | where u is a function of r, 6* and and (X is 

finite constant, so that we have 


2 0 ^ 1 a 

since V ^ ^ + -y— ^ 

ur r or r sind oO 


( sin 0 1;, ) 4* 

I d$J r sin 


0' 

^ 0^ 


'2 ^ 


+ir ^ +2?* +2r — +iu 


sin^ 9<#V 90/ sin *0 d<P^ 1 


20 1 i"* 1 I 3 

or +br — 4- (a-4-6M^ +-T-: 

3r 3r sin0 dS 


( 


. 3yA , 1 

mid ~ 4- 2 ^ rvVa 

90/ sm 0 9(/> 


=0 


Put u = R.V., where R is a function of r alone and V that of 0 and oidy. 
Then, 


+6rV|f + (a^ + 6)RV + 

or dr smO 90 


(si 


sin 0 


9Y\ 

90 j ‘ sin®0 d<t‘‘ 


4 . iLi!y_n 


Dividing by RV, we get 

4.^ , __1_ 9 ( ■ /,9V^. 1_ 9W ... 

R dr" ^ R dr ^ V sin 0 90 I ® "90 V'sin"0 9</.» 

Now this equation can be satisfied by taking 
, 6rdR 


and 


R^'^R dr = 

1 


. ( 1 ) ,, 


1/,;. .9V\, 1 9"V 

V sin 0 90 I ^ 90 r V sin"0 94 .® 


+ ■«('« -1-1.) =0 


n being a 
positive in- 
(2) I tegerorm’o. 


The solution of (2), ots., V, is evidently Tesseral Harmonics’ 
Taking (1) we get 


+6r“ -l-{a"4-6— w"— «)R=0 


a d"R 

’ dr" ' ''' dr 

This is clearly a homogeneous equation of the second order. 

For its complementary function we have 

D{D— D-b 6D4 m =0. where ‘D’ has its usual signiticance 

and m=a"-l-6— «*— n. 

or D^+SD-bw =0 

.. ij - -Pi or (is (say). 
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R , where Ci and 02 are arbitrary constants. 

. % — 2 

.. g — <s r ti 

= e“ RV. =c*“*'Vr*(ei/’ +ej/"- ) 


IV. 


ci ’ 


■■{c-¥lcr)V"'l, 




where c and h are finite constants different from zero. 


Put i=e~*^“‘^(c+/fr). «<, where 1.1 is a function of r, 6 and <f> and a is a finite 
constant. 

1 0 =* 


..T „ 2 _ 0 * 2 

Now V =^+ - 
or f 


^ 07-+r"4^^e(®^“4)- 

Substituting the value of i, we get 


r^sin*'*^ 8 ^^ 


{c+kr)it.=(e+kr)e-^‘^"‘*\ic+krf~+2kp-+ — + 


dr ‘ ' ‘"“'0r 

C + lcr 0 1 
2 -*sinfl 


br 0 / . „0«t'\ 

nfl 0 <<i do ) 


+ 


r r dr 

c+kr 8V 


4 " 


i] 


or 


— 




= j^(e 4 - W 


dr 


u , ^c+ 2 kr du , 2 ku . C'¥kr d 
2 * ^ ‘ ”** 


dr 


r^sin^ db 




r^sin^^ d^^ 

C’^kr. d^t b 
r^sin’"'^ d<^ 


t] 


Put m=R.S., where R is a function of r only and S that of 6 and <> only, 
so that 

7 2T7r, f/ .7 I nC+2/cr 

— io RS = I (c + /ir)S^p- + 2. — - — . 


~ 0R c+kr .p 0/ . 0fe^ e+fcr p8*Sl 

S. :r- +2~RS+ . . sine;rr + > - . 

dr r r sin0 C6<V cO I r'sin 6 O^P J 


Dividing both sides by RS, we get 
■ka^ = 


rc+*r0=*R. 2 c+2/cr0R. 2K , e+kr 1 d( . „0S^ , e+kr 10^1 
dr^ R' r dr'^ r ^ r^sinO S' doV^’^^ do r r^sia^O S d 4 >^\ 


r® 

Now multiplying both sides by transposing, we get 


r® 0®R, „r(c+2/i:r)l 0R , 2 kr kah'^ _1 
R 0r* 


(-»!) 


1 8 ‘"S 


3 + /rr R 8r c-^kr . e+fcr Ssin0 8^ 

Equation(3) can be satisfied if we write 

d^Si 2r c+2krdn 2kr Ka®r®_ , 

R dr®^R' e-kkrdr c+kr e-rkr 


Ssin®6i d’P 


^=0 .. ( 1 ) 


and 




+ 


0®S 


+ «(w+l)=0 


Ssinfl do I Ssin'6' d<P^ 

The solutions of (3) will be evidently Tesseral Harmonics® , 


( 2 ) 

(3) 


71 being a + ve 
integer or 
zero. 



56 mathematics : SA«TI EAM ,,MUKHEBJJEE 

Now let us come back to Equation(2). Simplifying, we get 
r'(c+/tr)^+2r(e+2/.r)^+R{2^r+KoV'-»(w+l) (c+fcr)}=0 . . . (4) 

In this case we find that there are two poles, viz., at r=0 and 6'+A:>*=0. 
Again r=0, is a double pole. It is quite clear that if we want to solve (4) in a 
.series, we must have different series in the neighbourhood of ';'=0 and e+AT=l). 

Case (f). Simplifying (4), further we get 

r®(c+A7’) ^;;^+2?-(e+27i;r)^+R{/i;aV®— M?i+2) (m— 1)— m(w+l)}=0 . . .(4*) 

oo 

Suppose R= S A„ 

p=0 ^ 

=Aor« + Air’”+'+ +A;,»"”+^+ 

satisfies (47). 

Substituting we get 

Ao[r®(e+/fy)???(w2— +2r(e+2/cr)TOy”*“ ' + »•”* {ha^r^—kr(n-\-2) («.—!) — 

cw(m+l)}|+ =0 

or Ao[er’”{?«* + «^-?^(7^+l)}+Ar’”+' {to(to-1)+4to-(?z+ 2) (n-1)} 

+ 7caV’”+^l+ =0. 

or Ao[cr”’{7)?.*+w2— rt(m+ ])} + 7ij-’”+' (ra+2) {M-l)} + A:o*r’”'*’^] 

+ Ai[c?-’"+' {{m + 1) ’*+ (m+ l)-n{n f 1)} + 7cr”’+^ {{«?+ 1) * + 3(w. + 1) - 

{«+2) («-!)} + A;a%-’«+5] 

• • ■ • + + . . 

■ ■ ' . + . . . . + . . . . + . 

+ Ap- \[cr”^'^P-H{.m+p-l)^+{m+p-D-n{n+l)} + kr”^+P{{7n+p-l)^ 

+ 3(m+p— 1)-(%4-2) (m-1)} + 7otV”'+p+'] 

+ A,[er»*+i>{(w?,fp)2 + (w+p)-«(«+l)}+Ar’”+^'+'{(w2+p)2 + 3(.^+p) 

- (ra+ 2) in- 1)} + 7,:aV»”+P+2] 

+ Ap+l[er’”+P+'{(TO + p+ 1)2 + (,„ + p4. !)_„(„+ 

+3(m+p + l)-{n + 2) (n-l)} + A:aV’”+P+^]+ 0 

Comparing the coefficients, we get 

w^+7M-«(«+l)=0 or (m+n+l) {m~n)=0 :. m=n or -(w+l) 


( 5 ) 
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Aoi{w.® + 3m— (w+2) (%~1)}4 - Aic{(;? 2 4- + i) — ?^(w + D}=0. . . . 
Ap- lAa^ + A$%Jv. {(m’^-pY 4 S{m-^ p) — {n+ 2) (n— 1)}4- Ap4'i'^'10^? + ‘P'^ 
4“(w4-7}4-1)— 7;^(??,4 1)}=0 

Mow from (7) 

i_ “^yp j, Ap " • I 

{pi-h77p4-3(m4-'p)-^(W’4"2) te-~lj Api-i ‘ Ap-i 

(m 4- p 4- 1)‘^ 4“ (m4- p 4“ 1) --7zin 4- 1) 
(m4‘ p)^-^S(m+p)’—{ni‘2)(n“- 1) 

Takin^y limits as we find that ^=0 


This shows that U. 


Ap+i ^ _ 

l/^r 

Ap 

■L‘ 


whereby U r = — 

J\p c* 

This indicates that the series thus 


found will be absolutely convergent provided simply convergent when 

’-kr<e or 
e 

For values of R in the neighbourhood of zero, the expression R will remain 
finite provided we take the positive value of w, viz., m=n from (5). 

In order to find the nature of R when ^+&r=0, we shall have to get the value 
of R in powers of ^ + Z:n 

Thus we get two series and this gives the complete solution of R, 

\ c • c • 

The circle of convergence is of radius ^ , where the point r = — ^ is a 

branch point® of the solution, the circle having its centre at r = 0. 

The solutions will be [R1 and [ PI , , , . with suitable modification of 
* the arbitrary constant. 

Case in). r‘ (e+/cr) 4^+29* (c + 2/cr) ^ {/ca* r' — /cr(ji+2) (j?—!) 

-en{n+l)}=0 (49) 

dv , 

Putc4-A:> =9). or 

ilv" klr fit' 

so that we get • 

iv-r-y w^+2 (v-el i2v-c) + R (v-e) (n + 2) {n-D 

— ff n (w4* 1) [ =0 
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or kv {v-cY ~+R i 


(v-c)k (n+2)(w-l) 

— c/m (^+ 1) }=0 


or kv{v^^2vc‘he^) 


^^4-K {v^a^ — 2vca^-'vk (n+2) (w-1) 
dv'^ dv 

^e^a^-^ch {n-¥2) (^?-l) -ekn (w+l)}=0 


or k + 'ik (2»"-3w+c’) -^+R {2ca* 

+c*a® + /f {« + 2) («— 1)} — 2cA;l=0 . . (8) 

OO 

Suppose R= 2 Bp wip satisfies (8). f 
p=l 


Substituting we get 

Bi («®-2«®c + mx +2A: (2?;®-3t)C+c‘0 " ^ + /"‘ 

+ =0 

orBij^®”**"^ |/fcc^wi {nil —1) + 2fo3%i | +®’"’ | — 2fcmi (w2i-l) 

— 6fcc»M.i— 2c^2c&| +^»»i+i +44:j)jj — 2ca* -A («+2)(w— 1) j- j 

+...,... =0 

orBi [Ac®®”** ~ * ?Wi (w/i + 1) — 2cA®»”i (mx + l)^+v^‘^ ( 0 ^ 0 *)+®”*’"^’ {Atoi (jmi + 3) 

— 2ca*— A (n+2) (w— 1)} +a*®”'*'^^] 
+B 2 lAc*®”’"'?^! (wa + l) — 2eAt;”'’ <m 2 + 1)^+®*"’ (c®a^) + ®”'*+' {/ctm* (?W2+3) 

-2eo}-k (w + 2) U-1)} +a%»”“+2l 

+ B 3 |Ac^>”*3“ ^ JW 3 (®)3 + l) -2cA»'"^ (■»/3 + l)‘'“ +®"'^ (c’'’a^) + ®’"»+'iAw 8 (^Wa + S) 

— 2ca*— A(n+2) («,— 1)} +a*®'”’‘^^J 
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+Bi )- 1 [ke^v”‘p-l - ' mp- Mp - i + 1 ) ’ («'jp- 1 4 + P-t (c*a^) 

4.p»H j,_l4-l{/c»jp_ +3)— 2ca® — At (w + 2) (n—1)} 4a®«»»P— 1 +^ 

+ Bp (»^p +l)-2ckt;”’P(»ip +l)^ + v"‘P(c^a^) + v»‘i’+l(&mp 0>ip +3) 

— 2ca^— A:(«+2) (n—1)} +a®v’”*’'^^} 

+ Bp-i.i ‘mjj^l{Mp^i + l)—2ekf’ff‘p+l (mp+i + l)^ + «;>»/>+' (c®a') 

4-«’"p+l+' (wip+l+3)-2ca“-A:(n+2) (n-1) }4a“v>+l+“' I 

+Bp4-2 fA:(j®®’"jp+2 »Wp+2 (»«p42+l)-2cA;r’"^+^ (»2p+2+ l)'^ + p»”i'+2 {c®a®) 

+ 1 {A:wP'*'^^*p+2 43) —2ea'^—k (n+2)(n—l)} +a®p”‘^'^^ + 2j 

+ =0 


Comparing the terms we get 

fmi4-I)=0 =0 or““ 1 ... (9) 

Ws + It , Ws =='W^ 2 4- 1, etc. 

so that =^i 4- (p-1) . . . . (10) 

— + 1)"} Bt-hke^ms (m2+l) Bs^O (11) 

Bi {kmi (^1-4*3) — 2ca‘'^— A: (;^4-2) (n—1)} — 2cA' (•m24-l)*''B2 + o"a^B 2 

■i'/cc^ Mz (Ms'^I) B3=0 . . . . (12) 

a^Bp.. l4-Bp (knipimp +S) — 2ea“-k (n+2) (n-1)} — 2cJ(: (nip^i -h l)‘^Bp-f.i 
+ ^?^a*^Bp4.i4"Ae^mp4.2 (n^J^4.24•l) Bp^2=0. . . . (13) 

Simplifying we get 

{eW-2ck (mi + 1)^ Bi + fe" (^a+l) (mi4-2) B^^O . . . (Uz) 

(wi4“3) — 2ea" — A' (n4-2) (n — 1)} —2c/v (nii4-2)"B.> 

4-c'a'*B2 + A:e- {n^l + 2) (•?ni4-3) Bs^O .... (12/:) 

a‘-^Bp- |4*B^ {A: (mi 4-^-1) (mi+p4-2) -2ca^-k (n+2) (n-1)} 


4-o"a‘^Bp4.i— 2eA: (mj 4'p4-l)"Bp.|.i4-/cc^ (mt + 2)4'l) (mi4-p4-2) Bp^-fa-O (13?:) 
From (13A) we get 

^ p-.]) -j_ p-f-o)— 2ca^— A; (n4 2) (n — 1)} 

Bp~l 

-{2cA; (/nt4'p4-l)^— 6'"a^} ”^4*A:c“(wi4 p+1) (mi 4- ;;4-2):g^— “ =0 

- 1 ~ t 
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or mp^}- 2 ck<i 2 ip^) ^ + 

B„_i ^p-l ^p- 




B 


’P+-_ 


= 0 


or 


:rr + &. 


B. 


0 i (p'‘‘) 

Let 

Where by 


B„- 


'p-i 


.-> r O 2 (P^) ^P±1,7.„S 


Oil (p'‘) Bp-i--^ 

0 i {p'‘) Bj,-i 


=0 


(14) 


Lt 


B. 


'p — 7 , 
— . 

p-*°o Bp_i 


^P+^. 


aud 




or 


i.e. 


Lt _ 

p->°° B^-i 

Lt §£+ 2 . 

P-*^ B^_i‘ 

Taking limits in (14) asp-^^o, we get 

ki k'-2ck ki^ + ke^ ^ 1^=0 

ktk {ii'c'- 2 c/.'i+l )=0 

This shows that either ki =0 or — , 

c 


Lt 


% 


q)z=z — or zero. 

-D„-l C 


When the limit is zero the series is convergent for all values of v but is 
a singular point, so unless we prove the convergence of the series at v — wc cannot 
take ki to be zero. 

If t><e, i.e., when kr<o, the series is Convergent 
and if v>c^ i.e., /cr< 0 , the series is Divergent. 

When 2 ; = ^ or r=0 we again go back to our Case (i). 

Here also the circle of convergence may be drawn with centre '•* “ and radius 

/t 

j~^i where r =0 is a branch point of the solution. 

[ 9R 1 

'bni T pt - 1 ’ ^iiodifying the arbitrary 

constant suitably. 

We have thus obtained a fundamental system of solutions valid in the vicinity 
of regular singular points. (The points r = 0 and 0 4* Ar = 0 are, of course . regular singu- 
lar points.) Again, if we assume that there is a domain S in which the coefficients of 
dS. 

and E are analytic except at the two poles r =0 and 6 ‘ + /cr=U. (The coeffi- 
) being taken as unity) we see that the two singularities in S of the 



BOLUTIOi^S 0 ¥ bOME BIEFEBEjNTIAL EQUATIOiM'S 


61 


equation are regular pointts, each member of a pair of fundamental solutions is 
analytic at all points of S except at the singularities of the equation, which are branch 
points of the solution. 

V. (ao+6«a;)V®?+Co -=0 where ao, 6o and Co are finite 

ax 

constants. 

This can be put in the form 

(a + icc) + ~=0 


or 


+ __9k 

3?/“ dx 


l>ut '^=ECi, where R is a function of x alone and Ci that of ?/ and z only. 
Substituting we get 


r 4.R 


ur 


/ 11^1,+ j4 

V df/‘ / 

-J:.- i^U — ( 

R I 9x* a+ hx 8x / \ 


— i-__ t -0 

a + bx ^ dx 


=1 \ 9?/ 

This equation can be satisfied i£ we write 

1 1 9R 


4- 


and 



1 


R 

1 ( 

9 ''Cl 

'Cl' 



9_!R 

"92 

9 


^ a+bx R 9x 


9x^ 


k 




»-) 


+ /1'=0 


or 




( 1 ) 

{2) 


h being a finite constant other than zero. 

Now equation (2) is the same as equation (b) in 1 and its solution has been 
exhibited there. ^ 

Turning to equation (Ij and simplifying, we get 


\a-\’bx) "h — A;(6&'4-iir)R=0 


Put so that 


j.> , ; dR ; O -_A 

6-^4 , b ~7— — 

du"' dll 


( 11 ) 


(B) 


Let 


P=1 


mp 


= Ai ?/ ^ Ae 


+ . 


P 




satisfy (3), so that by substituting the value of R in (B) we get 

ki[b’u -!)«;"> + - ' -&«'”'+']+ =0 

Ai[?/"'"'(//wi--/rmi+6TOi)-/;-w"*> + ']+ =0 


or 
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or ki[bwx(bmi-b + \)u”*^~ ^ -A:j4»»>+'] + A2[6w,5(6m2-6+l)w/“»~ ' 



kAp-\[bmp~\(bmp - ] 

+ Xp[bmp{bmv-b+ 1) ti”'P ~ ' ' ] + =0 

Comparing the terms we get 

6mi(6wi““64'l)=0, ///i=U or 

^ 2 — + l or IBs— Wi 4-2 
m3=^7?24*2=fWi + 4 etc. 

so that Wp = m 1 + 2(p — 1) 

Again, — Ap - 1 A' + bmpibmp *- 6 + 1) Ap = 0 

Ap _ ^ ' 

Ap- 1 Z>mp(6H7p— 6+1) 


“ +239-2) (6mi + 2ip-2i-6+l)’ 



Ap - 1 ~ i(?Wi + 233 — 2) {bmi + 'Jbp — 36 + ij 


Thus all the A’s can be expressed in terms of a single arbitrary constant. 

A 3 

Again, ►o as p-^oo and thus independent of b or nit . 

Ap - 1 


Here the series thus found is absolutely and uniformly Convergent for all 
values of u, including those in the nrighbourhood of u =0. 

6"~" 1 

When 6>1, and is + ve the above statement holds for all values of u but * 
if 6<1, such that is negative, we must take mi=0 in order that R maybe 


finite in the neighbourhood of «^=*0. 

Again, when 6=1, thus the two series coincide into 6ne. In that case 
we shall replace by a and then 

Ap 

Ap-i* 6(a+2p— 2) {6a+26p-'36+ 1) 

Then the complete solution will be 



by the method of Frobenius’^ 


When -j- is an integer=5 the solutions are 



suitable modification of arbitrary constants. 



SOI.UTIOKS OP SOME DIFPBEENTIAL EQUATIONS 


63 


Now Ap ^ {mi + 2p — 'l),bmi + 2bp—Sb + i)'^P~^ for p 
Case (*), mi=0 


k 1 

^ 26 {p-D ^26^>-36+l)^^>-' 


for p'^2 


•p=3. A, = f 


_ J. 

26 6-t 

k 1 ' 


Put j>=2, A 2 = ^ 


^ 1 I k \ ^ 1 

6 2(36 + l)‘''-'^ ^ I26/ l*2-(6+l)(36+l)'^’^ 

_ /Af 1 1 . 

~\26/ 2! (6+lj(36+l) ' 


P-4, A4 26 3. (56 + 1) 

(r6) 3! (6 1-1) 36+l)(56+l)'^‘ 

A -/AVI I A 

p-o, 4!(6+l)^36+J)(56-^-l)^76+l) 

•'• 2b ' 6+I'"*'’’ ( 26 ) “2! b+L\3 

+/AV1 

V26/ 3! (6+ DC 

/_& \* 1 1 

■*■126/ 4!(5+l)(36+l)(56+l)(76 


6+1)(,36+D 

1 

(6+D(36+l)(56-H)** 


4!(5+1)(36+1)(56+1) (76-1-1) ■ J 

Ai being an arbitrary constantt 


Case {ii)e or 1 

o 

k 

““ 4- 26|>“26)(6m 1+2639—3^ + 1) 


for 


{2bp 

-6-lj{26 

k 

1 

26 

p — 1 21 

/.: 

1 

26 

1-(36-1) 


1 

26 

2-{56-l) ■ 

-/Al 

== 1 

\26) 

3! (36- 


126/ 2!(36-l)(56-l) 
■1)(76-1) 
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rt4 


,, _/ & \* 1 1 Al 

I, 2b } 4! (36- 1)(5/^- l)(76-l)(96- 1) " 

, Lii r & 1 » . ( * ? 1 I 

R, = A 1 « & [1+ + l,27yj 21(36 -1) (56-1)’ 


. (Af I__ 1 

126/ 3! (36 - 1)156-1)^76- 1)'" 

■^ ( ^) 4 ! f36- 1 )(r,6- 1)(76- 1)(9F- i)“* ] 


A ^ being nnother arbitrary constant. 

Hence, the solution of V is given by 

VI. =(ao t aiir+«2?/+ap,3;)V®Fi, the ff/s being finite constants 

9r 

This can be written as 

= /i:(iIo "b Zia; 4 ' ^ ^ r 

06 

where klo^ao', Id^^ai ; hlo^ct^i^ and 

From these we get Zi^4-Z2^+Z3^ = l- 

Now let us change our axes orthogonally to another set of axes, »], ti where 
the order of transformation is shown herewith.^® 
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The relation between the Z^s, m^s and are too well known to be cited here. 
After transformation we have 


-^=M/o+§)Vn^thiR V“V meaning g— ^ 

= (no + A:i)V'V 

The solution of in terms of i, r\, and s can be found as we have done in I. 
My best thanks are due to Prof. A, C. Banerji whose suggestions have helped 
me a good deal in finding the solution of the equations, T also thank Mr. H. K. Sen 
for some suggestions. 
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iNTROBUCTION 

The reflection of sky-waves from the ionosphere depends upon its lieiglit and 
density, and the critical frecpiency at norma! incidence at a. certain time of the day 
or night is determined by the effective heights and densiti(?s of tlie reflecting layers 
at that time. For oblique incidence which is the case in .actual transmission, the 
angle at which this frequency is being radi.ated from the transmitter, u'., the angle of 
radiation, is a very important factor in determining the condition of reflection. 

I he heights and densities of the reflecting layers in the ionosphere change from 
time to time, hence the maximum usable frequency also has to be changed to suit 
these \aijing conditions. Similarlj', it is possible to make changes in the angle of 
radiation .so that the wave will still be reflected to the same place though the heights 
and densities of the reflecting layers have changed. 

In the broadcast frequency range, the use of concentric arrays of short 
antennas to provide control over vertical directivity, was investigated with interesting 
results.! Arrays of this kind have been shown to provide somewhat greater <rain 
than can be obtained from a single vertical half-wave antenna and by arrangement’s of 
the concentric groups, it becomes possible to control the radiation pattern for either 
ground wave or combined ground wave and sky-wave radiation as desired. The 
a\euti\ .‘-t.ation of the B.B.C. actually varies the angle of radiation when changintv 

trom m.e tramsmission to another ;*•! but so far no theoretical investigation has been 

camecl out successfully. 

The author has pointed out in another paperV that among other factors the 
angle of radiation plays an important part in determining the propagation condition 
ot sky-waves. In this paper, the values of maximum usable angle of radi.ation have 
been mathematically calculated and graphically shown when the maximum us.able 
requencie.s, the virtual height of the layers and their electronic densitie.s and the dis- 
tances to be cov ered are known. Also the values of changes in the angle of r.adiatioq 
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(still under publtcalion). 
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correspondin'^ to changes in the heights and densities of reflecting layers (in order to 
keep the same skip distance) have been calculated taking into consideration the 
curvature of the earth, the curvature and thickness of the ionosphere. The limits 
of this change have also been mathematically discussed and calculated for a certain 
critical frequency. liastly, the effects of this change on the Field Strength of the 
reflected wave have been calculated for the case of vertical half wave and quarter 
wave antennas but a detailed discussion of this will form the subject of another 
pa])er. 

The angle of Radiation 

The angle wdiich the radiating aerial makes with the surface of the eartfi is as 
important as the maximum usable frequency in the sky wave transmission. The 
maximum |)Ossible distance for single reflection transmission corresponding to zero 
angle of departure is about 24U0 K. M. for E layer transmission and 3500 to 4000 
K. M. for F2 layer depending upon the height of the layer as well as the maximum 
electronic density which varies with height. 

This ideal condition cannot be applied for practical radio communication on 
short waves as the absorption due to earth is very great, as it varies inversely as the 
square root of the frequency used. Hence is assumed to be lowest limit of the 
angle of departure over the maximum distance of 1700 K. M. for E layer and 2800, 
to 3000 K. M. for F2 layer depending again on the virtual heights and electronic 
densities of the layers. 

For the present, single hop ti'ansmission upto 3500 K.M. is considered which 
is nearly correct for higher distances as well, as this is the highest attainable range for 
single hop transmission. Greater distances are obtained by multiple reflections in 
which no increase in ^maximum usable frequency or maximum usable angle of 
radiation is possible. 



The effects of angle of incidence at the ionosphere and the angle of radiation at 
the earth are shown in the ease of a reflection from the ionospheric layers in fig. ( l). 
It is evident from fig. (1) that a wave striking the density gradient may be refracted 
until it is at an angle either ettual to or greater than the critical angle. 
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Xlie umouiit of ultdiu.'ition in the jrt’Oiuid. waves is while ti»e aiuolUii of 

bending produced by the ionosphere becomes less. For fre(iueiicies« above 

6 Mc/s. the ground wave is attenuated below useful audibility at a moderate 

distance from the transmitter before tlie skywave is returned to earth. Tin's 

produces a skip distance zone where no signals are heard. Tlie greater the 

angle of radiation, the shorter this skip distance, is the rnaximum value of this 

angle of radiation at which Avaves Avill be redeeted and for higher angles this ray 
Avill penetrate the layer. The greater the angle of radiation, tlie iiigher is the 
frequency required to penetrate completely all of the layers. 

There are tAVO methods of keeping the skip distance constant wlic%i the heights 
and densities of the rellecting layer change from time to time. In case tlie lieighls 
and densities increase as is the case when the rellecting layer is (dianged from K to F 
layer, then to keep the skij) distance constant, tlie fre(iuency is increased, Tliis ski}i 
distance can remain constant in a diircrent way', / c., kceiiing tlie frequency as before 
but increasing the angle of radiation as shown in the lig- (1)-" hbr the F layer and 
reflection at point P, the angle of radiation is . . IbAl] arid for the h' layer and 
retlectioii at point P', the angle of radiation is .S V'A Ik I'lie skip distance rciuains 
cuiistaiit for the ray comes back to B again. The change in the angle of radiation 
so efiected is .^PAP', 

Suppose D is the skip distance. ^ 

R is the radius of curvature of earth. 

H is the height of layer. 

p is the refractive index of the layer. 

N is the maximum electronic density. 

The skip distance can be calculated on the simple assumption that tli(‘ wa\'e 
in.^tead of being refracted by the ionised layer undergoes n mirror like rellection at 
the point of maximum electronic density. The skip distance is given by the following 
equation. 

sirr' (l)/21i) . . . . (l) 

'site (l)/2R)+|^H-~-cos(D/-2R) 

Puttiiiy: where is the angular displacement around Earth to point oi 



siii”^ + 


siQ~6> 

1 + ^ cos6?j 


reHection. 

Hence 



JS^V-VVAVi-: THANt-MisJ^iON wrhT VAhlABI.K AAUl.B OF FAbiAllON 


In the cii>(‘ oi‘ IhiL ionosjflv^n*, the eoriditiun of rcHct^tion is iiriven by 
where </' is tin* an^le of iiieideiice at the point of relleetion at the ionosphere as 
shown in the (o). 

.u,„ . . . ' (d 


C08W[J — 


l-fpj sin^f) 


sin “6^4- 1 -f- cos6* 
K 




l+j?) 


Sip.jpose tlie value of D increases, so the value of cos'il’ also increases, oe, the 
* more the skip distance the lower the angle of radiation. 

DF/rKUAllNA^riOK OF THE KEI.A'ITOX BETWEEN TOE ANGLE OF RADIATION 
AND THE HEIGHT OF THE LAVEU. 

(/) For Hie cense of flat ioiioisijhrrc and flat earth. 

iHf 

Suppose /niax. fh® frequency of the wave at oblique incidence, Le,<<^>as 
shown in tig. (l). 

Suppose fc is the critical frequency at normal incidence. By Secant’s Law 

/’max. = /c sec</) (5) 


= tan 4^ where I) is the skip distance 


Hence 


= ....... (6) 

But from eqiiation(2) 

— COS ill for R-^c>o when 

earth is flat 
2h 

sin i[) = --yz======^ (7) 

‘ • v"D'+4//'* 

The values of the angle of radiation for a distance of 500 Iv.M. only are correct 
as higher values of the distance involve the curvature of the earth which has been 
neglected in this calculation. 
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The real height of reflection is involved in all these calculations and the 
distinction between real height h and virtual height // must be known for exact 



computation of propagation over a distance. In order to determine the angle of 
radiation (for difierent frequencies) exactly would re(|uire accurate knowledge of the 
diflerence between real and virtual heights at all frequencies and would also include 
the force and direction of Earth’s Magnetic Field along the wave ])ath in the 
ionosphere. The real and virtual heights have been assumed to be the same — an 
assumption which is quite correct for E region but less certaiti for the F regions, 
specially near the penetration frequencies. The range of wave frequencies close 
to penetration frequency leads only to an echo of secondary importance so that 
failure of the assumption here is not serious. 

(/tj Case of flut Ionosphere and curved Earth. 

With the same notations as before and considering the ionosphere to be flat 
the value of is the same as that of 




SKY-WAVE TRANSMISSION WITH VARIABLE ANGLE OP EAOIATION 


■71 


Puttino; 


D/2P=^ as before 

^ j. sin^ 

tan^ = j 


l + g-“C0s6> 


From these two equations eliminating i> 

(l + l) sin^( 


sini[)==A^ 1 


l + fl+|]'-2cosfl (l+l) 


(7//) Case of f hi ch and eiirved Ionosphere and carved Ea^ th. 



(9) 


Suppose, 

fAi is the angle* at the lower boundary of the ionosphere. 

is the half vertex angle as shown in the fig. (5). 
z is the height of the vertnal reflecting point from the lower boundary 
of ionosphere. This includes the thickness of the ionosphere, 
is the maximum height of the penetration and the distance of the 
highest penetrated point and the vertex. 
h is the height of the lower boundary of the ionosphere. 

In the case of thick ionosphere the angle made by the wave at the lower 
boundary of the ionosphere is not the same as the half of the vertex angle, but is 
given as below: — 

By the Law of Sines 

Sin </)i=8in 1 1 + j 


cos </•» 



from equation i '^} 


. (10) 
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tan i>i 




1 _L « 

li pj co.s 


from equation (8) 


Piittin*;^ 1)/2R=^ as before 
sin 0 


tan </q = 


1 1 /, 
1 + —oo?>f) 


( 11 ) 


Hence sin a() = 



It will be noted that the values of the angles of radiation are loss in tlic case 
when the thickness of the ionosphere is taken into consideration as compared with 
the case of flat ionosphere. So in this ca.se either the maximum usable frequency 
should be increased or the angle of radiation decreased. 

Ihe effect of ionosphere is to alter the wave in the direction in which tin? 
resultant energy flows in such a manner as to cause the wave-path to bend away 
from the regions of high electronic density towards the regions of lower density. 
The magnitude of this effect varies with amplitude and average velocity of 
the electron vibration.s and hence becomes increasingly great as the wave frequency 
is lowered. 

1 he path that a radio wave follows in the iouo.spliero depends upon the way 
m which the refractive index varie.s with height above the earth. 'Phe liendiMO' 

of the ray i., proportional to i.n.i, satin,, gradient or clumge of refractive index with 

height and is gre.atost when the electron den.sity changes rapidly with heigh f,. 

Aetugl caletdatiou of tbe wave paths cannot be carried out \yith any degree of 
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accuracy because of the lack of knowledge concerning the distribution of electron 
density with height in the ionosphere. But the condition of reflection can be 



Angles in Degrees 

Fig. 6. Grraphs showing the values of angles of radiation for various distances 
of transmission for the curved and thick parabolic ionosphere and curved earth, 

calculated which will give the maximum and minimum values of angle of radiation 
as it is not possible to increase or decrease this angle beyond a certain limit. 

The conditions of reflections for the flat and curved ionosphere are different 
due to the variation in the angle of incidence for the two cases. 

O') Case of flat ionosphere. 

In the case of flat ionosphere, the condition of reflection is given by yL=^mi4> 
where <l> is the angle of incidence 

But ' u=V 1 ^ 

Kmt^ 




F. 10 
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where 


Also 


Hence 


iSF=rthe max. electronic density of the layer. 

the electronic charge. 

?? 2 =-mass of the ion. 

/=the frequency in kc/s. 

sin<?5)=^^^' from equation (2) 

'4 

Values of Fmax/Fc 


(14) 



Angles in Degrees 

Fig. 7. Graphs showing the relation between various heights and angles of 

radiation and heights and values of multiplying factor . The former is 

fc 

shown as and the latter as 

: The values of simiJ will be determined by the equation (14). Corresponding to 
any height k, there can be found the value of N, so the maximum value of sinijj 
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will be given by the above equation as [x=sin^i is the case of critical angle refraction. 
The minimum values of fsiii’il? can be any value above sin 3l*. The minimum value 
of 'll? at which sufficient energy is radiated to produce a readable signal varies with 
the terrain, the power of the transmitter and the sensitivity of the receiver. Over 
sea water oi) can be very nearly zero but over land the minimum value may be 
several degrees ; 3i° degrees being a fair average approximation. 

Electronic Density 



Angle in Degrees 

Fig. 8. Graphs showing the values of angles of radiation for the case of flat 
and curved ionosphere. Superimposed on these is the typical ionospheric 
trace which determines the propagation condition for different layers for 

a frequency of 10 MC/S. The curve for the flat ionosphere is shown as 

and the curve for the curved and thick ionosphere is shown as 

The maximum values of siml) are calculated for the E, FI, F, F2 layers by 
taking their normal values of heights and maximum electronic density. The value 
of f= 10 Mc/s in each case. 

These electronic densities have been calculated on the assumption that Lorentz 
Polarization — correction^ — factor is 1/3 instead of zero as used to be supposed so 
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fer. Ultimate decision in this matter must await discussion of the experimental 
evidence in the literature, but it now appears quite conclusive that in calcolatinpj N 
Lorentz factor must be assumed to be 1/3 for high frequencies at least. 



Fig. 9. Gniph-s showing tlie values of angle of radiation for various distances 
ot transmis.sion. The luuubers ou the graphs refer to distances in kilometers. 

Ihe graphs tor the flat ionosphere and flat earth are shown as The graphs 

for curved ionosphere and curved earth as 


(ti) Case of Curved and Thick ionosphere. 

The wave will penetrate the curved ionosphere until the refractive index p i.s 

redueed to the value. 


p~sin</> as before. 


As already shown, for the case of curved and thick ionosphere where 

is the angle of incidence of the wave on the lower boundary of the ionosphere but 
is pven by the following relation ’ 


■ ( 15 ) 




>»KY-WAVE TRANSMiS^IOX WITH VARlABf.K ANOLE OK UA01AT1<L\ 


77 


Where Zo is the niaxiiimin height of penetration above this lower bf>und?iFy. 

Hence .,i„^=V'l-(l+|)'( n-Aj' | } 

This gives the maximum value of sintf). Under pracitical conditions Zo is 
almost always less than 400 kilometers. So in this calculation of maximum siu'ijj 
determination, 400 K.M. can be taken to be the value of Zo. Again <*.orresponding 
to any value of /?, the value of X can be found out by E, Ohapman^s*' graphs, which 
have been further developed by Millington^. The niinimorn value of sin-xp is the 
same as in the previous section. 

The maximum value of sin for E, Fl, F, and F’2 layers are calculated by taking 
the valne.s of heights and electronic densities. 

It will be observed that the values of maximum sin<^ are less than those obtained 
for the case of Hat ionosphere, for the curved ionosphere, lower valnes of sin'll 
are to be made use of. 


Variation of maximum Elk<tronic density with hek^t ok 'fhe layer 


Tlie greater part of the work carried out during tiie last few years has been 
concerned with the determination of maximum electronic density for different 
ionospheric regions in different parts of the world. Chapman has dealt with this 
problem mathematically. He has examined the ionising effect of monochromatic 
Solar radiation in an atmosphere on rotating earth. Millington^ has further eluci- 
dated Chapman^s work by preparing a number of charts indicating the theoretical 
variations of ionisation in a form easily comparable with experimental results. 

Suppose that molecular density P of an ideal atmosphere varies with height 
h according to the formula 

P = Po =4 (U) 

e n 


where H is constant and = 8'4 K. M. 

Suppose I is the rate of absorption of radiation by the atmosphere at height 
h when incident at angle X. Then it may be shown that 


1 = 1, ...... (18) 

WhereZ= Io= ■ • • • . (19) 

H H expl 

A is a constant, being the absorption coefficient, S^ is the intensity of radiation 
outside the eartUs atmosphere (//. = c>o). Thus Z is the heijght measured in terms of 
H as unit reckoned from the level ko. 

In the wireless experiments, we are concerned not with the I'ate or ionisation 
iq) but with N the ionic density. These quantities are related by the equation 


( 20 ) 
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where a is the coefficient of recombinations and t the time. Chapman’s results axe 
plotted in a series of eur^^es illustrating the variation of N with time and with 
height. These give the values of maximuni electronic density corresponding to 
any height and time. 

As the region F2 behaves abnormally for this the variation of N is given as 
below:— 


dt ^ T 



( 21 ) 


where T is the absolute temperature of atmosphere. 

The first term in this equation expresses the rate of ion production by the solar 
radiation and the second term expresses the rate of concentration of electrons, ions 
and molecules resulting from thermal expansion or concentration due to solar heating. 

From these graphs and equations the value of maximum electronic density 
corresponding to any height is determined and consequently the values of maximum 
sin 'll? are calculated as suggested before. 


Effect of the chaxge in angle of Radiation ui^on the PiEim Strength. 


Most of the absorption suffered by wave passing through the ionosphere takes 
place at the lower edge of the ionosphere where the atmospheric pressure is greatest 
and absorption taking place high up in the layer is relatively small. The absorption 
will also be less the higher the frequency because the average velocity of the 
vibrating electrons decreases as the frequency is increased 

The Sky-wave in travelling between the earth and the ionosphere suffers 
attenuation due to spreading of the waves in such a manner that the field strength 
is inversely proportional to distance. If Fl or F2 is the reflecting layer the loss due 
to E layer is inversely proportional to square of the frequency used and becomes 
smaller the more nearly vertical the angle of radiation. 

Suppose, 

Q is the loss of energy in the ionosphere. 

P is the frequency used, 
is the angle of radiation. 


^ ) ( 22 ) 


If E is the reflecting layer the attenuation in this region depends upon the 
way in which the electrons are distributed with height and becomes greater as the 
angle of radiation approaches vertical. For a single hop transmission the ground 
loss® do not come in but for multiple reflections the ground attenuation is more than 

the loss in tlie» ionosphere, 


Heore in the cos. of change of height of the reflecting layer or change of the 

refleet.Bg layer from E to PI or n if the angle of radiation is increased instead of 
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decreasing or increasing the frequency (as is usually done) the new field strength 
will be greater because the loss in the ionosphere is reduced. 

Also the value of field strength is as given below^ : 


^ V R sin 6^ 


-aD 

X* 


(23) 


where R is the radius of earth, 6 is the angle subtended by the stations at the 
centre of the earth, hs is the effective height of the transmitting aerial, is its 
aerial current, X is the wave-length. 

a is given as 
1 


a= 


^ ^ 2eh 




(24) 


where e is the velocity of electromagnetic waves, h is the height of the ionosphere, 
Pi &> the permeabilities of the layer and earth which can be taken to be unity is 
the conductivity of the ionised layer, is the conductivity of the earth, A is a constant. 

The angle of radiation is proportional to h/X in the case of vertical half wave 
and quarter wave aerial. Hence the value of E increases as the angle of radiation is 
increased and the loss in the ionosphere is reduced. 

In the case when the heights and densities of the layers decrease, the angle of 
radiation will have to be lowered to maintain the same maximum usable frequency 
for getting the same skip distance. The aerial system will require some alterations 
in this case in order that Field Strength and overall merit of the transmitter may 
remain constant. 

Conclusion 

The mathematical calculations aud graphs can be utilised in studying the 
corelation of high frequency sky-wave transmission with regular ionospheric obser- 
vations. With the help of extensive knowledge of maximum electronic density arid 
heights for the different times during the day and night, their diurnal and seasonal 
changes as well as their changes with solar sun spot cycle, it is possible to 
adjust these changes by changing the angle of radiation instead of changing the 
frequencies from time to time, or by changing both. The skip distance will 
remain the same and the field strength will increase and also the attenuation will 
be less with the increment in the angle of radiation as shown before. 

Suppose for a range of 1000 K. M. at 17-00 the maximum usable frequency 
is 12*32 Mc/s and the reflecting layer is F2. At 21 00 the reflecting layer 
changes to F and the maximum usable frequency becomes 5*28 Mc/s. Hence 
the corresponding change in frequency is 7 '04 Mc/s. From the fig.. (6) the corres- 
ponding change is given by and is equal to 7'’35'. 

If the graph in fig. 10 is 'superimposed on atypical ionospheric trace, its 
intersection gives the layer from which a certain frequency at a certain angle of 
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radiation will be reflected to a certain distance. As for example in the grapli 
fia:. 10 the curve for a distance of 1000 K. M. and frequency 10 Me/s intersects 
the layer at point Q and corresponding to this point of intersection, the angle of 
radiation is 2I^ This shows that if a frequency of 10 Me/s is to be reflected from h' 
layer to a distance of 1000 K. M. the angle of radiation should be 27". For higher 
values of angle of radiation, no reflection will take place but for lower values 
the skip distance will increase. The value for the curved ionosphere will be 2l'’302 

When the angle of radiation will be changed, the ground waves will be reduced 
in intensity and the region of fading will be pushed forward. The net result will be 
that the skywave will be negligibly small until the strength of the ground waves 
becomes too weak and will then come in with a strength somewhat greater thati 
that of ground wave. The sky-wave will not reduce the night coverage and at the 
same time will keep the region of high distortion to a minimum. 

Another application of this can be made in the design of transmitting aerials. 
Suppose from ionospheric data of the region to bo served it is found that the 
height of the reflecting layer changes from hi to Ju for a frequency A. The corres- 
ponding change in the angle of radiation is readily found from the graphs or 
calculations and also its optimum value can be determined so tliat with a !iew 
frequency aerial gives a fairly satisfactory signal strength throughout 

the whole transmission. 

It is hoped if an aerial system is set up in which the angle of radiation can be 
varied, these results can be experimentally verified and on the basis of theor> 
out-lined above exceptions in most cases can be accounted for. 
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SUMMABY 

] . The development of the antber proceeds normally. The parietal tissue consists of an 
endotbecium, two middle layers and tapetum. Tbe tapetal cells occasionally become binucleate. 

2. Quadripartition of tbe microspore mother cells takes place by centripetal furrows. At tbe 
shedding stage tbe pollen grains contain a large tube nucleus and a small generative cell. 

3. During tbe development of the ovule, the bypodermal arcbesporial cell divides to form 
tbe megaspore mother cell and a parietal cell. Tbe cbalazal megaspore of tbe linear tetrad develops 
into tbe normal eight-nucleate embryo sac. 

4. In P. ariZZafoj tbe antipodals are ephemeral and soon disappear; in P. chinensis their 
number increases to four, each becoming binucleate; in P. sibirica there are several uninucleate anti- 
podal cells. 

5. After fertilization tbe lower end of tbe embryo sac elongates to form a tubular structure, 
here designated as tbe Endosperm process” in P. chinensis and P, sibirica. This has a baustorial 
function. It is absent in P. arillata. 

6. A few stages of embryo development are also described. 


iNTEODUenON 

A perusal of tbe existing literature on the Polygalacese shows that our 
knowledge of this family is rather meagre. The chief contributions are by 
Cardiff* (1906), Wirz (1910), Shadowsky (1912) and Jauch (1918). These 
have already been summarised by Schnarf (1931) and Schurhoflf (1926) and it is 
unnecessary to cover the same ground again. The latest paper is by Karsmark 
(1933) on Polygala comosa. The anthers are monothecous with 2 loculi and. the 
maturation divisions of the pollen mother cells are simultaneous. The ovule has 
a small ‘‘arillus^^ or caruncula. The development of the embryo sac proceeds 
normally but the antipodal cells are large and conspicuous. The endosperm is free 
nuclear and forms a micropylar as well as chalazal accumulation of plasm and nuclei. 
At the chalazal end there is a narrow pouch. 

The present paper deals with 3 species of the genus Polygala — P. chinensis^ 
Linn, P arillata, Ham., and P. sibirica, Linn, 

F. 11 
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Material and Method 

Flowers and fruits of P. ardlata and P. sibiriea were collected from the hills 
of Kodaikanal in the month of October. P. chinensis was collected, at Bangalore 
in November and December. The materials were fixed in Bouin^s fluid between 
9 A.M. and 3 P.M. on bright days. Sections were cut at 10[i for the study of 
microsporogenesis, but thicker sections were found more suitable for the embryo sac 
and embryo. Heidenhain’s iron-alum hiematoxylin was generally used throughout 
the study. 

Organogeny 

A reference to figure 1 4 shows that the organogeny is perfectly normal. 
The first whorl to develop is that of the sepals (Fig. 1). The calyx lobes bend over 
and cover the floral cone before the other parts are differentiated. The petals 
arise next (Fig. 2', then the stamens (Fig. 3) and last of all the carpels (Fig. 4). 


Development op the Anther and Male (Jametophyte 

The hypodermal archesporial tissue is conspicuous even from the earliest stages 
by the large size, rich cytoplasmic contents and prominent nuclei of its cells. The 
archesporial cells divide periclinally into an outer and an inner layer of cells. The 
former gives rise to four parietal layers, the outermost and the innermost of which 
constitute the endothecium and the tapetum respectively, with the two middle layers 
in between. The inner layer of cells undergoes repeated divisions to form a number 
of microspore mother cells (Fig. 5). The tapetal layer is very conspiciioii.s from the 
earliest stages. Some of the cells are very large while others are comparatively 
small. Mostly they are uninucleate but some may occasionally become biuneleate. 
i hey begin to di.sorganize soon after the reduction divisions are over. Durino- 
meiosis certain darkly staining extra-nuclear bodies are found in the cytoplasm of 
the mierospore mother cells and they persist until the separation of the mierospores 
from the tetrad (Figs. 6 - 8 and 10-15). During diakinesis, the bivalents are distri- 
buted throughout the nuclear cavity (Fig. 6). Usually the nucleolus persists for 
a long time A polar view of the metaphae shows the haploid number of chromo- 
somes to be 12 in P. chinemis (Fig. 9) and 40 in P. ariUata (Fig. 10) The 
spmd es of the second division are at right angles or parallel to each other (Figs 1 1 

hfn a • V ® the divisions, the four daughter nuclei are separated 

by quadnpartition furrows proceeding from the periphery inwards (Fig. 14). The 

s^res he free m the cavity of the original mother cell and come out when the wall 
disorganizes. The pollen grains, are spherical with a thick and warty exine and a 
t inmtine. At the shedding stage they have one large tube nucleps and a stpaU 
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generative cell. The mature anther shows the degenerated remains of the middle 
layers and tapetum, an endothecium of elongated cells with fibrous thickenings and 
the epidermis (Fig. 16). 


Development of the Ovule and Embkyo Sac 

In all the three species, the nucellar primordia begin to be visible only 
when the microspore mother cells are in the prophase of meiosis. The hypodermal 
archesporial cell is distinguishable by its rich cytoplasmic contents and 
prominent nucleus (Fig. 17). It divides to form an outer parietal cell and 
an inner sporogenous cell. The former, by a series of periclinal divisions, forms 
a number of parietal layers which bury the mother cell deep into the nucellus 
(Fig. 18). The mother cell enlarges in size and its nucleus passes through the 
usual divisions and forms a linear tetrad of megaspores (Fig. 19). In all the three 
species, the chalazal megaspore alone survives, while the remaining three degenerate 
(Fig. 20). This is also the case in Polygala comosa investigated by Karsmark 
(1933). 

The functioning megaspore enlarges rapidly and becomes vacuolate. The 
nucleus undergoes three successive divisions and forms a normal eight-nucleate 
embryo sac (Figs. 20—25;. This continues to enlarge at the expense of the surround- 
ing nucellar cells, remnants of which persist as darkly staining masses all round the 
embryo sac. 

The fully organized embryo sac has two synergids and an egg at the micropylar 
end, two polar nuclei in the centre and three antipodal cells at the chalazal end. 
The micropylar end is broad, while the chalazal end is narrow. In P. arillata the 
synergids are comparatively small and provided with basal vacuoles and prominent 
beaks (Fig. 23). In P. sibiriea they are large with a well-developed filiform apparatus 
and a hyaline area at the tip (Fig. 26). In P. chinensis they are large with basal 
vacuoles (Fig. 24). The polar nuclei lie side by side for a long time and fuse only 
on the arrival of the second male nucleus. This fusion takes place at the centre of 
the embryo sac in P. arillata and P. chinensis and slightly lower down in 
P. sibiriea. 

To start with, there are three distinct antipodal cells in all the species. In 
P. arillata, they already show signs of disorganization at^the time of fertilization and 
are completely disorganized by the time the fertilized egg divides. In P chinensis, 
one of the antipodal cells divides into two and the nucleus of each of these four 
cells divides once, so that each cell becomes binucleate (Fig. 27). These cells 
persist for a long time even after fertilization and seem to supply nutrition to the 
growing embryo until the endosperm takes over this function. In P. sibiriea, 
a further step is seen in the development of the antipodal. All the antipodals may 
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divide followed by wall formation, thus giving rise to a mass of 7-12 cells (Fig. 28). 
They persist for a long time and their remnants are seen at the tip of the Endo- 
sperm process” which is to be described shortly. The nucellar cells situated below 
the antipodal end of the embryo sac are comparatively large and take a deep stain 
and act as nutritive cells. The outer and the inner epidermal layers of the outer 
integument consist of long palisade-like cells, particularly at the mioropylar end of 
the embryo sac (Pig- 29). 

Fertilization 

A number of pollen tubes are seen in the stylar canal. Only one tube enters 
an embryo sac and it destroys either one or occasionally both the synergids (Figs. 30 
and 31). One of the two male nuclei approaches the egg nucleus and the nuclear 
membrane breaks down at the point of contact. Both the male and female nuclei 
are in the resting condition at the time of fusion. The second male nucleus passes 
down the embryo sac and meets the two polars to form a large endosperm nucleus 
(Figs. 32 and 33). 

Endosperm Formation 

The endosperm is free nuclear and the resulting nuclei possess two or more 
nucleolL After a large number of free nuclei are formed, wall formation commences at 
the micropylar end and gradually proceeds downwards. In all cases, the endosperm 
nuclei at the antipodal end remain free throughout. The lower region of the embryo 
sac which penetrates into the nucellus becomes a haustorial organ and is referred 
to in this paper as the “ Endosperm process ” (Pigs. 34—36). 

Development of the Embryo 

The egg divides immediately after fertilization. Its nucleus often contains a 
large and a small nucleons, the latter being evidently derived from the male nucleus 
(Fig. 37). By a transverse division the fertilized egg becomes two-celled. The 
distal cell divides once transversely forming a proembryo of three cells (Pig. 38). 
The apical cell of the proembryo divides by a vertical wall, followed by a transverse 
one, thus forming a quadrant of cells (Figs. 39—42). This undergoes further divisions 
to give rise to a large spherical mass of cells (Pigs. 44—46), in which the outermost 
layer soon differentiates as the dermatogen (Fig. 45). Meanwhile, the second cell 
of the three-celled proembryo undergoes a vertical division (Pigs. 40, 43 and 44), 
and after some further divisions it contributes to the embryo on the lower side! 
In P. fflnZZfife and P. sjhmea, the basal cell also divides by a vertical wall so 
that in the mature embryo the suspensor consists of two Cells placed side by side 
(Fig. 46). In P chinmsis, the basal cell by two or three transverse divisions forms 
a row of cells and in each a vertical division takes place so that the mature embryo 
has a suspensor composed of several tiers of cells. 
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Discussion 

. The increase of the antipodal tissue in P. ehineiisis and P. sibirica probably aids 
in the nutrition of the embryo sac until the endosperm takes over this function. In 
P. sibirica it persists even in late stages when embryo formation is far advanced. 
Further, the lower end of the embryo sac penetrates into the nucellus carrying the 
antipodals along with it, so that even at a late stage their degenerated remains 
can be seen at its tip. In this “ Endosperm process"' the darkly staining cytoplasin 
has a large number of free nuclei which in later stages break up into small bits and 
are ultimately absorbed by the growing embryo. The formation of this haustorial 
process, the presence of multiple and persistent antipodals and the occurrence o 
deeply staining cells at the chalaza, show that in P. sibirica and P. cUnmms 
there is a well-developed mechanism for the nutrition of the growing embryo. 
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Explanation of Figures 

Figures Description 

1 to 4 Stages showing sequence of development of the floral parts of P. arillata. Figs. 1--3, 
X80, Fig. 4, X50. 

Fart of a young anther of P. arillata showing the sporogenous layer, the tapetum, two 
wall layers and the epidermis. X800. 
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6 to S 
10 to 14 
9 
to 

15 

16 

17 
IS 
. 19 
*20 

21 to 22 
2i to 25 


26 

27 

28 


29 


m to 31 
32 to 33 
34 to 35 

36 

37 

38 to 46 


Stages in the development ot the microspores of P- arillata. 

Fls.6-8,10«,ail,XK00. Fig,. 12-H, X^l«10. 

Metaphiise plate of first reduction division in P. chinensis. X3600. 

Metaphase plate of first reduction division in P. arillata. X270U. 

Microspore of P, arillata. XI 800. _ , , . r p 

Part of an old anther of P. arillata showing the epidermis, the endothecuim and a few 

degenerated cells of the middle layers and tapetum. X800. 

Nucellus showing the hypodermal archesporial cell in P. sibirica, X1800. 

Megaspore mother cell of P. chmensis. X, 1800. 

Tetrad of raegaspores of P. chinensis. X1800. 

Tetrad of megaspores of P. arillata, showing degeneration of the upper three spores. 

XlfeOO. ■ ^ ^ 

Two—and four nucleate embryo sacs of P. sibirica and P, chinensis. X1800. 

Fully formed embryo sacs of P. arillata, P chinensis and P. sibirica respectively. 


Fig. 23, X560 ; Figs. 24 and 25, X1800. 

Egg apparatus of P. sibirica. Note the filiform apparatus in the synergids. X2700. 

Four binucleate antipodal cells of P. chinensis. X1800. 

Multiple antipodals of P. sibirica. Observe the rich cytoplasmic coiiteiits of the cells at 
the antipodal region of the embryo sac in this and the preceding figure. XI 800. 

A diagram of an ovule showing the elongated cells of the outer integument in P. sibirica. 


X80. 

Fertilization in P. chinensis and P. arillata. Fig. 30, X1800. Fig. 31, XBOO. 

Stages in triple fusion of P. arillata and P. chinensis. Fig. 32, X800. Fig. 33, X1800. 
The “ Endosperm process ” of P. sibirica, and P, chinensis. X80O. 

An outline drawing of the ovule of P. chinensis showing the position of the ‘‘Endosperm 
process.’ XI 60. 

Fertilization of the egg of P. arillata. X800. 

Stages in the development of the embryo. Figs. 39 and 40. P. sibirica, X1800; Figs. 38 
and 42--45, P. chinensis, XI 800. Figs. 41 and 46, P. arillata. Fig. 41, X1800, Fig. 46, 


XBOO. 





PROTEID YOLK FORMATION IN THE OOCYTES OF 
OPHIOCEPHALUS PUNCTATUS 

By Ram Saran Das 
Zoology Department, Allahabad University 

(Received on December 18, 1941) 

The problem of vitellogenesis is one of the most intricate ones of cytology. 
Whereas it is possible that much of the discrepancy in the reports presented by 
various authors as to the mode of yolk formation may be due to a real diversity 
in vitellogenesis in the eggs of different animals, the conflicting accounts based 
on the investigation of the same material must be ascribed to misobservation and 
misinterpretation of facts on the part of the investigators. One remarkable example 
of this bewildering discrepancy is furnished by the writings of Nath (1931) and Narain 
(1930) in which these authors set forth the results obtained by a study of the oocytes 
of Ophiocephalus. According to Narain (1930) “ the individual Golgi grains become 
lodged inside vacuoles aud begin to swell up till they get converted into fairly 
big spheres.^^ Again, “the secretion of yolk by the mitochondria starts at a time 
when a good deal of Golgi yolk has been already produced. The granular mito- 
chondria begin to swell up till they form round discs of albuminous material.^^ 
In a later paper (1937) Narain again discusses the mode of proteid yolk formation. 
Pie writes, “ I have been able to trace only two types in fishes — the albuminous or 
mitochondrial yolk and the fatty or the Golgi yolk. The albuminous yolk is 
formed by the gradual swelling of mitochondria to form fairly big yolk 
discs, seen beautifully by Regaud Tupa^s and Champy^s methods.^^ Further on he 
writes, “ I am unable to confirm the view of Nath (24) that in Ophiocephalus the 
albuminous yolk is formed by the neutral red staining vacuoles and not by mito- 
chondria/^ Hibbard and Parat (1928), on the other hand, come to an entirely 
different conclusion on the basis of the evidence furnished by the study of the 
oogenesis of Perea fluviatilis L. and Pygosteus pnngitius L. They do not mention 
the presence of “ fatty yolk ” in the eggs of these fishes, but in an advanced oocyte 
of Pygosteus they describe “des gouttes d^huile(h) souvent volumineuses.'^^ 
It is obvious that what Narain (1930 and 1937) and Nath (1931) consider to be 
fatty yolk bodies Parat and his collaborator consider to be free fat droplets, in no 
way related to any cytoplasmic component. About the mode of origin of proteid 
yolk the latter authors write “ Mais le chondriome forme surtout une sorte de 
feutrage aptoiir des groupes vacuolaires p&ipheriques ; * ces groupes sont constitufe 
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d^assez nombreuses petites vacuoles qui prennent le Eouge Neutre et impr^g- 
nent parfaitement k Fargent et ^ Fosmium. Puis cette colorabilito et cette 
aptitude k 1 ■’impregnation diminuent progressivement au fur et tl mesure de la 
concentration du contenu vaeuolaire, concentration qui aboutit k la formation du^ 
vitellus. Ce dernier augmente de volume, le vacuome. disparait, et avec lui les 
dictyosomes, de 1 ^appareil de GolgiF^ Similar conclusions, it may be mentioned 
in passing, have also been arrived at by Hibbard in Discoglossus (1928), Marguerite 
Parat in a bear (1927) and Maurice Parat in certain Molluscs and Coelentrates (1927), 
Parat (1927) writes, “L^ovocyte, de la Meduse Chrysaora hysocella (L) est riche en 
vacuoles colorables par les colorants vitaux : il en est de m^me pour Fovocyte de 
certains Mollusques Nudibranches come*Aplysia punctata (Cuv) et Polycera quadri- 
lineata, ou celui de FOursin Strongylocentrotus lividus (Lk). Le contenu des 
vacuoles semble au cours de Fovogen^se se condenser pour aboutir k la formation de 
jeunes plaquettes vitellines, surtout proteiques et ne renfeiinent encore point de 
lipoides/^ 

Although Nath and Nangia (1931) do not accept ParaFs vacuome hypothesis 
according to which the classical Golgi apparatus is represented in the normal living 
cells as a system of vacuoles capable of staining with neutral red, their own account 
of proteid yolk formation agrees in all essential details with that of Parat 
and his school. Nath and Nangia write, “ When a young oocyte (Fig. 1) of 
Ophiocephalus is studied in a drop of normal saline, the most prominent inclusions 
are certain whitish droplets distributed at random in the cytoplasm. These have 
been identified as the vacuome of Parat and Hibbard. They are stainable with 

neutral red sometimes the stained contents of a droplet 

may shrink and appear as a red grain lying in the centre of a clear circular area 
and again “In the earliest oocytes the vacuoles are small and 
comparatively delicate. In the course of oogenesis they grow in size and their 
contents become denser as the result of the deposition of albuminous material inside 
their interior. Consequently, when an oocyte measuring about ’2 mm. (Fig. 17) is 
ruptured, the vacuoles which are now packed with albuminous material show a firm 

consistency . . . . “ Ultimately the vacuoles form . the albuminous yolk 

sensu strictu, as has been very rightly claimed by Hibbard and Parat for Perea and 
Pygosteus and by Hibbard for Discoglossus.^^ 

The investigation conducted by the present writer on the ovarian eggs of 
Ophiocephalus does partially bear out the account of proteid yolk formation as given 
out by Nath and Parat and their collaborators. At a certain stage of growth, the 
cytoplasm of the egg does show some vacuoles each containing a sharply staining 
granule (Fig, 1). At first this granule is quite small in size, but gradually it grows 
bigger and ultimately comes to occupy the entire vacuole. It can now be recognized 
IIS a folly formed albuminous yolk spherule. Its staining reactions and resistance 
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to the action of acid in Boilings fluid leaves no doubt that it is proteid in nature. 
These vacuoles and the i^ranules contained in them are stainable with neutral red 
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Fig. 1 


Fig. 2 


as Nath and Nangia, and Hibbard and Parat claim. In addition to these vacuoles, 
however, there are numerous smaller granules which come to view on staining the 
eggs with neutral red solution from 30 to 45 minutes (Fig. 2). These two categories 
onacuoles do not seem to be the different stages of the same structures but are 
probably fundamentally different. In the opinion of the present writer the term 
vacuome as originally em]doyed by Parat is not applicable to these yolk-forming 
vacuoles. 

The important fact which it is the aim of this paper to emphasise is, however, 
that the entire bulk of the proteid yolk of the egg is not formed in this way. There 
are unmistakable signs that a great portion of the proteid yolk arises through the 
direct transformation of initoe.hondria. Fig. 3 shows an oocyte in which the 




mitochondria have become scattered all over. On the periphery they are more or 
less in a concentrated condition. Already a few mitochondrial grains are swelling. 
In fig. 4 a more advanced stage is represented. The mitochondria are confined 
almost exclusively to the periphery and the swelling of mitochondrial grains has 
advanced further. Ultimately these swollen grains grow into definitely recognizable 
F. 12 
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proteid yolk spherules (Fig. 5). These yolk bodies have absolutely no relationship 
with vacuoles of any kind. This process of mitochondrial transformation can also 
be observed in highly advanced eggs (Fig. 6|. All intermediate stages between the 



slightest swollen mitochondria and the big proteid yolk spherules can bo easily mado* 
out. There is no doubt that Narain’s account of mitochondrial origin of yolk i.s 
quite correct. His fig. 8 bears considerable resemblance to the fig. 6 of this 
communication and Nath and Nangia’s criticism that Narain has misinterpreted 
the “ swollen Golgi elements as the mitochondrial yolk” is unjustifio'd. Fig, S of 
Narain’s paper (1930) has been taken from a Regaud Tupa’a pre])aration which is not 
calculated to preserve the Golgi elements in an oocyte. 

Both Nath and Nangia (1931) and Narain (1930 and 1937) have insisted on one 
particular mode of proteid yolk formation, whereas both the mitochondria and the 
vacuoles are directly involved in this process. 

Explanation op Plate.s 

All the diagrams have been made with camera lucida at the magnification 
shown by the side of fig. 4. 

Fig. 1. An oocyte showing vacuoles, depositing proteid yolk inside. Bonin, 
methyl bine eosin. 

^ iig, 2. A portion of oocyte showing big and small neutral red staining 
bodies. 

Fig. 3. A small oocyte showing granular and swollen mitochondria. K, W. A. 
iron alum haematoxylin. 



FROTEID YOLK PORMATIOX IX THE OOCYTES 


11 


Fig. 4. A slightly bigger oocyte showing granular and swollen mitochondria on 
the periphery. F. W. A. iron alum haematoxyiin. 

Fig. 5. An oocyte showing granular and swollen mitochondria and proteid yolk 
bodies. J. W. A. and iron alum haematoxyiin. 

Fig. 6. A part of an advanced oocyte showing fatty vacuoles, granular and 
swollen mitochondria and proteid yolk bodies. F. W. A. iron alum haematoxyiin. 

Lettering 

Al. Y. = Albuminous yolk bodies. 

M. = Mitochondria, 

S.M. = Swollen mitochondria. 

V. = Vacuome. 

Va = Vacuole. 
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TABLE OF IVrONOMrAL SYM^rP:TPJC FUNCTIONS OF WEIGHT 11 
IW S. M. Keuawala and A. R. FIanafi 

^lATHF.NfATKS DePAHTMENT, AlrriLIM l/NR^RRSTTV, ALTOARIF 
Cnrnmiuiieated by Dr. D. B. Eoihari 
(Ib'ceiv'CMl on December 24, 1941) 

Tables of monomial symmetric functions of weight up to 10 have been construct- 
ed by O’Toole,^ Sukhatme^ and the present authors.’^ An error in the table 
of 10 has since been noticed l)y us, and is rectilicd below : — 

In the expansion of (U^) the coefficients of 2‘3T), 4*6 and 3*7 should be respec- 
tively -—120900, 151200 and 172800, and not — 20900, 51200 and 72S00 as shown in 
the table. 

Also in the expansion of (2"1^') the co-efficients of 1"*2^ and 1^4^ should be 
respectively 45 and 450 instead of 135 and 300, With these corrections the table 
of 10 is free from errors. 

The table of 11 has been constructed by ns and is given below. It is believed 
that the table is free from all errors of computation. The method of calculation and 
the directions for reference have been given in our previous papers,*^ and are equally 
applicable here. 


1 0’r(K>lc, Annuls (4‘ Math. Stutistic^; (U. B. A.), 2. 1981, i>i). 101—149. 

2 Sukhutme, P. V., Pliilo. Tr. U. B. ( A\ 760. Vol. 287, pp. 875-409. 

Keniwala, B. M., Pmc. Nat. Aca. of Bci., India, Vol. 11, 8, 1941, pp. 51—53. 

i\(‘ra\vala, B. M, A: A. H. ITanafi, Proc. Xat, Aca. of Bci.. India, Vol. 11, 3, 1941, pp. 56—63, 
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MATHEifATICS : S. Jf. ICERAWAT.A AND A. U, ITANAPr 



lu Dictionary Order from (11) to (651 D = the Oommon Denominator. 



Table oe W'eigiit 11 





In Dictionary Order from (G41) to (531®). D=the Common Denominator. {Contbmed on the Next Pmje). 



{CoHltiuivd fnHH Hic Pi revdiiKj 


MAtHEMAtiCSi S. M. KERAWaI.A AXb A. h. HAKAFI 



In Dictionary Order from {(141) to (531'^). D=tlie Goinmon Denominator. 
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In Dictionary Order from (52^) to (4-31*). I)=tlie Common Denominntor. (Covihmed un Ihe Next Page.) 
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MATHEMATICS: S. M. KERA-\VAEA AND A. R. HANAFI 



Id Dictionary Order from to (32*)- . D =the Common Denominator. 
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A NOTE ON THE PSEUDO-EECTPROCAL IN THE 
WAVE-TENSOR CALCULUS 

By Betj Nath 
C ommimicaled by Dr. I>. 8. Kotbari 
(Received on January 24, 1942) 

In this note we discuss a few properties of the psetido- 7 'eeiproeal which is 
defined in Eddington^s wave-tensor calculus* as follows 

If S is a non-singular E-number, then it is possible to determine a unique 
E-number R such that RS = 1. R is said to be a reciprocal of S. If S is singular, 
it is possible to obtain an infinitude of solutions of RS=0. Any such solution R 
is called a pseudo-reciprocal of S. 

The well-known properties of the reciprocal and the pseudo-reciprocal are : — 

(1) Any E-number S commutes with its reciprocal. 

(2) Any E-number which commutes with an E-number 8 commutes also with 
its reciprocal. 

(3) A pseudo-reciprocal is necessarily singular. 

(4) If R is a pseudo-reciprocal of S, XR is also a pseudo-reciprocal of 8, 
X being any E-number. 

In this paper we will be concerned with the following results : — 

[a) A pseudo-reciprocal of a singular E-number 8 does not necessarily 
commute with 8. Or if R is a pseudo-reciprocal of 8, 8 is not 
necessarily a pseudo-reciprocal of R. This should be compared with 
(i) above for a reciprocal. We will determine the conditions under 
which a singular E-number cominutes with its pseudo-reciprocal. 

(5) If R is a pseudo-reciprocal of 8, XR is also a pseudo-reciprocal of 8, X 
being any E-number. But RX is not necessarily a pseudo-reciprocal 
We will determine the conditions such that RX is also a pseudo- 
reciprocal of 8. 

For reasons of mathematical simplicity we shall work with a two dimensional 
case of the wave-tensor caiculus. The complete orthogonal set consists of 4. 
E-symbols Ei, E3 and E^ satisfying the relations : — 

E^^ = -1, ([x = l, 2, 3, 4) 

and i. j, k are in cyclic order) 

E^=^ (not to be confused with the suffix). 

* See Eddington The relativity theory of electron and proton” 1 (1936), Chap, II, for explana- 
tion of notation. 
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Lf4 R— Tiliii 4* ? 2 E 2 + + Ti E,j. 

S= - 4 - 6*2 E 2 + .9^;E3 "f ,S’ . El , 

As wo fiave 




•r + 

iSi 

= 0 


■ . (1) 

rz 

St-TiSn 

4 ir 

iS2 

= 0 

. 

. (2) 


US 3 

== 0 


. (3) 



i 
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■ (4) 

r2, f 

'3 and r.i 

, we have 
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(5) 


or {i-^2 + S 2 ^+S 32 _s^ 2)2 =0 

It can be easily verified that on account of (o) every minor of the 3rd oi-der in 
the above determinant is zero. Tlie matrix of the determinant is, therefore, of rank 2. 
This means that out of the four co-efficients ri, and of the K-number R 
two can be chosen arbitrarily. 

Solving (1) and (2), we have 

+is2S4)-hri(siS.i -husSfl) 


’ ^'l'StSi) + rAso^i — 
2 - _ 2 ~~2 ^ 


( 6 ) 

(7) 


. ( 8 ) 
. (9) 
• ( 10 ) 
. (11) 


If SR— 0, we should have the four equations 

«^2r3— ,93r2 + ^^‘i'r4-fi94ri=0 .... 
^3^A'~<^l^\^+is’2V*4-f/,5fir2==0 . 

+ . . . . 

•Hri+s^ro + Ssrs-^SiTi =0 . . , 

If SR is equal to zero, equations (8), (9) and (10) are also true. Subtracting 
(8), (9) and (10 • from (]), (2) and (3) respectively, we get -1 = tr = II. == ZIl 

_ Thismtheeondition which must be satisfied in order that s"lnd its pseudo- 

reciprocal R may commute. ^ 

reoiprocll of S. ’ ° “ »< 8 « X i, a p,o„d„- 



EADIAL OSCILLATIONS OF A VARIABLE STAR 
By H- K Sen, 

Mathematics Department, Aj.lahabai) University 

Communicated by Prof. A. C. Baiierji 
! Received on January 27, 1942} 


SUMMARY 

In a recent and important paper Prof. A. C. Bauerji hits shown that no radial mode of 
oscillation of large amplitude is possible for a variable star. Adopting Prof. Banerji’s method 
it has been shown in this paper that, if the density vary inversely as an integral power of the 
distance from the centre, no radial mode of oscillation is possible except for Dr. Sterne^s model of 
the sphere with a vanishing core in which the density varies inversely as the square of the distance 
from the centre. 

The pulsation theory of Cepheid Variables, advanced by Shapley^*^ and 
Plummer,^ ^ has been mathematically developed by Eddington.'^ Eddington has 
obtained the period of the zeroTh mode and Edgar^^ the period of the first mode 
corresponding to the density distribution of the Emden poly trope of index 3. 
Sterne^ ^ has considered the modes of radial oscillation of the following three 
stellar models : 

L The sphere of uniform density, 

2. The sphere in which the density varies inversely as the square of the 
distance to the centre. 

3. The sphere in which nearly all the mass is contained in a particle at the 
centre. 

Bhinjo and Jeans^'^ have objected to the pulsation theory of Cepheids on the 
ground that the velocity-curves would in that theory contain higher modes of 
incommensurable period which have not been observed. Eddington^ on the basis 
of Woltje’s calculations concludes that the dissipation is relatively greater for the 
overtones, so that their absence, in his opinion, is accounted for. Sterne,^® however, 
is of the opinion that a few pulsating stars might be expected to show evidence of 
higher modes superimposed on the zeroTh. and Scliwartzschild^^ have 

recently observed overtone pulsations for the short-period variables, and Schwartzs- 
child/ in a very recent paper, has calculated the period of the fundamental mode 
and the first four spherically symmetrical overtone pulsations for the standard 
model for four different values of the ratio of specific heats. 
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All these investigations, however, do not take account of the square of the 
amplitude. In his investigations, Eddington’^ has introduced the following simpli- 
fying assumptions : 

(a) The oscillations are adiabatic ; 

(b) the oscillations are radial, that is, the displacement at any point is a 
function only of the distance of the point from the centre and of the time ; and 

(ij the amplitude of the oscillations is small, so that its square may be 
neglected. 

The assumption {a) evidently fails near the surface of the star. Eddington 
has given justification that this does not affect the orders of the magnitudes 
concerned. In fact he remarks^ that the adiabatic approximation is much more 
accurate for a Cepheid than for ordinary sound waves. The assumption (b) may b(? 
justified on the ground that a radial oscillation, as it involves only radiativ<‘ 
viscosity, is easier to maintain than an oscillation of the most general typo which 
involves material viscosity as well.^^ The assumption (eh however, cannot be 
justified, as in typical Cepheids the surface amplitude may amount to one-twelfths 
of the radius, as Eddington^ himself admits, and the square of th(‘ variation in 
pressure to five times this amount. Eddington has shown^® that the retention 
of the second order terms will give “a velocity-curve having the general charac- 
teristics of the observed velocity-curves of Cepheids, mz., a sharp decrease from 
maximum to minimum receding velocity and a slower return to maximum with 
indications of a hump in the curve.^^^ 


In areceutaudvery interesting paper, A. C. Banerji* has investigated the 
modes of radial oscillation of the following stellar models : 

I. The sphere of uniform density. 

. 2. The sphere with a small, homogeneous,central core ajid an annulus where the 
density at any point varies inversely as the p^th power of the distance of the 
point from the centre, where p is any positive integer (excluding .1 and 3). 
Banerji has shown that the oscillations become unstable for large amplitude 
and, on this basis, has given an entirely new theory of the origin of the solar system. ’ 
In what follows, we will show that the radial oscillations of Banerji’s model '> 
ai-e unstable also for small amplitude. We will further show that for a sphere 
mth a vanishingly small core and density varying inversely as an integral power 

of the (Stance from the centre, radial oscillations are only possible for the inverse 

square law of density, that is, Sterne's model 2. 

Eddington* has derived the fundamental equation of adiabatic pulsation, 
retainmg only the Brst power of the amplitude. 

The equation of oscillatory motion is 


6= 1 dF 

1 =* e'rfi'- 


( 1 ) 
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where p and P denote distance from the centre, gravity, density and pressure 
respectively. We shall use the suffix zero to indicate the undisturbed values of 
these quantities. Let the displacements ii, Pi and Px be ^^iven by 


i = io(l + §i);P = Po(l + Pi);P-Poa4-Pi) . . . . (2) 

Por small displacements, the motion is simple harmonic and we have 

ii=^iCOs nf (3) 

where cii is the amplitude at io* 

The equation of conservation of mass is 

piVZi=Po?o"dio . (4) 

For adiabatic oscillations, we have 

ir/P/P=Y<^p/P 

where y is the effective ratio of specific heats (regarding the matter and enclosed 
radiation as one system).^ 

Neglecting higher powers of than the first, Eddington^ has shown that the 
differential equation (1) reduces to the equation : 




dlo 




‘^'Zy _ oty 

lo' dl, LPoY 171 


(It =0 , 


where 


_^oPoio 1 o 4 

^ = — ■ and a=3 

Po Y 


(6) 


(T) 


Changing the independent variable in (6) from io to a; by the substitution 
;o = Rir, the equation (6) becomes 


d^cii , 4:-v dai , Rpq/u^R ago ] 


( 8 ) 


where R is the radius of the star. 

We will first consider the small oscillations of EanerjPs model of a sphere 
with a small, homogeneous central core and density in the annulus varying inversely 
as an integral power of the distance from the centre. 

Let p^ be the undisturbed uniform density of a small core of radius 

= . (9) 

where R is the radius of the star. Also let 

Po=K/iS . (10) 


where Po is the undisturbed density at a point in the annulus distant io from the 
centre (a^io~Eh K is a constant, and let p be the mean density in the annulus. 
We will also suppose that p in (10) is any positive integer with the exception of 
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I and 3, as these latter values make and Po indeterminate as we shall see later 
on in equations (16) and (18). 

We have 
and 

in 


p (R 3 -fl 3 )=iEKr i __1 ' 


and 


3 ■- ' p-SlaP-^ RP- 

From (9), (11) and (12), we have 


( 11 ) 

( 12 ) 


K=^ 


p = 


■6pJl-iiP~%^ 


(f)-3)(l-n») 

The undisturbed %^alue of gravity, g^, at a point lo is given- by 


(13) 


(14) 


5^0 = 


1™.^. „3/1 1 43tR. I 1 1 

_ P-3 Up- » l^p-U 

I? 


G 


(15) 


where G is the gravitational constant. 
From (11) and (15), we have 

^ 4jrKG 1 


/V ^ 4jrKG ^ i p 3 \ 

‘ ® 3(p-3) ~ i^p-3 ) 


4:tKG 


L /_P 

'pP-^ a;P-3 / ’ 


(16) 

(17) 


3{p-3)RP- 
io=R=r(p^*£l) . 

Integrating the hydrostatic equation of equilibrium in the undisturbed 

State, 

30 

we have, for the pressure Po at lot 


dio ~ 


Po = — j i E^^G J / I \ 3/1 \1 

• 3(p-3)R*P-2t(p+l)pP-5 Up+' j[ 


(18) 


assuming that the pressure vanishes on the boundary. 
Hence, we have 


.yoPttlo _ 


- - j£+- iHtPr.):!.!??®? “ ^ - 3up - ^ ) 

, . -fi — I \ — i-”-* 




( 19 ) 
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With the ^substitutions ( Hi), and (19), and, after simplification, we can 
write (8) in the form 

da-^ 


— 3(?)+ + p(2y»— ' 

I t .-vi - 3 


+ 


I j?(2p— 2) — 3(23+ Dj-I^’’ ^ I T 

+ j^6(/'+ 1 i(p— 3)p.^'~ ’ a‘+{3— ptp(2p— 2)!r^' ' ^ 

— 4 I 2)— 3(p+ ^ I 

|^3a(p+ 1)(2/.) — 2)[.i^'' ^ — a?i(/)+l){22)-2)a:;^' ^ + /ar^ |ai 


= 0, 


f — 9??'^ ( p~— 1)!1~H^ . 

' 2jtG^ 1— p,* 


where 


(201 

( 21 ) 


(20) is a differential equation of the second order, having regular singularities^^ 
at a;=0 anda:=l. 

We assume for the solution of (20) the following series 


0 f 

The indicial equation** gives two real roots 

i-P—5) j:;V'<2p-5)“+8a(y-l) 
Q— i) 


. ( 22 ) 


(23) 


For either root we have the following recurrence formula : 

Ax-p - {p(2p-2)-3(p+l)[x”“^} (X+g-2p+2) (X+q-2p+5)^3x_ 2^+2 

+ p(2p-2) I (X + g— 23 + 3) (X+9— 2p + 5)— a(p+l)| &x-p+3 

+ 3(p+l)nP"^ ja{2p-2)-(X+q)(X+q-2p+5)}ix=0 •• • (24) 

The differential equation (20) has'been obtained by Banerji^ in his investi- 
gation and the series solution (22) proved to be divergent on the surface. We will 
give the following alternative investigation of the convergence of (22). 

Dividing (24) by and proceeding to the limit as we have 

p(2p-2) { l-Lt-^±^ I =3(p+l)fiP"Hl-Lt^--^^| . (25) 

I h\-2p+2 } ^ ^\-2p+2i 

t,et Lt~ = / ■ (26) 
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Then we ha^’o 




,2p-2 


From (25) and (27!, we have 

From (26) and (28), we have 

Lt~= ? =1 . . 

h-\ 


. (27) 


(28) 


(29) 


Hence, the series solution for (20) has unit radius of convergence. This also 
follows from the general theory of linear differential equations having regular 
singularities.^^ The equation (20) has regular singularities at a:=0 and ir=l. 
The series solution (22) is convergent in the neighbourhood of the origin right 
up to the next singularity (a;=l). 

We proceed to test the convergence of (22) for ic=l. 

From (29J we have all the terms ultimately to be of the same sign, and 


X. = l-e 


"X-l 


where 8 is a function of X such that 


= »(^) 


f> being positive.®^ 
Then we have 


and 


*X-'2p+2 l-{72+l)e 




= (l-E)^^~^=l-(2p-2)e 


bk-2p+i 

to the first power of e. 

We have, from the recurrence formula (24) : 

{ P(2p+2)-3(iJ+l )n^'^ I 

p-3 bx 


(30) 

(31) 

(32) 

(33) 




+ 3(j9 + l)[i 


:] 


*'X-2p+2 . 

I [{ 2 ?( 2 ?>- 2 )- 3 (? 9 + 1 )( x ^“^ \ (2q-ip + l)-p[2p-2)(2q-^p + B) 

-J 
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+ [{ 23 ( 2 ^ 5 -2)- 3(p + l)nP ’ |(^_2p+2) ( 9 - 2 P + 5 ) 

—p(2p~2) I {q—p + ‘S)(q — 2p+b)—a{p+ 1) 1 — ZP±l 

'■ i *\-2p+2 

+ 3{p+l)^P-^ |5(g-2j3 + 5)-a{2j3-2) I— ] . . (34) 

L J*A-2p+2J 

From (32), (33) and (34)) we have, keeping terms of the highest order, 
(^■~3p^~^) zV =(p-3[x^”^)A, 

whence we have 

£ = ^ (35) 

Hence, from (30), we have 

+ »(?) 

if we do not neglect higher powers of 8 than the first, 

(36) shows that the series soloution (22) is divergent for x=:L (Gausses rule^.) 
Hence, we have, by an extension of AbeFs theorem to series divergent on the 
circle of convergence^ 

CO oo 

Lt , 2 h = 2 = oo . . . . (37) 

X-*L Q \ Q 


Thus the amplitude of the oscillations increases without limit as we approach 
the surface of the star, and the model in question is therefore unstable for radial 
oscillations. 

It is interesting to note that Sterne^s models I and 2, viz.^ the sphere of 
uniform density and the sphere in which the density varies inversely as the square 
of the distance from the centre, are the limiting cases of the model just considered 
when the core is made evanescent, that is, as and p = 0 or 2. It can be 

easily verified that the diflferential equation (20) reduces to the corresponding ones of 
Sterne, leading to his results.^* 

The diflFerential equation (20) enables us to investigate a generalisation of 
Sterne^s model 2, viz., the sphere with an evanescent core in which the density varies 
inversely as the pth power of the distance from the centre (p>3). 

Making in (20), we have, for p>3, 


1 -X-P+' 


where 

F. 4 



— |fp— 3)+4a;^'^' 

37 


dai 

dx 


+ 


=0 , 

4jtGppY 



alp + 1 ) [ 

i 


ai 


(38) 

(39) 
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Assume the following series solution for (38) : 

OO 

The indicial equation gives 
{p — 2)± V (p - 



(40) 

(41) 


As Y lies® between | and f, a given by (7) lies between 0 and *6, and we choose 
only the positive root o£ (41) to avoid divergence at the origin (centre). 

We have the recurrence formula 


Cx-f p 4- 1 [(A. + g + p + 1){X + g + 3) “ a{p + 1 )] 

= (A. + g)(A+ g-hSjCx “•/’Cx-j-jp-2 .... 

Dividing (42) by and proceeding to the limit as we have 


l = Lt— 
whence we have 

Lt2^' 




(42) 

(43) 

(44) 


Hence, the series solution for (38) has unit radius of convergence. This is 
also evident^ ^ from the fact that the differential equation (38) has regular 
singularities at a; = 0 and x^h 
From (42), we have 


. Cx^-p — 2 


Cx 


■ { (2g+3)- 


■(2q+p + 4) 


^A+p+l 


+ 9 ( 3 + 3 ) — I (g+p + l)(g+3) — a(p+l) I 
From (45), we can show as in (36) that 

Gk I ' • • 


^A+p+l 

Cx • 


(45) 

(46) 


(46) shows that the series solution (40) is divergent for x = l. (Gauss’s rule** ) 

Instability of oscillations for the model follows from the extension of Abel’s 

theorem.® 


The present analysis leads to the following conclusion ; 

If the density vary inversely as the pth power of the distance from the 
centre, where p-0 or a positive integer excluding 1 and 3, no mode of radial oscilla- 
tion IS possible except for Sterne’s^ models (1) the sphere of uniform density and 
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(2) the sphere of vanishingly small core in which the density varies inversely as the 
square of the distance from the centre. 

Our conclusion has an important bearing on the constitution of the Cepheid 
Variables which are known to be large diffuse gaseous masses of very little central 
condensation,^® that is, approximately homogeneous ; and it has been followed up 
in two other papers by the author^®* 

The author^s most respectful thanks are due to Prof. A. C. Banerji, under 
whose guidance he has carried out the above investigation. 
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The shapes of spiral nabulse have raised great difficulties, and several theories 
have been put forward to explain their formation. 

Jeans® has worked out the ease of a rotating mass of matter, consisting of a 
point nucleus and surrounded by an atmosphere of negligible total mass. He obtain- 
ed a series of configurations with increasing rates of rotation. He supposes that 
when the rate of rotation has sufficiently increased, matter would be thrown out 
in the equatorial plane along spiral arms. His theory rules out the possibility of 
star-clouds existing in the ellipsoidal nebulae, which is assumed to be gaseous iu 
nature. This is not corroborated by observation. 

Brown* assumes that originally every spiral nebula was a highly flattAied 
homogeneous ellipsoid of revolution inside which the gravitational force of attraction 
is of the form — AX, A\, — CZ. Later on minor changes in the uniform density 
are assumed to be due to perturbations caused by rather close encounters with 
passing galaxies. These perturbations ultimately lead to the formation of the spiral 
arms of the nebula. He further concludes that after the encounters the spiral 
arms gradually coil up and the nebula ultimately reverts to its original shape. 
According to him the spiral form is not a permanent one and its formation is being 
repeated more or less periodically by encounters. There is a great drawback in his 
theory— apart from the small superposition he assumes uniform density throughout 
the galaxy which is not borne out by observation. Moreover, there is no evidence 
to show that spiral formation is a periodic phenomenon. 

In VogFs* theory most of the mass of the spiral nebula is supposed 
to be concentrated in the nucleus, so that everywhere outside the nucleus tbe force 

of attraction may be taken to vary as In addition to thfe, he assumes that there 

m a force of repulsion proportional to the distance from the centre of the nucleus. 
Ihe main objection to his theory is his assumption of the repulsive force. 

Lmdblad® assumed in his earlier theory that there was small condensed 
nucleus^which IS surrounded by a spheroidal galaxy of stars of uniform density 
from which spiral arms emanate. But in a recent paper, he states that “ The stellar 
system may be divided into a number of sub-systems of approximately the same 
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extension in the galactic plane, but with different degree of flattening towards the 
plane and different speed of rotation at the same distance from the axis/^ 

More recently Banerji,^ Bhatnagar and Nizatnuddin have investigated the 
condition necessary for the formation of the spiral arms on the basis of a rotating 
spheroidal central mass of finite dimensions and of uniform density surrounded by 
a spheroidal structure of rotating compressible gas of variable density. In a later 
paper, on the basis of Eddington^s theoretical researches and on the observed 
feature of galactic rotation which may be ascribed to a highly concentrated central 
mass together with a uniform spheroidal distribution of matter, Banerji^ has investi- 
gated the condition necessary for the formation of spiral arms in the equatorial plane 
of a rotating gaseous configuration of uniforni density which surrounds a spheroidal 
homogeneous mass of incompressible material. 

In this paper we have also assumed Banerji^s configuration of a rotating 
speroidal central mass of finite dimensions and of uniform density surrounded by a 
spheroidal structure of rotating compressible gas of variable density. We have 
investigated the actual path of an ejected material from the equatorial plane and the 
condition necessary for the formation of the spiral nebula when resistance is 
introduced. It may be mentioned here that as intergalactic space is not totally 
""fjse^Jfrom matter so the ejected matter would experience some resistance, however 
gjadiit may be, as it passes through the resisting medium* Moreover we have also 
shown the possibility for the formation of irregular nebulae. 

The force of attraction measured positively towards the centre is taken 

to be 




I r3-2/.-o 



10 

]-■ 

f^n g2« 

1.3... 

2n-:l 

^,2^+2 

2.4... 

. . . 2^^ 


3 (2-^^4-3-2A:o^^+M ] 
(2n+l)(2/^ + 3) J 


By keeping terms only up to 


f= ^ +-i+ 

r r 


where Ao = |jca'*Po/i:o"(l~e’‘)^ (3 — 2/£o) = l3ta®Pofco^(l~e“) Oo 


An — %7ia^Paho‘{X — e^)^ 


I.3.. ■ (2m- 1) „ < (2n + 3)-2fco^"+^ | 
2 . 4 . . . 2?i V, (•_'« + l)(2wt 3) J 
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where 


CC0 “ 3 9^ 0 

a,=5-2/fo ^ 

10 


^ 1>3. >. (2^-1) (2n + 3-2A;o^^+^) 

2.4 2^ (2/2+1) (2w. + 3) ’ 

The equation of the orbit of an external particle which has been just ejected 
the equatorial plane is 




= ^-[ao+AiM=‘ + ....A„?/> 


where 7i = — ■ and h=a^w. 
r 


1. The condition for -the ejection of matter by the rotating mass and 1 
formation of irregular nebula. 

Consider the forces acting on a particle of rotating mass lying in the equatoi 
plane. A centrifugal force is acting on the particle tending an outward moti 
and secondly a force of attraction f is acting on the particle. Now 

/■=4f + 


The condition for the ejection can be written 


0} a> 


Aq Ai 


coV>Ao+ -^-+ 


If the original points of ejection are distributed at random many in number 

noinf<f“* be confined from the two diametrically opposi 

pomts on the cmcumference of the central system., spiral arms are formed 

- The equation of the path of an external particle which has been iu 
ejected in the equatorial plane is ^ 


[ ■Ao + Ai«i^ + . . . . . A„ j 



ON THE THEORY OF A SPIRAL NEBUEA 


111 


The efiect of some such disturbing factor as tidal action will be to cause a 
slight perturbation, but this will leave h unchanged, O) being the angular 

velocity. Therefore, 


where E is the constant of integration. We can get the value of E by putting the 


initial condition, i.e,^ and-^~=0. We get 

d ctu 


Putting the value of the constant 


{ „2»+I _ 


)] 


+ M0®— 


r» 2 ^ 0 

3 (0 a 


where m is positive and small and less than I. 

On substituting the values of Poj cio and co^ we see that m is actually less 
than I, i.e., m<l. 


/ du \ ^ 






By keeping only up to we have 




+ e' 


a2(tt‘^^Uo^) «i — 


f a2fa- — ^^0 ) 
I 5ao^^o^ 


Sao'do' 


— i I j 




d'if. 

do 


j. 


, f , ai f?i“ + z<Mo + ^^o ) 1 

J •„ 

I Otto 


e muty 




u-)rU(i {l — rn) 




, atlii^+iaiQ-^tio^} _ CX2 

2-3-ao?^o^ ocxol^V 


-(-w* + u^Uo 4- I 

U'^Uq {1—m) 
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or. 


dv, 


— + le^mua 




a^iu^ + uno-^ Uq^) 

3ao»<o^ 


-0 


dll 


+ 1 


\ «2 


5ao?<o^ 


\ ’^UUo'^ + Uq 


(Uq—u)'^ [w+2^0 (I*^W)J‘^ 

1 ai 


4 \. 


2-3ao?/'(i 


(?/ 0 — [a^ + 0 ( 1 ““ ■' 


(u^+tiuo +Uo^) I du 


+ i m^e^ifo^ 


i^fo^y)^ Lu+ 7 Co (l—m)]^ 


du 


==e + e. 


First we consider the path, neglecting and its higher powers. 


We have [ ^ — - — 

J (uo — tip Ui^7l 


~==^ + (? 


(a^o — aa)^ U + a/o — 

2sin“^ \/ ^^4- g 

(2— aa?) aao 

We can find the value of the constant of integration c by noticing that when 
ia=aao, ^ = 0 we have c=jt. 

Then, we have 

2aa _ m 
(2—m)tio (2— aaz) 

Here two cases arise {i) if ??^=1 then the path is a parabola, {ii) if in <1 then 
the path is a hyperbola. Secondly, we consider the terms only up to 6^. 


dll 


zr + hm^oe^ 


(uo—ti)^ [r< + i /.0 (1 — ?w)]'^ 


(j/fl— m)“ [m+Mo (1 — wi)]® 

= e+ci 

f aiwi^e^ 1 - 1 4 / Mo (I - m) j 

[ 1 + J emuo 

■ {2— TO no (2<+no(l~w)J 

=e+ci 

The tralue of the constaal .of integratioti a can be found out as before by 
putting n=no, 6=0. ' 
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Sin 


Thus, we have 

e 


i 


1 + 


ttl W'g' 


4a 


0 


') 


+ "^ + 3 (ug - //.I [n + Up (1—m) 


6ooMo 


+ 


■Wo ’ 2 f+«o (1— ?n) 


i/ Uq—U 


! 


?/o (2- w) 


where 


B 


JLi 
3ao 




^ (2 — ??i) 

In left-hand side of the above put 

2u m 


(2-m)uQ {2—m) 

and keeping the terms only up to e”, we have 


4- cos 6 


2u 

miiQ 


= 1 + 


’ 7)1 


m 


}] 




1 —COS B 

1 + cos 0 


Now put ~ ^ ehn^i=b 

where e and y are positive and 8 is~ve. 

On expanding and taking proper approximation, we have 


2u 

mii^ 


= 1+ ?r.“fMs«+ { el(-Ysin«-8N/;-^“*| rinfl 

ml ^ 1+cos^^ J 


or, 

= 1 + cos e + P sin tf 1 
fm(t, 7K L J 

where P = e 6—y sin 6 -§ ^ , which is always positive and 0 (e^). 

l + cos ^ 

Now again we take two cases (?:) if »i = I we see that above path is a deformed 
parabola and the factor P sin « makes the path more bent towards the axis, i.e., 
more spiral like form {ii) if m < 1 we have a deformed hyperbola and again the 
deforming factor P sin 6 makes the path more bent*towards the axis. 

P. 5 
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Therefore by considering terms up to we see that the particle bends more 
towards the axis than without the terms containing We expect that the particle 

will bend still more towards the axis if we consider the terms containing higher 
powers oi 

;Next we consider the terms up to we liave 


da 

-{'ie^aiao 




, 3 oto^^ 0 


■^{a ' + aa (\ 'a o ) 


•2 \ 1 


\dit 




Otf> 


. ai 


. 4 {a^ 4- ii^v 0 -f ^ + 7(1^ 0 '' + i*/ 0 M s ^ ~n7r ?/ 

L'’ao^^o oan/^o 

(a%+trao + i/o^) 


(la 


4- H are^uo^ 


which gives on integration 


tti 


V ( /d^ + z/VYo 
da o?i{>“ ■_ , 


dll 




-¥e'^}mto 


+ + Po + ps)^- sin 

[ 


(2-m)?to 


ai J 
6ao7/o'^ i 








n 4 3 

- 2 , 

8 ao 1(2 ' ^ 

“ ^ 9 + constant 


7 '«o~^ 1 

u+?/o{l—m f 

(uo— u)i I 

I 


2 

'' l 2 ~m)>/o 

■A 


JUSpii^^lzJkca u<,-u ’ i. . Uo-u Vl 

8ao . L (2-^)?fo n+n^(l-m) * A ^ ^\(2-w)«oj J 
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llo 


ai 


where [ 3 o 


ai^yy' 

3cxo 

4ao 

{■i-m) 

ma^ 

S57?i^ *“ G0?m“ 4- 60;?y 

~10ai’ 

1(1 

«)• > 
„ cci ^ yyy “ 

35 7n^ —20^4-20 

~24ao‘ ' 

8 

8— 19/h 2Gm — 'lQm^ — 

12 

, -'1- g 




s^O'u'^ — 4- 4 ^^^ ' — 2;;^) - iV 

(2-m) ‘ 

. , — (1 + + 3 V 

^ l + y;r — y;y , ,, ~ 4 ao 

Q ~ — (j ^ 

^ 2-m {2—?ji) 

Thq constant of integration .can be determined by putting u — thi, we have, 

constant=Ji;{l + e“j 3 o + (p2'~Po + P:))}. 


2 s i n ' V = f.6'{l'fc’po+e.MP2’^Po + P3)} + ^ 


+ {l + c'|‘]o + ^^ {p2~Po + l‘>3) } 


-1 


6"y////o 


- y 

lhao//o 


4 . PaV 




[yy4-y^o(I- >/0]* 

3 


/Yo + lOaoi^^o* 

- y;/-) ]\ + 2c^ me nV — ^ 


yy) [?y + 

+ Co yy 0 1.?^' + ( 1- - 1 + c i ] 


j. .c: ,,.. 3 ^ 


+ 


a/(wo — yy) [yy+ ?yo(i- ■ 

L«o-'0^ . i 


+ '2c*^;^*KoCi. 




,2 (</o — / /I \ 

■’■(■-’ — mV/o) 


4* 


I '2(2 uy. — 1 )yyq a / u 0 37 ii 


8a 


o\/ +9,, .. 1 1 _ H --HoZZi-U 

<r+-.M.o(i-w/)^" “ ■*[■?/+ ?f 0 ( 1 - w)i4 ’ (2 -w)»o!j 


0 1 i2^?yy)Yyo yy-A-.w.o(l-“ yyy) 
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Now keeping the terms only up to e*, we have 


2 sin * 


I (i3*-(io-po- + Ps) 

(2— ^ 


+ JT 


no — ?( 


U + 7/o (1— w) 


+ C-717 Uo + 

. [u+uo a-m)]+c^ 

haoHo*!. ^ o 


V (wo~ ['/ + tfo'.l ~ 1 


12aowl «n.w+Wo(l m)+2c; 


Uq-U ~| 

^ u-hi/ofL — ?;^)J 

I • ^ ^^”^4 — ^V(uo—u)[u-j-i/„(l~vi)]-i-2(2m—l)uo.’'cs 


[Mo~w]i 


Uq-U \ 

+ .6 m uou + t 1-.- (oT^ / 

e^jwr^i j Ih/ Ufi—U ,o,, „ i '*o ~»J a _ 

/l _9. iuo~'U) I 1 

(. '' (2~m)uo / J 

• a/Uq — ?^) (u'^uoil — m) jUi/ Up — // 

,<3ao?/o" 1 7^0 '7/ + Wo (1™ 

By substituting =14- cos 6+ Psiii 0 

” mu^ m L 


■<f;^poW?/.o 


9-^ 


or 7/ - 2/0 I ^ ( cos ^4 Psin B) | in the above equation and keeping 

terms only up to «e^*, we have 
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+ c* 


^j ( ^I'a+cost)’ 


1 \ • 


y i - <!«?- »-f(l-^) sin e+2c. ■ yi=£5l|-] 

1 + cos^ 12oo L 1 + coseJ 

nio»^-(2-m lc os jl . _m\ (2m-l)6-s\/I^ ^ | 

L ^ ^ / 1+cos $ J 


2 2 
ai w 




+ 2m^Ci 


[1— cos &]i (2+ cos $) 


(l+cos ^]5’* (2— 7 h) 


+ 


aim 

8ao 


*[2 (2»*-l)./l 
. {2~m) 


— cos e 4 .o„.U.~? 0 S..^Jl 2 + cose ^ 
1+cos 0 “^'ll+cos e]J (2 — ot) ■ 3 




or 


'Zu 


= 1 + 

u^im ni 


---; ^^^ 'cos|^e "^l — e*Po-e*(Ps~Po—Po‘+Ps) 


.} 






+ f.^ 


!i 


Uoo 


■|)’(l+cos»)'_ 


'•(l-f) 


(1 + cos 0)-¥ci 


m 


j sin ^ I* 




^ Szkluilz— cofe^ 

I 24ao" 4 


tncx 

12ao 


i^o^ai 1 

6ao I 


+ 


[2.(2 + c 

Ls (2- 


[2. (2 + cos«) [l-co^j x|^2 /«*c,+ } 


m) [l + cos^]i 


where K 


= 1^2 me f 


r2ao ^ 24ao 


nr 


a^l 2( 2m-l ) 
^Sao ' (2—m) 


- PoPi^^^ 


which gives the path 

3. Now space outside a nebula is not totally devoid of matter, and thus the 
ejected particle would therefore travel in a resisting medium whose density decreases 
as the distance increases from the centre. It will not be out of place to assume 
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that the particle would experience a tangential resistance per unit mass, of amount 

^ where v is the velocity of the particle, y its distance from the centre of the 

nebula and the constant L is^very small. 

The transverse and radial components are 


L 


y6 and 


L ^ 
?•" dt 


Iikiuations of motion now become 



An \ L’ 

. . (1) 

r- 



-h r6' 

r 

. . (2) 


where Ao, Ai 'An are given in previous section. 

Now equation (1) can be written as 


T3 . 1 • ^ • 

rut r=-, r = — .> u » * . . 

n> It ■ 


A?i 






Now equation (2) becomes 


^(9')= ~Li9* 


or 

w” V = //o^L^ 

(by integration) 

Let 

=H — //i-~L6' 


or 

df de 



Now the above equation becomes 




do 


— Ao + AiW.’ + 


.dll 


By putting the value of the above reduces to 
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OJ 


(1 3 i 

~dd 


u . -[-^0 

r> 


+ Ai«*+ +Aw«' 






2L6I 
h, . 


where higher powers of L are negieeted : 
By integrating it, we get 




Aa/r" )e,h,-\-E 


where E is the constant of integration 
I' thi. 

\dd 




j IJl — 

{2W-1-1) 




+ 


4L 


iJ(Ao+'AiM' 


4- Anir"^ W(hiA- V. 


We have, therefore. 


(hr 

(Id 


= ±T 


3 + . . 


' 2 72 +1 


— «^”+' 


+ ^ ...... Anu^^ )&du‘‘tr 


/ 2 


+ 


I 


(272+1) 


Now for a spiral form, must be real, finite, continuous and of the same sign 
(W 

as r changes with It is, therefore, necessary that the expression under the root 
sign must be positive for all values, of r>rL 

. 4L 


! A 0 + A I + Anu"^^ )0(hi-h ei'>* 


+ 


ane 




.( 1+-+ . 


++■)] 

I\, r 

r"” /J 


Now if L = 0, /.e., particle moves free, then the above condition is reduced to the same 
as obtained by Banerji and Bhatnagar. Now for a particular ease when e is very 


small and 6 = sin " 


\ I 

2— n/ 


d2n ^ 1 . ^ 3 , 2 , 2L r . ^ 1 2772 

' + ^^= ia'^Poko ao+ sin — 


de2 


ho‘ 


~ taken from the previous section. 

'jjaJ jt aVoA’o^ 


mf’—m 
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Neglecting «, we have 


( ifiV 

i dB 


- mu (ill ^ mii(^ 


. ^\l^.aur-7n 

u sill -t: 


)-!“] 


(2~7») * - [ 2 au - /w) * j - ^sin ' [ ^57^ J | + E- 


Imua (u-'Uo)'^ 2Lmuo 

iC^+r^J ho 

d$ “ ^ . /jr , 

19 


-A X 

, (1 - au) ^ {1 + au ~ m) ** 




Thus the condition is reduced to 


J, _ i,+o 

r“ /^ofr \ rj\r t2 \r^ 

2 


In the end I think it my ^reat privile«:e to record my j^rateful thimks to 
Prof. A, C. Banerji under whose guidance the present paper has been produced. 
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Various investigators have considered the motion of an incompressible €uid 
having constant coefBcient of viscosity. So far as we are aware nobody has yet 
considered the motion of a fluid having var^nng coefficient of viscosity. In this 
paper we shall investigate the motion of liquid in which the law of variation in co- 
efficient of viscosity is given by \i-yiQ + ZiX, for positive values of x. At the origin 
the value of p is po and we shall further assume that p is conslant and eq^tal lo ^ero 
for negative vcihies of 

In this paper Si has been taken so small that its square and higlier powers are 
neglected and terms of the first order of small quantities only have been retained. 
Motion of the fluid at a finite distance and .at a great distance from the origin has 
been considered. 

The fundamental equations of motion are^ 

— V » 3 A. 

^ lit “ ^ 2 /* 9 *^^® 

3 9 9 

where X, Y and Z are the extraneous forces and p p^y, etc., are stresses* given by 


V«x 
Pvn 

Vzz - 


9« ^ ,, 9 m 

dxr^^'dx 


- P - 

„ (‘5u , dv , ctv\, n 




{ 


9 m . dv , „ die 
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(dw 


3i>\ 


i 

1! 


+ 

dx) 



1 du 

+ 

d'uA 




dxl 



{dv 

+ 

3m ^ 

Pwy 

fl 


dy) 


Let «=|S + 1^+5” 

dy dx 

Suppose p be a function oi x, y and x so that 


_8 

dx 




0p 

dx 

dx 


dx 






_ dp .. 3<9 d^u 


* * 8 * ^ 8 * dx 


!(' 


J „ 1 ^ , du (dv . dn\ 

dy 1 \dx dy) } dyxdx dy) dy \dx dy] 


± ^ - i J „ / 4 . 1-2 /9«^ . 2'^/;\ 


d^l [du , 3y/; 


+ 


dx \dx dx 


») 


etc. 


Equations of motion then become 

dp 


dx \cx^ dy) ^ 


^ D7 = { ^ ^ ^-1 + V } 4- [|( 2| - I e] 4- 

^ Z-?® 4- ^ 1 ?H f a. 

dy\dx dy) ^ dx\dx'^ dx) 
'Wt “ + [: 
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If we neglect the inertia terms, the equations of motion of viscous incom- 
pressible fluid in the absence of extraneous forces and in the case when |x is simply 
a function of cc, reduce to the forms 


cx 


= \x + 



dp 

dij 


= p + 


8p 

dx \9ir dij) 


dx 





with 


0 =; 0, 


dx dy 


•f 


div 

dx 


= 0 


In our case, 
values of p and 


fi=i\io + £xX, where po £i are constants. 

in the above equations of motion, we get 
cx 


Substituting the 


g=(lio + eia:)V*«+ei(2g-) 
^=(lio + eia:)V^«> + 8i(_|f + 1^) 


with 


dz 


Now we consider two cases when and 2 ^; are small, the first one being 
at a finite distance and the other at a great distance from the origin. We shall 
further assume that 8i is small and if we retain terms up to the first order of small 

quantities, we may neglect £i 2 “ j /si (~ "^1^) 

equations of motion.^ Then we have to consider whether we can neglect eiirV'w, 
and SixV^tc, 

When we are taking into account the motion only at a finite distance from the 
origin, eixV\ etc. become small quantities of the second order and we may 
therefore neglect them. The equations of motion then become 

dp _ 


3 
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with 


Cp „2 
^=HoV-2C 

dx , 3u , CIO n 


This case has been solved.® 

For the motion at a great distance from the origin, ^ changes appreciably and 
we cannot neglect SixV^u, etc,, from the equations of motion which become 


V®c= 


- 1 


Po+Si® Sx 
1 dp 


IXo+Sia; 'dy 
a,,. ■ 1 ^P. 

Po+Sia: dxy. 


> . 


with 


dzt , Sv , dw „ 


( 1 ) 


(2) 


Combining (2) with (l), we get 

^ l__ 

1 9a; dy 9;?; j ^o+eia; ^ 

so that the equation for determining V becomes 

((.i 0 + Si a;) V V— 8 1 1^0 


8l 


dp 


([Xo+Sia:)® 9a; 


(3) 


or 


V®p- 


Si dp_ 


Ho + Sia; 9® 


= 0 . 


Let p=I®, where R is a function of x only and S that of y and * only. 

Thus we get 


1 d^R 


— 


1 dR 


where 


R d®* Ho + Si« ’ R r7® S 

~dy^'^dx^ ■ 


. (4) 


Equation (4) is clearly satisfied if we write 


fix- Po+Si® d® 

and Vi®S+K8=0 


L where K is an arbitrary 
j constant. 
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Turning to (5), we get 

+ - £i - K {^\iQ+SiX^ E = 0 

Put [.io + sicc=Sia;i 

so that bx=^hxL 

# 

whereby R==0 . . , . , (7) 

dxi dxi 

oo 

Let E = S Aj iBi”*® = Ai ici”*! +A 2 a:i'«= + Asn'"'’ + . . . +Asa:i'«*4-. . 

S=1 

Substituting in (7), we get 


S |Ai??Zi (?«! — 1) aji*”' ~ Aimia:!”**" * Ai/La;i'”*"^’| = 0 

or Aimi (wi— 2) AiKa:i’”i+* j\ 

+ A2W23{»22“2)a:i*”=~ •— A2Ka:i”*3+' ^ 

+ A3m3(w^3— 2)ari»*3“ A3Ka:i”'3+* 

+ > 

+ As_i»»s-iK-l-2)a:i'«s-J-i-As-i/ca:i»*s-'+i 

+ As »«s {«s -2)xi»”®-l-As 

+ '-J 

■ From this we^t 

mi = 2 or zero, ?;ii + 1 =?K 2 — 1 or m 2 ~mx + 2 

?«s=m2 + 2 
=mi4-4 
ws=;tti+2(s— 1) 

Ag_i Ic = Ag vig {ms— 2) 

Ag ari " _ Ka;i" 

As _ 1 ■“ {nis - 2) {mi + 2s - 2) (wzi + 2s-4) 


and 
so that 


0 as s 


Hencej the series thus found is absolutely and uniformly convergent for all 
values of a:i. 

Since the difference between the two values of Wi is an integer, vlx^, 2, the two 
solutions of Ri by the method of Frobenius^ are given by 




K,= R 


Lm= 2 


and R 


. =f-^l 
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Now A 5 = 


^ *"(?? 2 i+ 2 s- 2 ) {mi + 2s-i) 


Ag- 1 > 


for s ^ 2 




^ (mi + 4)(7/Zi + 2) 


, /C , h h , 

As-, , a/..., ,_nx ^>^5 (7 ;?i + 4) (Wl + 2) (7?2 i + 2)>^' 


{nil + 6)(772i +4) (77?.1 + 4)(772i +2) (772.1 + 2)‘772l 

. 1 ^ 2 1 


Ai, etc. 


R = xii 1 + 


{nii + 2) ?72i 


a;i" + 


(?72i4*4) (?^72i + 2) (Wi + 2)772 1 

„ 6 


4 , h h G 

{ 7/21 + 6 ) (7721 + 4 ) (mi + 4) (/72 i+2) ( 7721 + 2 ) '772i ^ 


where Ai is an arbitrary constant 

Since Ai is an arbitrary constant in order to avoid 772 1 in the denominator, we 
bring in another arbitrary constant Bi connected by Ai = Bi Wi, so that 


= Bi 


mi+2 (wi + 4Kwi+2)^ 


■()«,+ 6) {mi+iy (mt+2y 


xi^ + . 


• (7.2) 


=R log * 1 +Bisci’«i 


_ ^£l ( 1 . 2 'I 

(oti+ 2)® (mi+4)(7?Ji+2“) V«U+4; mx + 2i 


k^xi^ 

(mi +6) (mi+4)* (m 


1 + 2)^ (mi' 




mi + 6 mi + 4 mi +2; 


Ri = Bi ail ® 2+ + 

Ri = Bi log a-i [I cri* + a:i«+ ^ Xx^ + 


] . . (7.3) 

. .]. . (7.4) 


x'ljfi ^ ( 1 j. a ^ Xi ^ I 1124 . 3 ) 

+ Bij^l 22^1 4.2^ V* 6.4*.2® I ' ' ‘J ' 


Then we consider 

(Vi® + i;)S = 0 

Now k may be n^ative or positive. 

Case (i). k = pi’ 

Let y = (n cos s?* and * = © sin q!> . 
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The equation (6) becomes 


3®“ + CO 30) + 0)^ - 0 . . 

If S to be finite for co =0, the solution of (6.1)® is given by 


( 6 . 1 ) 


S = ( Pi ® } n ■/> 

where n may have any of the values 0, 1, 2, 3, and is an arbitrary 

constant and jg BessePs function of the order. 

Case (ii). * 

Then equation (6) reduces to 


3=S ,1 0S , 1 . 

cca 0) dco 0) d 9 ^ 


( 6 . 2 ) 


If S is to be finite for ® = 0, the solution of (6.2)® is given by 
S=B“^I^ (P, co) 


where m may have any of the values 0, 1, 2, 3, and is an arbitrary 

constant and where 


T ^ 




14- 


2 (2m+2) 2.4 (2m+2) (2«i+4) 


+ . 


■} 


or 

or 

or 


If /c = 0, we get 

cCEo 


El 


dRo 


= 0& vrSo = 0 


da:'^ Ho + £iX dx 

log = log I Ao (no+sia;) where Ao is an arbitrary constant 

^®=Ao ([ij-t-eia:) 


R'O = ^(Ho+Eio:)® + C = A (no + Eia^)® + C, where =A and C is 

another arbitrary constant. 

If we take c to be zero, R = A (^lo + EiO")^. 

Now turning to our original equation and substituting ?) = RS and jio-l Sia; 


= 8] iCi, we get 


T-7 2 S fZR 

V.u = -j— 

SiXi dxi 


V*» 


R 

SiflJi 


dy 
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= 


R 3S 


sjiTi 9>;: 

f^- -Tixi R = 0 and (V, = +/.') S = 0 

(lx 1 

A particular solution is obtained if we write 

11— kH f V dxi 

8S I 

dy 
d% 


. , cu cv Sir , d^R. 


v= V 
?r= V ■ 


(8) 


fj 2 

where V is a function of xi ^iven by — Z:V == 

ClXi 


v.>s + |S fX 

cy dxi 


(0) 


for 

|!1 + Is + fS = i 

dxi oy dz 

and 

<1 

II 

<! 


= _ 7. V ^ 4- ^ ‘ly 
dy dy dx 


i‘ dy\ dxi^ ' / 8 


f,by(») 

1*1 Si/ 


Similarly, V “ lo 


2 R 9S 

■^, 1/1 — — 


Si cci dz 

V-M = kfvdxu Vi'S + =m 

so that k — ?cj Y dxi j must be equal to ^ ^ 
solution may be valid, 

Or, 


dV 
dxx 

0?! dxi 


fc y* V (iiTi 1 


in order that our 


d-Y 1 n 1 dK\, Ix^n _ R , ,, 

T ij -- kv — r I -r i) 2 -z j — ■ — 2 — j wliicli liolds. 
dxid £ik\xi dxi^ Xi dxx) kzxxi Siri’i 

Hence h — i* | j may diflPer from by an arbitrary constant. 

Choosing this arbitrary constant to be zero, we shall get the required result. 

When k is zero, we have 

V"w=2AsiSo 

W2 A 3^0 
V“t?= AEiO?! 

dy 


V'?i’= Aeia"! ^• 


with 


du , Bt) , Sw „ 
a — + - 5 - + :r-> =0 
9xi By 9* 


where. Vj “So =0 
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Here a particular soliitioo is given by 

u- f(yix) 

\ Such that 

^6 8^ Si = AeiSo. 

SSi 

6 cx ^ 

Now we consider the values of Ui, Vi and when Ui, t?i and lOt are 

V^«^i==0, Vhh-Q. and V^?/-i=0 


with 


du ^ ^ 

?£C C?/ 3 ::;: 


:0 


These give^ Ui, vi and to be 


Ui=: S 




CX 




£C 


dy 


y 




dz 


cz 

dz ox 

0 £c '^y 


a; 

where the harmonics and are arbitrary’. 

A complete solution of (1) & (2) is given by 


i) 
) 


u=ks J Ydx+ 

,„=v |+.( 


-\dx 


o +* 

dx oy 


d < l>n Ol , 

+® 5 " 
3i/ CX 

d4>„ dl 


n \ 

n \ 

^ "" 0 cr/ 

n \ 

2 - ^ 0 ^/ 


where S and V are given by (6) and (9) 

Also, if we denote by i, ii and the components of vorticity, we find 

|=| S -?» = 2 fo + l ). 

cy 

3^ dw _ 0£_/ I f 




dXn 

dz 


By (10) 


r=|?_ V(7a:l+ 2 (^^+l) 

^ dx dy dy\dx ^ I 


xu+tjv+xiv=mxl Ydx+Y ( y ||+* — )+ 2 ??'/•« 


Si where 


given by 


. (101 


. ( 11 ) 
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The components of stress across the surface of a sphere of radius /' are ^’iven 


IVa? Pxx y y 'Pixiz 


Siibstitiitiiifr the values of Pa:x ? Pxy ? Pxz ? 

‘'Pra = - 1 jw + M' iaii+yv^-xw) 

rPnj = - ?/f + [i ^ ^ ^ ^ > . . ( 1-1 ) 

'>'Prz ~ ~ xp + [l^ r — 1 '^IV + ■liV + 

Replacing}: the values of p, ?o i\ ;/% p and ^7/-+'?/^’ + ^?^, we shall ^et the required 
expressions for the stresses. 

Now we have to find the value of V from (9) which reads 

d'^Y R 

, o Jlv V 

rai“ eiXi 

The complementary function of (9) is given by 

V=Ci e'^^®> + C2 r~ 

The particular integral is given by 

V = 

8ia?i 

^ 1 f 1 L_\t3 

2YkeAl}- ^ D+ 

^kxi]^ dxi—e'^ <3 R rfaji | 

This expression shows that we have to evaluate integrals of the forms 
Ix^ e!^ dx if k is positive or Ix^ cos}^^^ negative 


and jx^ log ,r dx or Ja?" log tr. | bx dx 

But all the above forms are integrable. Thus the solution of V is obtained. 

My best thanks are due to Prof. A* G. Banerji, under whom I have worked 
out this problem. 
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Introduction 

The propagation of radio waves depends upon a nuniber of factors chief among 
which are the frequency used, the angle of radiation of the transmitting aerial, the 
time of the day or night, the distance to be covered, the latitude of the place, and the 
prevailing sun-spot activity. 

The graphs of maximum usable frequencies for transmission of radio waves 
have been published in the Report of the Committee on Radio Wave Propagation,^ 
but these are drawn on the basis of measurements of the ionospheric heights and 
critical frequencies for normal incidence and refer to a particular latitude (Washing- 
ton D. C. 39^ 4S' N.). Methods of obtaining maximum usable frequencies taking 
into account the earth^s magnetic field and the curvature of the ionosphere have been 
presented by N. Smith, ^ and the graphs of maximum usable frequencies have been 
re-drawn by Gilliland, Kirby, Smith and Reymer/ for Washington taking these 
factors into considerations. Appleton and Beynon^ have calculated the multiplying 
factors for various distances required to obtain the maximum usable frequencies 
from data of critical frequencies at normal incidence taking into consideration the 
curvature of the earth, and assuming a parabolic distribution of the ionization 
density in the ionosphere, near the point of maximum density, as shown in Fig. 3. 

Various attempts have been made to co-relate sunspot numbers with maximum 
usable frequencies to find out some law governing their relationships and important 
among these are those given by Diirkee,^ Kosikov*' and Gromov and Young ' and 
Hulburt. 

In this paper the graphs of maximum usable frequencies for Washington have 
been re-drawn in the light of Appleton and Beynon^s corrections figures 1, 2, and 
from these graphs by the application of the Chapman^s theory the values of maximum 
usable frequencies for other latitudes (in this instance Delhi) have been deduced. 
Further the effect of sunspot numbers on the graphs has been studied and new 
graphs prepared up to the next sunspot minimum, f.e., 194 4. An attempt has also been 
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made to show how far these graph, agree with observed facts and thus a method is 

suggested for predicting the maximum usable frequencies. 



Fig. Graphs showing the original and 
modified values of maximum usable frequencies 
for various distances of transmission. The 
numbers on the graphs refer to Washington 
local time and F or F, indicates the layer from 
which reflection takes place at that time. 



DISTANCES IN KIEOMETBK8 

Fig. 2. Graphs showing the original and 
modified values of the maximum usable fre- 
quencies for various distances of transmission. 
The numbers on the graphs refer to Washington 
local time and F or indicates the layer from 
which reflection takes place at that time. 


For accurate determination of maximum usable frequencies the following 
important factors must be taken into consideration : — 

(U The variation of the virtual height of the ionosphere near critical 
frequency. 

(2) Earth’s Magnetic Field. 

(3) Curvature and thickness of the ionosphere. 

(4) Latitude of the place. 

(5) The angle of radiation or departure from the aerial. 

(6) Sunspot activity. 

(1) This difficulty for the case of flat ionosphere has been solved by N. 

Smith.® 

(2) The effect of earth’s magnetic field is to split the wave into two polaris- 

ed components known as ordinary and extra-ordinary rays. The 
maximum usable frequencies for the extra-ordinary ray is always 
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greater than for the ordinary ray and varies from place to place 
depending upon earth^s magnetic field. Except for short distances, 
the difference is not great and decreases with increasing frequency 
and distance. For Delhi this difference has been calculated by the 
author to be *65 Mc/8. For practical communication problems it is 
sufficiently accurate to make the calculations for the ordinary 
ray. 



Fig. 5. Graphs showing the values of niul- 
tiplymg factor for various distances of trans- 
mission for F and Fa layer when the parabolic 
nature and thickness of the ionosphone and 
curvature of the earth ai*e taken into con- 
sideration. 



Fig. 4. Graphs showing the calculated 
values of maximum, usable frequencies for 
various distances of transmission. The numbers 
on the graphs refer to I. 8. T. and F or 
indicates the layer from which reflection takes 
place at that time. 


(3) The usual graphs are drawn on the assumption that the ionosphere is 
flat. Appleton and Beyon^ have calculated multiplying factors which 
enable the graphs to be modified to take into consideration the thick- 
ness and parabolic distribution of electronic density in the ionosphere 
at least near the region of maximum ionizaHdn density which is the 
case as shown by Appleton.® On the basis of these data the graphs 
for Washington have been re-drawn for two different cases, when 
the flatness of ionosphere and curvature of the earth are taken into 
consideration and when thickness and parabolic nature of the 
ionosphere are also taken into consideration. It is found that the 
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values of multiplying factors are greater for both the layers, Le , F and 
¥2 when the ionosphere is taken to be flat than when it is taken to be 
parabolic'. The values of maximum usable frequencies for various 
distances are obtained by multiplying the values of critical frequencies 
for normal incidence with the corresponding values of the multiplying 
factors. 


Efpect of the Latitude 

(4) The maximum usable frequency i^aries in accordance with the variation 
of ionization with latitude which agrees fairly well with the predictions 
of Chapman^s^^ theory, ordinarily the ionization decreases as we 
proceed away from the equator towards higher latitude. Appleton^ ^ 
and Naismith have found on comparison that the daily maximum 
ionization of the E layer at Washington (Lat. 38^ 48' N.) is greater 
than that at London (Lat. 51® 30' N.) under normal conditions. Obser- 
vations at Huancayo^"^ show that average F 2 ionization is much 
greater at Huancayo (Lat. 12® 17' 8.) than at Washington. 

The variation of ionization with height and zenith distance of the sun (which 
depends upon the season, latitude and time at the place in consideration) has 
been dealt by E. Chapman^® on the assumption that the density of the 
atmosphere varies exponentially with height and ionization is caused by absorption 
of mono-chromatic light. He further assumes that the ionized products re-combine 
with one another and are assumed not to diffuse away. Taking into account the 
variation of the rate of ionization due to the rotation of the earth and assuming a 
constant re-combination coefficient, the distribution of density of ionized products 
is determined. The rate of production of ions I per c. c. by mono-chromatic light at 
a height h when incident at an angle x is given by 


where > 5 . reduced height 


--x Sec X 

I=:I(J e , 


H 

Io=Iwhena:=0 

Ao — the height of the level above the equator at noon when 

n a 1 . 1 - 1 . JC'l 


( 1 ) 
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7 ~ temperature of atmosphere 
ir= Boltzmanns constant 
;n = mass of a molecule of air 
/ 7 = acceleration due to gravity 


In wireless experiments and calculations we are not conctu’ried with the rate of 
ionization so much as with N* the ionic density. 

Hence, ^=r-aN- (-’> 

at 

whore a is the re-combination coefficient t is time in seconds. 

Hence I (which is supposed to be zero during night) is, during the day, a tunc- 
tion of the height // (or r), of the time of the day {/ or ^), of the co-latitude 6^ of the 
season (tliroiigh the sun's declination 5). may also vary but has been taken to be 
constant From equation (2) methods of obtaining numerical values of N/No have 
been developed by Chapman^ ^ and Millington.^'" 

Suppose Na iS the noon maximum ionization at place A 
Nb „ » fit place E 

is the co-latitude of place A 
6 'b is the co-latitude of place B 
5 a is the sun^s declination at place A 
5 b is the sun^s declination at place B 
Then, from Chapman^s heory, 


y^ Sin (^a +8a) 

^'j« Sin (eB+8B) 

Also N (cos a;)^ where x is sun’s zenith distance, 
and /"oc (cos x)^ where /, is Ho critical frequency. 
Suppose ;^is the critical frequency at place A 
„ /b „ „ at place B 

cos XX 1 1 


(3) 


“fB I 


cos XB 1 
On the equinoxes and at noon 


ii) 


x=^— (e + 8) 

fx ( sin (eA+SA) p ,-v 

, ’’/b |sin{eB+§B)| 

As pointed before, Chapman’s simple theory does not take the following important 
factors into consideration : — 

(u) The absorption of several spectral bands of ultraviolet light having 
different absorption co-efficients. 
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(b) Changes in atmospheric temperature, with height and time. 

(e) Phenomena of diffusion and electron attachment 

(d) Variation of the re-combination co-efficient a 

(e) The selective absorption of the ultra-violet light by the different layers 

of the atmosphere. 


Hence the variation of ionic density with height and time derived from 
equation (2) holds good only for the case of F and Pi layers as verified experimen- 
tally by Appleton and Naismith.^^ Also equation (5) is true only for the equinoxes 
and at the noon. 

Ab the region Fg behaves abnormally, many theories have been put forward 
to explain this anomaly. That given by Appleton seems to be more accurate. 
He holds the view that this apparent abnormality is due to the fact that the 
molecular temperature of the outermost layers of the atmosphere is greatly 
increased in summer causing a lowering of ion production on the one hand and 
volume expansion on the other and the maximum ionization density is thus effectively 
reduced. In support of this, Appleton and Naismith^ ^ have found experimentally 
on the time of early morning of minimum ionization that the minimum occurs near 
about ground sunrise in summer but about an hour earlier in winter. On the basis 
of this theory separate curves are drawn to show the variation of N with height 
for Pg layer in accordance with the following equation : — 



T 


. ( 6 ) 


In equation (6), the first term expresses the rate of ion-production by solar 
radiation, and the second term expresses the rate of dilution or concentration of 
electrons, ions and molecules resulting from thermal expansion or contraction due 
to solar heating. 

Equation (5) can be modified to be applicable to all latitudes, seasons of the 
year and times of the day. The sun’s zenith distance depends on the season, and 
on the latitude and time of the day at the point considered. Time ‘f in seconds 
reckoned from noon when expressed in angular measure ^ becomes as below 


86400^ 

231 


=^37X10*^^> 


. (7) 


Since the meridian through the svm corresponds to local noon (>^=0) sun’s 
zenith distance x is given by 

COS a;=sin8cos0-f cos8sin0cos<^ • • • , « • (8) 

Hence equation (5) for Fg layer becomes as given below : — 

/a f sinSs cosfe+cosSB sinfe cos<i^B 1 i 

fs [sinSA cos^A + cosSa sin^A*coss&A J * " (9) 
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where the symbols have their previous meanings and x has been given the most 
general value for all the timings and latitudes. 

Curves drawn from the equation (6) give the variation of the rate of ion« 
production levels of N max with height for different zenith distances of the san 
and from these the ratio of maximum ionic density , for two places for the same 
season and time can be found out. Thus the ratio of maximum usual frequencies 
for the two places can be determined. As it is more convenient to express the 
ratio of the maximum usable frequencies in terms of declination 6, equation (9), 
which gives nearly the same values is more useful and convenient for the purposes 
of calculations. 

(5) The effect of angle of radiation has been studied in greater detail and has 
formed the subject of a separate paper by the author. 



OTaphs refer to L 8. T. and F or indicates 
the layer from “which reflection takes place at 
that time. 



Fig. 6. Graphs showing the calculated 
values of maximum usable frequencies for 
various distances of transmission The numbers 
on the graphs refer to I. S. T and F or F, indi- 
cates the layer from which reflection takes 
place at that time. 


(6) Effect of the sunspot activity . — The average equivalent electron density 
of the ionosphere shows a variation corresponding to 1111 year cycle of the sunspot 
activity. Till recently no attempts were made to correlate the critical frequencies 
with sunspot numbers though it was indicated by various workers 
that critical frequencies for F, Fi, Pj layers increased with increasing sunspot 
F. 8 
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activity from 1928 the year of last sunspot maximum activity to 1933 the year of 
last sunspot minimum activity. 

Young and Hulburt^ have correlated the sunspot numbers with the critical 
frequencies from 1923 to 1936. The formula (though arbitrary) given by them is 

( 10 ) 

Where /is the critical frequency and S is the the sunspot number and a and 
A are constants. They found that a=7’8 and fc=12 were the values that agreed 
with the experimental observations. But the evidence derived from critical frequency 
measurements of region F 2 at vertical incidence cannot be regarded as reliable 
until 1933 when the distinction between the ordinary and extra-ordinary ray was 
realized for the first time. The monthly critical frequencies from the month of 
December 1937 to December 1940 for Washington as given in P.I.R.E. journals 
and corresponding monthly sunspot numbers from Wolf and WolfeFs monthly 
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reviews have been taken by the author and they are found to obey the following law 
very approximately : — 

fa(s±b)i (II) 

where the symbols have the meanings as in equation (10). 

It IS found that “b” is not con.stant but varies from lO ^to Wo throughout 
the complete cycle and is positive in ascending and negative in the ascendino- and 
descending portions of the cycle. 




MAXIMUM USABLE PEEQUENCIES t’OR SKY-WAVE TJElANSMiSSIOX £§9 

The values 'of maximum usable frequencies for Delhi have been calculated 
from 1941 to 1944 for the months of December only tahhiij into consideration, the 
effect of the sunspot activity and latitude as shown graphically in Figures 4, 5 , 
6 and 7. 

COKOLUSIOX 

From the graphs for December 1941, it is seen that the maximum usable 
frequencies for OO 9 OF 2 , 1200Fo, 2100F, for a skip distance of 500 K.M.’are 9*85 mgs., 
10’8 mgs. and 5’4 mgs. respectively. 

These values compare favourably well with the actual frequencies used at Delhi 
when it is considered that the optimum frequencies used are always less by 15 % 
than the maximum usable frequency obtained theoretically in order to compensate 
ihe variation in the ionospheric conditions from time to time, because in determining 
the utility of a given radio frequency for a given time and path a complete specifica- 
tion includes data on the wave absorption as well. 

By actual pulse measurements at various times from November 1 to February 
28, 1940-41, the Research Department of All-India Radio has predicted the 
frequencies for the winter (1941-42) which agrees well with the values given in the 
graphs for December 1911. But here for the purposes of comparison values of 
frequencies which are actually in use have been taken, as the predicted values have 
undergone slight modifications. 


Transmissions 

Call signs of 
transmitters 

Skip-distances 

Frequencies 
actually in 
use 

Frequencies as 
calculated 

Transmission I 

VuDa 

Zero K.M. 

7*3 Mgs. 

7-8 Mgs. 

(08*00 to 10 * 00 ) 

Vu D 3 

lCI00K.M.at0800 

11*83 Mgs 

12*5 Mgs. 

VuD4 

600K.M at OS'OO 

9-59 Mgs. 

9-85 Mgs. 

Transmission II 

Vu D 2 

Zero K. M. 

7*3 Mgs. 

8*4 Mgs. 

(12*00 to 14-CO) 

VuDs 

1000 K.M. at 12-00 

15-29 Mgs. 

17-20 Mgs, 

Vu D 4 

500 K.M. at 12-00 

9-59 Mgs. 

10-8 Mgs. 

Transmission III 

VuDj 

Zero KM. 

4-96 Mgs. 

6-0 Mgs. 

Part I (16*30 to 19*00) .. 

VuD3 

1600 K M. at 19 00 

11-83 Mgs. 

11-5 Mgs. 

VuD4 

1000 K.M. at 19-00 

9-59 Mgs. 

10-2 Mgs. 

Transmission III 

VuDa 

Zero KM. 

3-5 Mgs. 

4*0 Mgs. 

(19-00 to 23-00) 

VuDs 

1500 K.M. at 23-00 

6-13 Mgs. 

6-0 Mgs. 

VuD4 

2000 K.M. at 23-00 

9-59 Mgs. 

8*1 Mgs. 


In those cases where it does not agree well, it does not show that the values 
are not correct. As it is not convenient to change the frequencies from hour to 
hour some compromise in the transmission frequencies becomes necessary. Taking 
these difficulties in view it has been suggested by the author in a separate paper 
to affect a change in the maximum usable frequencies as well as the angles of radia- 
tion so that changes in the ionosphere for a longer period can be compensated. 
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Thus the values of maximum usable frequencies for any place tor single hop 
transmission can be predicted with sufficient degree of accuracy. For distances 
involving more than a single hop transmission, knowdedge of either the down-coming 
angle at the receiving end or the angle of radiation at the transmitting end is 
essential Having determined the order of the hop, the maximum usable frequency 
for that distance can easily be calculated but in no case the maximum usable 
frequency wiil be more than that for the single hop as long there is no change iu 
the angle of radiation or down-coming angle. As for example the maximum usable 
frequency for a distance of 500 K.M. by a single hop transmission will be the same 
as for 1000 KM. by double hop or 1500 K.M. by third hop. 

x4CKNOWLBt>GMENT 

The author wishes to express his gratitude to Dr. \\^ali Mohammad under 
whose guidance this paper was prepared and who took the pains of correcting and 
re-correcting it. The author also wishes to thank the Chief Engineer, All-India 
Radio, who has very kindly given the permission to make use of the table of fore- 
cast of frequencies for winter 1941-1942. 

References 

1. P. I. R. K, Vol. 20, October 1938, pp. 1209-^12^20. 

2. N. Smith, N'aL Bur, Siand. Jour, Res.^ VoL 20, May 1938, pp. 683—700. 

8. T. B. Gilliland, S. S. Kirby, N. Smith and S. E. Reymer., P. T. R. E., Vol 26, November 
1938, pp. 1347-1357. 

4. E. Y. Appleton and W. .1. G. Beyon, Proc, Phys. Soc,^ V^oi. 52, July 1940, pp. 518— 522. 

5. A. L. Durkee Bell Laboratories Record, Yol XVI, December 1937. 

6. K. M. Koshov and V. A. Gromov Electro Svyaz, No. 9, 1940, pp. 40—45. 

7. L. C. Young and E. 0. Hulburt, Phys, Review, Yol. 50, July 1936, pp. 45 —47. 

8. N* Smith, Nat, Bur. Stand. Jour, Res., Vol 19, p. 89, July 1937. 

9. K V. xippleton, Free, Roy. Soc., Vol 162, October 1937, p. 451. 

10. Proe. Phys* Soc,, Yol. 4b, p. 26 (1931). 

Ibid, Vol 43, p. 483, (1931). 

11. E, V. Appleton and R Naismith, Proc. Phys, Soc,, Vol. 45, p. 389, (1933). 

12. Berkener and Wells, P. [. R. E., Yol 22, pp. 1102. 

13. G. Millington, Proc, Phys, Soc., Yol. 44, p. 26 (1931). 

IMd, Proc, Phys, Soc., Vol. 47, p. 263, (1935). 

14. Phys. Review, Vol. 47, p. 89 (1935). 

15. E. Y^ Appleton and R, Naismith, Proc. Phys. Soc,, Vol 150, p. 685 (1935). 

16. Austin, P. I. E. E. N. X, 12, 52 (1924). 

17. E. Y. Appleton, Second Report on Solar and Terrestrial Relationships International 

Researcii Coundl, p. 18 (Paris 1929). 

IS. E. V. Appleton and R, Naismith, Proc. Phys, Soc., 45, 389 (1933). 

19. Gilliland, Bur. Stand, Jour. Res, Waskimjon. October 1933. Vol 14, p. 283 (19B5'. 

20. Eckersley, /. Inst, ElectHcal Engineer, Vol 71, p. 429 (1932). 



CHEMICAL EXAMINATION OF THE SEEDS OF NIGELLA 
SATIVA, LINN. iMAGREL) PART I FATTY OIL 

By Bawa Kabtab Singh and Ram Das Tewabi 

Chemistky Department, Allahabad University 
(ReceiTed on February 7, 1942) 

SUMMARY 

Tbe fatty oil from the seeds of Nigtilla sativa Linn. (Magrcl) lias been examined and found 
to contain tbc glycerides of oleic, linolic, myristic, palmitic and stearic acids, the percentage of 
wMcb are given below 

Oleic ... ... ... ... ... ... ... ... 4445 

Linolic ... ... ... ... ... ... ... ... 35-99 

Myristic ... ... ... ... ... ... ' ... 0-26 

Palmitic ... ... ... ... ... ... ... 6-31 

Stearic ... ... ... . ... ... ... ... ... 245 

Unsaponifiable (sterol) ... ... ... .. ... ... 0-03 

It bas been shown that the oil examined by Crossley and Le Sueur (loc. cit^) was not a volatile 
oil but a mixture of fatty and volatile oOs (Table 1). Further the diolcfinic acid present in the oil 
of Nigella sativa is linolic acid in our case, whereas it is tclfairic acid in the oil examined by 
Bures and Dlladkova {loc. cit,). 

Furth(3r work on the examination of the other constituents of the seeds of Nigella sativa is in 
progress. 

Nigella sativay commonly known as small fennel in ■ English, Ivrishnajira in 
Sanskrit and Kalajira, Kalaunji or Magrel in Hmdustani, is an annual herb belong- 
ing to the natural order Ranunculacete. According to G. Watt,^ it is cultivated in 
many parts of India for its seeds. L H. Burkle," however, says, “It is rare to find 
it away from the extreme North-Western parts of this country. Nor does the local 
production supply even the Punjab market for there is an import of the seeds into 
India from Afghanistan, beyond which is the home of its cultivation.*^^ The seeds 
are small, triangular in shape, resemble gunpowder in appearance and possess a 
sharp bitter taste. 

A proximate analysis of the seeds was made by Greenish® who found that 
they contain fixed oil (37*1%), volatile oil (1*64%), albumen and sugars. A preliminary 

* Dr. N. L. Bor of Dehradun (Private communication) writes as follows 

Nigella sativa is occasionally cultivated in the plains of India and is often fouud as an escape* 
It is not known whether the local production is sufficient for the needs of the country as it is exten- . 
sively used as a condiment as well as medicinally. 
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examluatiou of the oil from the seeds has been done by Bures and Mladkova* 
whose results are recorded in Table I. These authors^ later examined another 
sample of the oil and reported the presence of myristic and tcli'airic acids. Their 
results are given in Table I. Kh- Dorn and K. M. Erastova'' found that it is a good 
tilm-forming oil when applied as lacquer after polymerisation. Max Roberg’ 
found that Mgella saliva seeds contain a saponine and later M. Roberg and 
E. Marchal® showed that the different lots of seeds showed a variable saponine 
content. 

G. Watt® reported the presence of two kinds of oil in the seeds— one dark- 
coloured fragrant and volatile oil and the other clear, nearly colourless and about the 
consistency of castor oil. Crossley and Le Sueur^ ® examined a sample of the oil 
from the seeds of Nkjella saliva which they said was dark reddish brown in colour, 
semi-drying in nature and had a marked odour of eucalyptu.s oil. They claimed 
their sample to be a volatile oil. Their results are recorded in Table I. Brodie^ ^ 
says that the oil examined by Crossley and Le Sueur must have been either a fatty 
oil or a mixture of fatty and volatile oils and not purely a volatile oil and hence the 
problem needs further elucidation. 

In view of the great medicinal value of the seeds as reported by Dey,^® 
Dymock,^® and Kirtikar and Basu^^ and the discrepancy noted by Brodie (loc. cit.) 
regarding the nature of the oil, it was thought desirable to make a thorough chemical 
examination of the oil from the seeds, and in the present communication we have 
examined the fatty oil from the seeds of Indian origin, a detailed chemical examina- 
tion of which has not been done so far. 

The physical and chemical constants of the oil extracted with benzene from 
the seeds of Nigella saliva as found by us are given in Table I. The oil obtained on 
extraction with benzene has been steam distilled to free it from any volatile oil 
and the physical and chemical constants of the pure fatty oil thus obtained 
are also recorded in Table I. The fatty oil so obtained was clearer than the 
original oil and had a dark reddish brown colour. It was, however, not clear 
and nearly colourless as stated by Watt (he. dt.). The volatile oil was present 
only to the extent of 0'4 per cent, in the oil obtained by extraction with benzene. 
It was dark reddish in colour and had a very sharp odour. A comparison of 
the physical and chemical constants of the oil before and after steam distillation 
{Table!) shows that the differences are slight. This is due to the fact that the 
amountof volatile oil is too small. It will also be seen that the data of Crossley 
and Le Sueur [he. dt) agree more with those of undistilled oil than with those 
of steam distilled oil. This, therefore, clearly indicates that the sample examined 
by them was a mixture of volatile and fatty oils and not a volatile oil as 
stated by them. Again it will be seen from a comparison of data in Table I that 
the result of Bures and Mladkova (loc. dt.) are not in agreement with either 
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those of Crossley and Le Sueur [loe, eit.) or ours, Furtlier their own data of the two 
different samples of the oil of Nigella satim differ in their saponification, iodine and 
acid values. 

A detailed chemical examination of the oil has shown that it consists of the 
glycerides of oleic (44*45%), linolic (35*99%), myristic (0*26%), palmitic (6*81%) and 
stearic (2*45%) acids. The glycerides of some volatile acids, both soluble and inso- 
luble, are also present but their amounts are very small and it is difficult to isolate 
and identify them. We have found that the diolefinic acid present in the oil is 
linolic acid and not telfairic acid as reported by Bures and Mlodkova {loc* citX 
The two acids are isomers and thus an important result that has emerged out of this 
work is that the nature of soil and climate can give rise to isomeric substances in 
plants grown at two different places. 

ExPERBrENTAL 

About seven pounds of the authentic seeds obtained from the Punjab Ayur- 
vedic Pharmacy, Amritsar, were dried, crushed and extracted with benzene in a five- 
litre flask in three successive instalments. On distilling off benzene a dark-coloured 
oil was obtained which on purification with animal charcoal and Fnller^s earth gave 
a dark reddish-brown oil having a characteristic odour. This was obtained in 31% 
yield and deposited no sediment on keeping. It was a semi-drying oil and its 
physical and chemical constants are given under A in Table I. 

One hundred grams of the above oil were subjected to steam distillation whereby 
a volatile oil (0*4%) and a pure fatty oil were obtained. The physical and chemical 
constants of this pure fatty oil were also determined and are given under B in Table 1 . 


Table 1 


Authors^ data 


Constants 

Bures & 
Mladkova 
1st sample 

Bures & 
Mladkova 
2nd sample 

Crossley & 
Le Sueur 

A 

Oil obtained by 
extraction with 
benzene 

B 

Pure fatty oil 
obtained by 
steam distilla- 
tion of A 

Yield 

30% 

33*4 % 

— 

' 31% 

— 

Specific gravity . 

0^8930 

0*8960 

0-9248(15-5°c) 

0-9164(35°) 

0*9152(35") 

Refractive index 

— 

— 

— 

l-4660(21°c) 

l-4662(21°c) 

Acid value 

14-68 

29-42 

97-4 

40-64 

42-83 

Sap. Value 

210-6 

201-98 

196-4 

196-9 

199-6 

Iodine Value ... 

110-9 

107-4 

116-2 

116-9 

117-6 

Acetyl Value ... 
Unsaponifi able 

23-92 

23-89 

— 

24-3 

24-1 

0-03 

matter... 

— - 

— 

— 

0-04 

Hehner value ... 

89-22 

89-25 

88-8 

89-2 

89-6 

R. M. value 

3-378 

3-379 

5-4 

4-1 

3-9 


Five hundred grams of the steam distilled oil was then saponified in the usual 
manner by alcoholic sodium hydroxide solution. The alcohol was distilled off and 
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the soap solution was extracted with other to remove the unsaponifiab^e matter. 
The soap solution was then decomposed with dilute sulphurie acid in presence of 
ether and the fatty acids so liberated were obtained in a solution of ether. This 
was washed with water till it was free from acid, dehydrated and on removal of the 
solvent, the fatty acids (430 gms.) were obtained liavin<2: the following constants 
(Table 2): -^ 


Consistency 
Neutralisation value ... 
Saponification value ... 
Mean molecular wei. 2 cht 
Iodine value 


Table 2 

... Liquid (deposited no solid on keeping) 
... 201-2 
... 201-0 
278-9 
... 119-1 


As the neutralisation value and the saponification values are same, it shows that 
the fatty acids do not exist as anhydrides or lactones. 

The R. M. value of the oil indicates the presence of some volatile acids. The 
neutralisation value of the insoluble volatile acids was determined by steam distilla- 
tion of a known weight of insoluble fatty acids. About 700 c.c. of distillate was 
-collected and titrated with an aqueous solution of caustic potash. It was found 
that 0-835 milligrams of caustic potash was required to neutralise the volatile acids 
from one gram of the insoluble fatty acids. 

In order to find the neutralisation value of the soluble fatty acids the saponi- 
fication value of the oil was found as usual. The acids were then liberated, filtered 
and washed af^ in the determination of Hehner value. These were then dissolved 
in neutral alcohol and titrated against a solution of potassium hydroxide. This 
gave the neutralisation value. The difference between the two per gram is the 
neutmlisation value of soluble fatty acids. This was found to be 1-3. 

The mixture of acids was then separated into solid and liquid acids by 
Twitchell ® lead salt alcohol process. The following table gives the percentage, 
iodine value, neutralisation value and the mean molecular weight of the solid and 
liquid acids (Table 3) ; - 


Acids. 

Solid 

Liquid 

Elmdin The 
of oleic acid 


i ABLE 3 


Percentage Iodine value 

tion value 


10-11 

89-89 


4-6 

131-7 


215-4 

199-6 


Mean mole- 
cular weight 

260-5 

281-1 


ExAAtlNATION OF THE LIQUID ACIDS 

liquid acids gave a positive olaidin test showing the presence 
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OcddaUon loith potassium permangwmte'^Ten grams of the acids were dis- 
solved in aqueous caustic potash and oxidised by a dilute solution of potassium 
permanganate at room temperature according to the method of Hazura/® whereby 
a dihydroxy stearic acid M-P, 13rc and a tetrahydroxy stearic acid M.P- 172V 
were obtained showing the presence of oleic and linolic acids. Hexahydroxy stearic 
acid was not produced at all showing the complete absence of Hnolenic acid. 

Brominatio?i method — The constituents of the liquid acids were determined 
quantitatively by the method of Eibner and Muggenthalor,^^ modified by Jamieson 
and Boughmann^^ wherein the bromine addition products of the acids were prepared 
in ether at — lOV and examined The results are given below (Table 4) ; — 


Table 4 


Weight of acids taken 

«•« 

5-7 533 gms- 

W ei^rt of tetrabromide 


... 3-637 ’2 gms. 

Melting-point of tetrabromide 


113“c 

W^ht of linolic acid 

... 

2-4340 gms 

Weight of residue (di- and tetrabromide) 

”... 

6-8551 gms. 

Percentage of bromine in the residue 


40-87 

Weight of tetrabromide in the residue . . 


1-8750 gms. 

Weight of dibromide in the residue 


4-9801 gms. 

Weight of linolic acid from residue 


0-1392 gms. 

Weight of oleic acid from residue 


3-1780 gms. 

Total weight of linolic acid- • - 


2-5732 gms. 

The following table gives the percentage of linolic and oleic acids in the liquid 


acids, in mixed acids and in the oil (Table 5) : — 

Table 5 

4 . j Percentage in Percentage in Percentage in 

liquid acids mixed acids oil 

Linolic ... 44-74 40-22 35-99 

Oleic ... 55-26 49-67 44*45 

The theoretical iodine value of a mixture of linolic acid (44*74%) and oleic acid 
(55*26%) is 130-3 and the mean molecular weight 280-9, which agree fairly well with 
the iodine value and the mean molecular weight of liquid acids (Table 3). 

It is clear that the diolefinic acid present in the oil is linolic and not telfairic as 
reported by Bures and Mlodkova {/oc. The M. P of tetrabromide of telfairic 

acid is 57 -58V and that of linolic acid 11 3-1 14V. Since the M.P. of tetra- 
bromide isolated from liquid acids is 113**c (Table 4), this definitely confirms that the 
acid is linolic Further the tetrahydroxy stearic acid isolated from the oxidation 
product of liquid acids melts at 172"*. It is, therefore, identical with that obtained 
from the oxidation of linolic acid. (M.P. 173-174“) and differs frotti that obtained 
by oxidation of telfairic acid (m.p. 177 V.) 

R 9 
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Examination of the solid acids 

The solid acids were first freed from traces of liquid acids by nibbing them 
over a porous plate. They were found to melt at 54-55°c. The acids (40 gms.) 
were converted to meth}^ esters in the usual manner and the esters after purification 
were subjected to fractional distillation under reduced pressure, the results of which 
are recorded in Table 6. 

Table 6 

Weight of esters taken —SB. 9 gms. 


Fraction No. 

Boiling range. 

Pressure. 

Weight in gms. 

1 

Below 170° 

11. 5 m.m. 

2-82 

2 

170°-175° 

11. 5 m.m. 

11-46 

3 

175°-180° 

11.5 mm. 

13-84 

4 

180°— 185* 

11. 5 m.m. 

4-90 

5 

185°— 190° 

11. 5 m.m 

2-98 

6 (decomposed 

Above 190°c 

11, 5 m.m. 

2-61 

residue) 

Total 


38-61 gms. 

Loss during distillation 


0-29 gms. 


The saponification value, the mean molecular weight and the iodine value of all 
the fractions were determined and the amounts of various acids in fractions were cal- 
culated according to the method of Jamieson and Boughmann^® as shown in 
Table 7:— 


Table 7 


1 Fraction No. I 

lod. value 

Sap. value 

M.M.W. 

Myristic acid 

Palmitic acid 

Stearic 

acid 

Arachidic acid 

Unsaturated acids 

gms. 

% 

gms. 

% 

gms. 

% 

gms. 

% 

gms. 

% 

1 


215-7 

260-1 

0-9745 

34-56 

1*6690 

59-20 


— 




0-0236 

0-84 

2 

1-9 

205-9 

272*5 


— 

9-4360 

86-70 

0-7681 

6*70 

— 


0*1655 

144 

5 


199-5 

28I-I 


— 

7*9790 

57-63 

4-9940 

36-08 

, 

— 

0-2840 

2-05 

4 

3*8 

201-2 

279-8 

— 

— 

3-2010 

65-33 

1*3100 

26*72 


— 

0*1415 

2-89 

5 

4*8 

186*2 

300*7 

— 

— 

— 


2-1180 

8117 

0-2746 

10-52 

0-0952 

3-65 

Total 

0-9745 

• 

22*7850 

9*1901 

0-2746 

0-7098 


Fraetimi No, I— The molecular weight of the fraction shows that it is a mixture 
of methyl esters of myristic and palmitic acids. The mixture of acids on liberation 
from the esters melted at 55 c. This was repeatedly fractionally crystallised from 
acetone and two fractions were obtained, one melting at 62-63'c and the other at 
49-o0 c. The higher melting fraction was palniitic acid as its inelting-point was not 
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depressed by the addition of pure palmitic acid. The lower melting fraction was 
myristic acid and its melting-point was not depressed by the addition of a genuine 
sample of myristic acid. The percentage of palmitic and myristic acids in this 
fraction are 59* 2 and 34* 515 (Table 7). 

Fraction No. 2 —The molecular weight of the fraction shows that it is almost 
pure methyl palmitate. The acid liberated from the fraction on repeated crystallisa- 
tion from acetone proved to be palmitic acid AJLP. 61-62*c ; the melting-point was not 
depressed by the addition of a genuine sample of palmitic acid. The composition of 
this fraction corresponds to 86*7 % palmitic and 6*7 % stearic acid (Table 7). 

Fraction No. 3 — ^The molecular weight lies between that of methyl palmitate 
and methyl stearate. The free acids on liberation and repeated fractional crystallisa- 
tion from acetone gave two products, one melting at 67-68°c (stearic) and the other 
at 62-63“c (palmitic). These melting-points were not depressed by the addition of 
pure stearic and palmitic acids respectively. The fraction contains 57*63 % palmitic 
and 36*08 % stearic acids (Table 7). 

Fraction No. 4 — This was identical with fraction No. 3 and gave on liberation 
and purification stearic and palmitic acids. The results ‘ were confirmed by the 
determination of mixed melting-points. The fraction contains 65*34 % palmitic and 
26*42 % stearic acid (Table 7). 

Fraction No. 5 — The molecular weight shows that it is almost pure methyl 
stearate with a minute quantity of the methyl ester of a higher fatty acid. The 
liberated acid on crystallisation from acetone gave stearic acid M.P. 67-68*0 which 
was not depressed by the additions of pure stearic acid. The fraction contains 
81‘17 % stearic acid (Table 7). 

The percentages of various solid acids in mixed solid acids, in mixed acids 
and in oil are given below (Table 8) : — 

Table 8 

. . Percentage in solid Percentage in mixed Percentage in . 


Acia 

acids 

acids 

oil 

Myristic. 

2-88 

0-291 

0-26 

Palmitic. 

67-22 

6-795 

6-31 

Stearic. 

27-11 

2-74 

2-45 


Examination of the unsafonifiable matter 

The unsaponifiable matter obtained gives the colour reactions for a phytosterol, 
sitosterol found in most vegetable oils, but the amount being too small it could not 
be fully investigated. 
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A NOTE ON THE OCCURRENCE OF ENTEROMORPHA 
AT ALLAHABAD 

By R. N. Tanbok 

Botany Depaetment, Allahabad University 
(Eeceivecl on July 30, 1941) 

Most of the members of Ulvacese are marine but Enteromorpka and Monost- 
roma may be found in fresh water. The former is capable of growing under wide 
range of salinity. It is, therefore, found ascending some distance into estuaries. 
Enieromorpha eompressa has also been reported from cliffs. 

In India Enteromorpha has not been reported from fresh water, but in zipril, 
1937, the author found it growing abundantly in the Jamuna river. The thallus 
was attached to the bottom of the river and it was growing mixed up with a species 
of Hydodictyon. Some material was sent to Profs. M. O. P. lyenger and Or M. 
Smith for confirmation and naming of the species. They agree with generic deter- 
mination but the full name is not given so far. 

The occurrence of Enteromorpha at Allahabad is interesting because there is 
no cliff in the neighbourhood and the place is far removed from the sea. A detailed 
account will appear later. 



STUDIES ON THE SIX NEW SPECIES OF THE GENUS NEODP 
PLOSTOMUM. RAILLIET, 1919 (FAMILY DIPLOSTOMWAE 
POIRIER, 1886). PART I --NEW SPECIES OF THE 
SUBGENUS NEODIPLOSTOMUM DUBOIS, 1937. 

By P. N. Chatteeji 
Zoology Department, Allahabad University. 

Communicated by Dr. H. R Mehra 
(Received on February 11, 1942.) 

Of the six species described in this paper two N. haiakei n. sp, and M nisus 
11 . sp, were obtained from the hawks, Aceipetres m'ms malanosehistus,t\^o N. muthiari 
n. sp. and N . hraekypteris n. sp. were obtained Itolu woodpecker Braehyptern/m 
hetigalensis hengalerms, one N. rufeni n. sp. from the kite, Bufeo ntfimcs rufimis 
and one N, etuhjtmmis n sp. from the Indian koii Eudynamis scolopaeeoiis caught 
from the villages Muthiara and Suiemsarai near Allahabad. So far the species of 
this genus Pfeodiplostomum from India the accounts of which are published are 
N. fyteme Patwardhan, 1935 from Tytocdba alertens, iV. globifemm Verraa, 1936 from 
Cuckoo, N, mehranmm Vidyarthi, 1938 from Ealiaetus ImcroyphtiH and N. laruei 
Vidyarthi, 1938 from Sarcogyps calvm, but whether they belong to the subgenus 
Neodiplostomum or Comdiplostomum cannot be determined at present as the pre- 
sence or absence of the genital cone is not mentioned in their accounts. The account 
of the three species of the genus Neodiplostomum described by Gupta (1937) in his 
M. Sc. thesis which is not yet published are N duboisii xi, Gupta (1937) from 
Owl, Ketupa sclonensis kcmdwickii, N austerense n. sp, Gupta (1937) from hawk 
Amtur bandms lencomalanara, and N hieractii n, sp. Gupta (1937) from Hieraitus 
fasdatus faseiatus. 

The genus Neodiplostomum was created by Railliet, 1919 to supersede the genus 
Diplostomum, Braudes 1888, for certain species, which had been included under 
the latter genus, specially N. spathulae-forme (Brandes, 1888). Brandes, (1888) 
restricted the genus Diplostomum V. Nordman, 1932 for the diplostomes of reptiles 
and? three diplostomes of Birds, Diplostomum grande (Diesing 1850) Dubois, 
1936; Diplostomum spathula Creplin, 1829 ; Diplostomum spathulae-forme, Brandes. 
Railliet in 1919 separated the last three species under his new genus Neodiplostomum. 
Poirier in 1886 created the family Diplostomidae for these three species as well as 
the five species parasitic in reptiles whose metacercarial stage was found encysted 
in the eyes of various fishes. Dubois in 1936 separated the Diplostome species of 
reptiles under his new fzmiXy Proterodiplostomidae and retained the family Diplosto- 
midae Poirier for the Diplostome parasites of birds and mammals. The family name 
Dipfostomtdae, Poirier, 1886 has priority over Allariidae Tubangui, 1922. The 

14 
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subfamily Diplostominae to which the ^enus Neodiplostomum belongs was created by 
Monticelli in 1888 fMay— August) havitijr priority over its homooame Dtpiostommae 
Braudes, 1888 (November). 

Dubois (1937) after examining a large amount of material in about 300 pre- 
paration of the genus Neodiplosto?num came to the conclusion that the genus should 
be divided into two subgenera on the basis of the presence or absence of the genital 
cone in the bursa copulatrix. The subgenus Neodiplostomum, Dubois, 1937 stands 
for the species in which the genital cone is absent and the anterior testis is asymme- 
trical, whereas the subgenus Conod iplosto mum Dubois contains species in which 
the hermaphroditic canal opens into tiie bursa copulatrix after traversing through 
the genital cone, and in which both the testes are as a rule symmetrical. Dubois 
has designated the type of the genus, Neodiplosfomtim spatlmlae-forme (Braudes, 
1888) as the type species of the subgenus Neodiplostomum and Neodiplostomum 
spathulci (creplin 1829) La Rue, 1926 as the type of the subgenus Oonodiplostomum 
Dubois. 

My best thanks are due to Dr. H. R. Mehra under whose guidance I had the 
privilege to carr>^ on this work. I am very grateful to him for his keen interest, 
valuable advice, criticisms, and help in consulting literature from his personal library. 
I also thank Dr. D. R. Bhattacharya for the laboratory facilities offered to me and 
for his interest in the progress of this work. 

Neodiplostomum brachypteris n. sp. 

This species was obtained from the small intestine of three woodpecker 
Brachypternus bengalensis bengalensis caught from Sulemsarai a village near xillaha- 
bad. Out of the six hosts examined only three yielded the parasites on the average 
10 each. When examined in the living condition in the physiological salt solution 
they were white in colour and showed a constant elongation and contraction of the 
anterior body. Sexually mature worm 1*088 — 1*209 m.m. in length and 0*561 — 0*714 
m.m. in maximum breadth in the region of the holdfast organ, is distinctly 
divided into the longer ellipsoid anterior body and a short cylindrical posterior 
body. The anterior body armed with minute backwardly directed cuticular 
spines measures 0*595—0*799 m.m. in length and 0*561 — 0*714 m.m. in breadth. 
The cylindrical hindbody measures 0-357-.-0-544 m.m. in length and 0*306 — 0*374 m.m. 
in maximum breadth in the region of the anterior testis. The average ratio in the 
length of the forebody and hindbodyds approximately 3 : 2. Oral sucker 0*068 — 
0*085 m.m, in length and 0*063- 0*085 m.m. in breadth is almost rounded and sub- 
terminal. The ventral sucker almost equal in size to the oral sucker is slightly 
broader than long lies 0*27 — 0*338 m.m. distance behind the anterior end, and 
measures 0*065 — 0*084 m.m. in length and 0*087— 0*1 m.m in breadth. Average ratio 
in the size of the oral sucker and ventral sucker is nearly 3 ; 4. The holdfast organ 
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0*1 — 0*125 m«m, in len^h and 0*063“~0*088 aim. in breadth lies 0*075 — 0*088 ni.ni, 
behind the ventral sucker. Prepharynx is absent. The pharynx measures 0*05 — 0-063 
m.m in length and 0-043—0*058 m.m. in breadtk The oesophagus is very small 
practically absent. The intestinal bifurcation lies at 0*153 m.m. distance from the 
anterior extremity. The caeca in the forebody run on either side of the holdfast 
organ and the ventral sucker 0*125, and 0*075 m.m. away from them respectively. 
In the hindbody they are confined to the ventrolateral margins, terminating near the 
hinder end. 

Testes tandem, postovarion, lie close behind one another in the anterior two- 
third length of the hindbody. The anterior testis is asymmetrical and pear-shaped 
with the pointed end extending a little to the right side of the median line and the 
broad end pressed against the left body margin measuring 0*088—0*138 mm. in 



Fig. l.—Neodiplosiomum breehipteris n. sp. 

Acet , Acetabulum ; Ec., Excretory Canal; E., Egg; Ga., Genital atrium ; Gp., Genital pore; 
Gpa.» Genital papilla ; Gc., Genital cone ; Hf., Holdfast organ ; Int., Intestinal caecum ; L.C. 
Laurefs Canal ; O.S., Oral sucker ; Oes., Oesophagus ; Ov., Ovary ; Ovd., Oviduct ; Ph., Pharynx ; 
Sh. gl m., Shell gland mass ; E.S., Recepticulum seminalis ; Test., Testis ; A.Test., Anterior testis ; 
P. Test, Posterior testis ; U. uterus ; V.A., Vasa afierencia; V.S., Vesieula seminalis; A.V.S., Anterior 
vesicula seminalis ; P.V.S. , Posterior vesieula seminalis ; Vit., Vitellaria; Yr., Yolk reservoir. 

length and 0*163 0*280 m.m. in breadth. The symmetrical, dumbel-shaped posterior 
testis is much constricted in the middle ^nd occupies almost the entire width of the 
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hindbody measuring: 0*100— 1-113 m.m in length and 0*238 — 0*278 m.m. in breadth. 
The ovary transversely elongated of somewhat oval form measures 0*053 — 0*093 m.m. 
in length and 0*183—0*215 m.m. in breadth and lies just at the junction of the forebody 
and hindbody at 0*561 m m. behind the anterior extremity. The oviduct arises from 
the middle of the posterior margin of the ovary and runs posteriorly to the left side of 
the anterior testis. The large yolk reservoir lies between the two testis overlapping 
the shellgland mass. The uterus containing a few ova, 4— 6 in number, runs forward 
upto the anterior margin of the ovary and then turns backward as a straight tube 
in the median line towards the genital atrium. The ova measures 0*1 — 0*117 m.m. in 
length and 0*062'm.m. in breadth. The small slightlyc onvoluted vesicula seminalis 
lies just behind the posterior testis. The small ductus ejaculatorius unites with the 
terminal end of the uterus to form the small hermaphroditic canal opening directly 
into the genital atrium, which lies dorsally at 0*045 — 0*050 m.m. in front of the hinder 
end. The genital cone is absent The numerous pear-shaped vitelline follicles are 
strongly developed in the anterior body surrounding the holdfast organ extending 
from the bifurcal Zone to almost the posterior end of the body as far as the genital 
opening. In the hind-body they are laterally situated overlapping the intestinal coeca. 

Dismission. — This species belongs to the subgenus Neodiplostomum Dubois on 
account of the absence of the genital cone. The bursa copulatrix of the type species 
'K Spaihulae fo7me (Brandes, 1888) Railliet 1919 parasitic in Strigis has not been 
described. The species of the subgenus Neodi^ylostomum are N. Conicum Dubois 
1937, Dubois 1937, and JV. coo/aZer/r (Krasuse 1914) La. Rue 1926, all 

parasitic in Strigis, N. mierocotyle Dubois, 1937, K spathoides Dubois, 1937, 
N. obseurum Dubois, 1937, N. maequipaiditum Dubois, 1937, iV7 paraspathula Noble, 
1936, K pseudattenuatum (Dubois, 1928), Dubois, 1932 and N. hiovahim Dubois, 
1937 parasitic in Accipetres, K elliptieum (Brandes, 1888) La. Rue, 1926 parasitic in 
Guculi, iV. Dubois, 1937 in PicL and N. lucidiim La. Rue and Bosma, 

1927 parasitic in Marsupials. K brachypteris n. sp. resembles closely N. rhamphasti 
Dubois on account of the absence of the prepharynx, small size of the oesophagus 
and its habitat in Pici. But it differs from it in shape and size of the body, in 
relative length and breadth of the anterior body and posterior body. The anterior 
body in N. rhamphasti Dubois is lanceolate with the posterior part behind the 
holdfast organ large and rounded, and is about twice the length of the short conical 
posterior body, while in the new species it is somewhat oval only a little longer than 
the posterior body. The cuticular spines which are present in the new species have 
not been mentioned in N. rhamphasti. Only a few ova are present in N. brachypteris 
n. sp. while in N. rhamphasti they are numerous. N. conimim Dubois, 1937, and 
A7 cochlear (Krasuse 1914) La. Rue, 1926 parasitic in Strigis are easily separated 
from our species on account of their asymmetrical testes, shape and size of the body, 
shape and relative lengths of the fore-body and hind-body, profuse development of 
F. 10 
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the vitellaria in the hind-body and the hosts belonging to different orders of birds. 
N. tmvassosi Dubois, 1937, parasitic in Strigis, which resembles the new species in 
the asymmetrical shape of the anterior testis,* stands also quite apart on account of 
its anterior oblong, lanceolate body which is of nearly twice the length of the 
posterior siib-eylindricaUbody, in the position, shape and size of the holdfast organ, 
shape of the posterior testis and extension of the vitellarian follicles on the ventral 
surface of the entire posterior body. The other species of the subgenus which 
differs in many features are not closely related to N. hrachypteru n. sp. 

Host . — Brachypternus bengalensh bengalensis. 

Habitat. — Small intestine. 

Locality. -Allahabad (U. P., India). 

Neodiplostomum hawlcei n. sp. 

14 specimens were collected on 16th November, 1940, from the small intestine 
of Indian hawks Accipetres nisus malanoschiskcs caught from the village Muthiara 
near Allahabad. In all 6 hosts were examined and 2 of them were found to be 
infected, one with 6 and the other with 8 specimens of this diastomes. Body 1-360 — 
1-479 m.m. long. Forebody 0-714— 0-850 m.m. long and 0-816—1-037 m.m. broad, 
spherical and armed with minute backwardly directed cuticular spines Hindbody 
cylindrical 0-561 — 0-697 m.m. long and 0-459 — 0-697 m.m. broad. Average ratio in 
length of forebody and hindbody nearly 6:5. Oral sucker Subterminal, oval, 0-034— 
0‘075 m.m. long and 0-055—0-077 m.m. broad. Ventral sucker 0-037—0-068 m.m. long 
and 0-068— 0-119 m.m. broad, transversely oval at 0-187—0-262 in m. distance behind 
anterior end and 0-125 m m. in front of holdfast organ. Average ratio in size of oral 
and ventral sucker nearly 3:4. Holdfast organ 0-187—0-238 m.m. long and 0-068 - 0-140 
m.m. broad at 0-323 0-425 m.m. behind anterior end. Prepharynx absent; niuseular 
pharynx 0-051—0-068 m.m. long and 0-045- 0-08S m.m. broad ; oesophagus very 
small ; intestinal bifurcation 0-119—0-136 m.m. behind anterior end; intestinal coeca 
in forebody run laterally on either side of ventral sucker and holdfast organ, but 
ventrolateral in hindbody little swollen at their terminal ends. 

Testes postovarian, tandem occupying almost half length of hindbody. 
Anteriortestis0-187-0-225 m.m. long and 0-306— 0-391 m.m. broad, asymmetrical, 
pear-shaped with its pointed end directed towards median line and broad end touching 
left body margin. Posterior testis 0-153— 0-238 m.m. long and 0-425-0-595 m.m 
broad transversely elongated, symmetrical occupying almost whole width of hind- 
body. Straight simple vesicula seminalis just behind posterior testis ; narrow ductus 
ejaeuiatorius unites terminally with uterus to form small hermaphroditic canal which 
opens directly in genital atrium. Grenital cone absent. Genital opening lies dorsally 
at 0 043 m.m. in front of hinder end. Ovary 0-083 — 0-119 m.m. long and 0-187 0 - 27 g 
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m.m. broadj transversely elongated, situated a little in front of body constriction at 
0714 m.m. from anterior end. Oviduct arises from anterodorsal side of ovary, proceeds 
backward by right side of anterior testis to intertesticular shellgland complex, yolk 
reservoir dorsal to shell gland mass, pear-shaped with pointed end towards median 
line and broad end close to right body margin measures 0-068 m.m. in length and 
0306 man. in breadth. Ova 0*102 — 0*119 m.m. long and 0*034 — 0-06 m.m. broad 6 
to 12 in number and operciilated. Vitalline follicles numerous pear-shaped profusely 
developed in forebody poorly developed in hindbody commences just in front of 
ventral sucker and terminates near hinder extremity of body. Ventrolateral with 
slight extension towards median line in hindbody. 



Fig. 2. — Neodiplostomum hawkei n. sp. 

(Lettering as in Fig. 1) 

Discussion.'— Thh species comes under the siibgenus Neodiplostomum Dubois 
on account of the absence of the genital cone in the bursa copulatrix. Of all the 
species known under this subgenus it stands close to N pseudattemiatum (Dubois, 
1928) Dubois, 1932 N laruei Vidyarthi 1938 on account of tlie absence of the pre- 
pharynx, presence of a short oesophagus, more or less equal size of the suckers, the 
asymmetrical form of anterior testis, vitellaria commencing in front of ventral sucker 
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and the habitat in the host birds Accipetres. It differs from N, pseMdatUmuatuni 
io the shape and size of the body, shape of the forebody, measurements of the anterior 
body, in the shape of the posterior testis (posterior testis horse-shoe shaped and 
veiitrally concave in N. psetidattenuaium) and in the position of the ovary which 
in the new species is little in front of the hindbody. In iV. pseuclattemmtwn the 
vifcelline follicles are strongly condensed near the end behind the testes unlike that 
in N, haivkei n. sp, N, laruei Vidyarthi differs from the new species in the shape and 
large size of its body, in the shape and size of the anterior testis and shape, size and 
position of the ovary. Moreover, in N. lartiei Vidyarthi almost all the organs are 
larger in size. N. hmokei n. sp. resembtes V. hrachypteris n. sp. in the absence of 
the prepharynx, short size of the oesophagus, equal size of the suckers asymmetrical 
condition of the anterior testis and absence of the genital cone, but differs from it 
in the shape and size of the body, in the relative measurements of the anterior and 
posterior bodies, in having a much larger yolk reservoir, in the shape and size of the 
posterior testis, in the extension of the vitellaria and on account of the hosts belong- 
ing to different orders of birds (Accipetres in the case of V. haivkei n. sp. and Pick 
for K brachypteris n. sp.) 

Host .— nisus malanoschistus. 

Habitat. — Small intestine. 

Locality.— Allahabad (U. P., India). 

Neodiplosiomum nisus n. sp. 

In November, 1940, 3 out of 6 common Indian hawks, Accipetres nims 
malanoschistus caught from the village Muthiara near Allahabad yielded 12 speci- 
mens of this species. Two hosts harboured three and one host six parasites in their 
small intestine. Body 1*564— 1*87 m.m. long and 0*578—0*748 m.m. in maximum 
breadth in the region of the holdfast organ. Porebody 0*782—0*935 m.m. long and 
0*578—0*748 m.m. broad, oval, presents a slight concavity on ventral surface and un- 
armed with cuticular spines. Hindbody 0*697-1*071 m.m. long and 0*374—0*476 m.m. 
in maximum breadth in region of posterior testis. Average ratio in length of fore- 
body and hindbody nearly 1 : 1. Oral sucker subterminal 0*06—0*073 m.m. long and 
0-045— 0*057 m.m. broad. Ventral sucker 0*063—0*073 m.m. long and 0*075—0*088 
m*m. broad, transversely oval, at 0*345—0*42 m.m. behind anterior end. Average 
ratio in size of oral and ventral suckers nearly 2 : 3. Holdfast organ 0*1—0*15 m.m. 
long and 0*04-0*113 m.m. broad, longitudinally oval, at 0*15—0*163 m.m, distance 
behind ventral sucker. Prepharynx absent; pharynx 0*035—0*058 m.m. long and 
0 025 0 038 m.m. broad; oesophagus 0*06 m.m. long as measured in living specimen, 
hardly seen io entire mounts, intestinal bifurcation much in front of ventral sucker* 
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coeca in forebody lateral on either side of ventral sucker and holdfast organ, ventro- 
lateral in hindbody with somewhat dilated hinder ends. 

Testes post ovarian, tandem occupying about half length and entire width of 
hind body. Anterior testis 0T53-^0-238 m.m. long and 0*272— 0*408 m.m. broad, 
asymmetrical pear-shaped with its pointed end almost touching right body margin 
and broad end pressed against left body wall. Posterior testis 0T53— 0*225 m.m» 
long and 0*289—0*442 m m. boad, symmetrical, with slight constriction in the 
middle, at 0*136 m.m. behind anterior testis. Vesicula seminalis well developed, 
simple, just behind"" posterior testis. Genital atrium spaceous, situated dorsally a 
little in front of hinder end ; a small muscular papilla which may be mistaken for 
genital cone, present just in front of genital atrium. Hermaphroditic canal opens 
in the genital atrium just behind muscular papilla. Genital cone absent Ovary 
0*102—0*17 m.m. long and 0*187—0*217 m.m broad transversely elongated, situated 
just at junction of forebody and hindbody at 0*731 — ^0*762 m.m. from anterior end. 
Oviduct arises from posteroventral side of ovary. Shell gland mass intesterticular 



Fig. 3 . — Neodiplostomum nmis n. sp. 

(Lettering as in Pig. 1) 

shifted more towards right side, yolk reservoir dorsal to shell gland mass. LaurePs 
canal opens dorsally anteriorly to posterior testis near right body margin. Ova 
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large 10 — ^12 in number 0*105 — 0*110 m.m. long and 0*05 — 0*052 m.m. broad. Vitel- 
laria composed of numerous small rounded follicles, profusely developed in forebody, 
poorly developed, confined to ventrolateral margins in hindbody extends from just 
in front of ventral sucker to posterior end of intestinal coeca. 

Dismssion. — iV. nisus n. sp. though it belongs to the subgenus Neodijjlos Io- 
nium on account of the absence of the genital cone diffei’s from all the species of 
this subgenus on account of the presence of a genital papilla situated in front 
of the opening of the hermaphroditic canal at the base of the genital atrium. 
It closely resembles N. haiohei n. sp. on account of the absence of a prepharynx, 
small size of the oesophagus, nearly equal size of the suckers, asymmetrical shape 
of the anterior testis, commencement of the vitel laria just in front of the ventral 
sucker and habitat in the same host, but it can be easily differentiated from it 
on account of the different size and shape of body, shape and relative sizes of the 
forebody and hindbody, large size and shape of both the testis, shape, size and 
position of the ovary, small size of the yolk reservoir and large size of the ova. 
^o^t.—Accipetres nisus malanoschistus. 

Habitat. — Small intestine. 

Locality.— Allahabad (U. P., India). 

(Bibliography is given at the end of Part II.) 
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By P. N. Chatterji 

Zoology Department, Allahabad University 

Communicated by Dr. H. R Mehra 
(Received on February 11, 1942) 

Neodiplostomum rufeni n. sp. 

Thirty specimens of this distomes were collected from the small intestine of 
the kite Buteo mfmm rufinus obtained from Sulemsarai, a village near Allahabad, 
3 out of 5 kites were infected, each harbouring 8 — 12 specimens. Body, 1428— 2T25 
m.m. long and 0*663 — 0-986 m.m. maximum breadth in the region of holdfast 
organ. Anterior body 0*527 — 0*850 m.m. long and 0*663~-0*986 m.m. broad, more 
or less rounded with a hollow concavity on the ventral surface and arrived with 
minute backwardly directed cuticular spines. Hindbody 0-629—1*275 m.m long 
and 0*459 - 0-748 m.m. broad, cylindrical. Average ratio in length of forebody 
and hindbody nearly 4 : 5. Oral sucker almost terminal 0*05 — 0*07 m.m. long and 
0-060— 0*075 m.m. broad. Ventral sucker 0*045—0*063 m.m. long and O*0675 — 0*0925 
m.m. broad, at 0*195 — 0*350 m.m. distance behind anterior end. Average ratio in 
size of oral and ventral suckers nearly 1:1. Holdfast organ, 0*1125 — 0*1500 m.m. 
long and 0*045 — 0*070 m.m. broad, at 0*055 — 0*07 m.m distance behind ventral sucker. 
Prepharynx absent. Pharynx muscular 0*04—0*062 m.m. long and 0*0425—0*0625 
m.m. broad Oesophagus 0*025 m.m. long as measured in living specimens, hardly 
seen in entire mounts. Intestinal bifurcation at 0*1525 m.m. from anterior end and 
0*1325 m.m. in front of ventral sucker, intestinal coeca in forebody lateral on either 
side of ventral sucker and holdfast organ at 0*050 m m and 0*125 m.m. away from 
them respectively, but ventrolateral in hindbody. 

Testes, post ovarian, tandem, occupying almost entire width of hindbody. 
Anterior testis 0*150 — 0*306 m.m. long and 0*493 — 0*668 m.m. broad, asymmetrical and 
pear-shaped with the pointed end directed towards the left and broad end towards 
the right side. Posterior testis 0*204 — 0*374 m.m. long and 0*408— 0*714 m.m. broad, 
symmetrical and somewhat dumbel-shaped. Vesicula seminalis straight, situated be- 
hind posterior testis. Hermaphroditic canal passes through a well-developed muscular 
genital cone. Ovary 0*085 — 0*170 m.m. long and 0*340 — 0*391 m.m. broad transversely 
ov?il and situated at the commencement of hindbody at 0*646— 0*884 m.m. behind the 
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anterior extremity. Oviduct arises from auterodorsal side of ovary and proceeds 
backward on left side to intertesticular shellgland complex. Ascending uterus 
runs to right side of anterior testis upto the junction of forebody and hindbody 
where bends to come down as straight median tube. Genital coiie large 0-095 — 
0-100 m m. long and 0-0825-— 0*0875 m.m. broad, filling almost entire genital atrium* 
Genital opening dorsal and 0-0t)75 m.m. in front of the hinder end. Vitellaria 
composed of numerous small, rounded follicles, profusely developed both in fore- 
body and hindbody, extending from about halfway between intestinal bifurcation 
and ventral sucker up to hinder extremity of body. On account of the profuse 
development they overlap the internal organs which are thus not properly seen in 
entire mounts but can be ^studied in sections. Ova numerous, 0-0875 — 0*095 m.m. 
long and 0-045 — 0*0525 m.m. broad. 



Fisc. l.-Neodivlostomum rufeni n. sp. Pig. 2.-L. 8. of Neodiplostomum 

rufeni n. sp. 

Acet, Acetabulum ; E.G, Excretory Canal ; E., Egg ; Ga., Genital‘atriutn ; Gp., Genital pore ; 
Gpa., Genital papilla; Ge.. Genital cone; Hf., Holdfast organ; Int., Intestinal caecum; L.C,. 
^urers canal; O.S., Oral sucker ; Oes., Oesophagus ; Of., Ovary; Ovd., Oviduct ; Ph., Pharynx; 
Sh. gl m., bheU gland mass ; E.S., Recepticulum seminalis ; Test., Testis ; A. Test, Anterior testis ; 
P Test, Posterior tesds ; U., uterus ; V.A., Vasa afferencia ; V.S., Vesicula seminalis; A.V.S., 
Anterior vesicula seminalis; P.V.S., Posterior vesicula seminalis; Vit, Vitellaria- Yr Yolk 
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Discussion. — According to the classification given by Dubois in 1937 this 
species comes to the siibgenus on account of the presence of a 

genital cone. This subgeniis contains so far cmstraliense Dubois, 1937, N. aeutum 
Dubois, 1937, N, s^Mflmla (creplin, 1829) 'La Rue, 1^26, A. sarcorhamphi Dubois, 
1937, N. palumbarii Dubois, 1937 and K perlatum Ciurea, 1929 all para- 
sitic in Accipetres and N. hrachyurum (Nicoil, 1914) Dubois, 1937 parasitic in 
Strigis. A'’, braefiyurum can be easily separated from the new species on account 
of its different host specificity. It can further be differentiated on account of 
differences in the shape and size of the forebody and hindbody and the size and 
shape of the testes. Both the testes are symmetrical in K brachyurum, whereas 
in N. rufeni n. sp. the anterior testis is asymmetrical and posterior testis 
symmetrical. The new species differs from ausiraliense in general shape 
and size of the body (1*53 — 1*65 mm. long in 'N, australimse and 1*428—2*125 

m. m. in N. rufeni n. sp.), in the shape and relative size of the forebody 

to the hindbody. Moreover in cmstraliense the forebody is much longer 
and narrower than that of new species. Oesophagus is longer in N. ausiraliense 
than in A". n. sp. (oesophagus 0*05 — 0*09 m.m. long in N. atisiraliense and 

0*025 m.m. long in N. mfeni n. sp.). The holdfast organ also differs in shape and 
size and occupies a much more posterior position in A7 ausiraliense. A. rufeni 

n. sp. differs from N, aeutum in shape and size of the body and in shape and size of 
ovary. The ovary is spherical in N. aeutum whereas it is transversely oval in A^. 
rtifeni n. sp. The shape and size of the holdfast organ also differs in the two species. 
From N. spathtila the type species of the subgenus, N. palumharii and A. sarcor- 
hamphi our species can be differentiated on account of the difference in the relative 
lengths of the forebody and the hindbody and in the shape of the testes. The 
hinder body is longer than forebody in iA. rufmi n. sp. reverse to that in above-men- 
tioned species. The new species resembles closely AT. perlatum in having the 
anterior testis asymmetrical, which is exceptional in the subgenus eonodiplostonmm. 
It further resembles A7 perlatum on account of the small sizes of the oesophagus 
and absence of the prepharynx, but it differs remarkably in the shape and size of 
the body, in the relative sizes of the forebody and hindbod^^ in the position, shape 
and size of the holdfast organ and position of the ventral sucker much further 
behind the intestinal bifurcation A7 mehranium Vidyarthi, 1938 and A7 laruei 
Vidyarthi, 1938 which resemble the new species on account of their being parasitic 
in the Accipetres differ much from the new species on account of the shape and 
size of the body, in the ratio of the size of the forebody to hindbody in tlie shape 
and size of the testes. A7 mehranium further differs from it on account of the 
highly massive holdfast organ which is provided with well-developed adhesive glands. 
As Vidyarthi has not mentioned anything about the presence or absence of the genital 
cone in his species it is not possible to assign them to any of the two subgenera 

F. 11 
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and compared properly with the new species. Out of the three species '^'N. duhoi- 
sii Gupta, 1937, ausierense Gupta, 1937 and *iV, hierncHi Gupta, 1937 (accounts 
not yet published), the last two resemble N. ru/eni n. sp. in host specificity but 
the former differs being parasitic in strigis. N. rufeni n. sp. differs from all the 
above species on account of the large size of the genital cone which is inconspicuous 
in the above-mentioned species, in the shape of the body, relative sizes of the fore- 
body and hindbody, in the absence of the prepharynx and extremely short length 
of the oesophagus. The new species also differs from N. ausierense Gupta, 1937 in 
the shape of the posterior testis which is symmetrical in the new species and horse- 
shoe-shaped with the concavity directed ventral ly in N. atisierense. 

Host : — Buteo rufinus rufinm. 

Habitat : Small intestine. 

Locality Allahabad (U.P., India). 

Neodiplostomum muthiari n. sp. 

Six specimens of this species were collected from the small intestine of one out 
of six woodpeckers, Braehypfemus bengalensis bengaleusis caught from Muthiara, a 
village near Allahabad. Body length 1*581 — 2-091 m.m. Forebody 0-850 — 1*122 m.m. 
long and 1*003— 1-173 m.m. broad, more or less rounded, flat, armed with minute 
backwardly directed spines. Hindbody 0-680—1*003 m.m. long and 0-578 — 0*680 . 
m.m. broad, cylindrical. Average ratio in length of forebody and hindbody nearly 
6:5. Oral sucker 0*080 — 0*085 m.m. long and 0*080 — 0*100 m.m. broad, nearly 
spherical and terminal Ventral sucker, transversely elongated, 0*078- 0*088 m.m. 
long and 0*098 — 0*115 m.m. broad, at 0*338—0*418 m.m. distance behind anterior end. 
Average ratio in size of oral and ventral suckers nearly 5:6 Holdfast organ 
0-163— 0*225 m.m long and 0*088— 0*175 m.m. broad at 0-125—0*163 m.m distance 
behind ventral sucker. Prepharynx absent ; muscular pharynx 0*068—0*075 m m. 
long and 0*053 — 0*068 m.m broad, oval ; oesophagus very small, intestinal bifurcation 
at 0*1825 mm. distance behind anterior extremity; intestinal coeca lateral in forebody 
on either side of ventral sucker and holdfast organ at 0*068— 0*095 m.m. and 0*119 
m.m. away from them respectively, but ventrolateral in hindbody. 

Testes, postovarian, tandem separated from one another in median plane by 
0T19“-“0*187 m.m. distance ; anterior testis 0*136 — 0*204 m.m. long and 0*340—0*391 
m.m. broad, transversely elongated, asymmetrical somewhat pear-shaped with 
narrow end towards median line, broad end towards left body margin, posterior 
testis 0*136 — 0*204 m.m. long and 0*408 — 0*459 m.m. broad, symmetrical, transversely 
elongated and somewhat dumbel-shaped. Vesicula seminalis close behind posterior 

Gupta gave an account of N. duboisH, JV. ausierense, and N» hieractii in his thesis submitted 
for the M.Be. examination in Zoology of Allahabad University. 
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testis, large and coiled. Grenital cone as seen in one specimen is present, but as 
sections were not cat its position requires confirmation. Ovary 0*102 — 0-153 m.m. 
long and 0*255 — 0*289 m.m. broad, transversely oval, at 0*986 m.m. behind anterior 
end, shell gland mass and yolk reservoir intertesticular. Ova 0-092—0*110 m.m. long 
and 0-045 ~ 0-055 m.m. broad, 2~4 in number, opereulated, yellowish brown in 
colour. Vitellaria composed of numerous small rounded follicles profusely develop- 
ed in forebody, poorly developed and dorsolateral, in hindbody extends from a 
little behind intestinal bifurcation to hinder extremity of body. 



Fig. 3 . — Keodiplostoriiuni muthiari n. sp. 

(Lettering as in Fig. 1.) 

Discussion . — I asKsign provisionally this species to the subgenus conodiplosiomuui 
because of the presence of the genital cone, though seen in one toto preparation 
requires to be confirmed. It may further be mentioned that no other species from 
the host birds of the order Pici has been yet included in this subgenus. The new 
species approaches N- pcrlatum (Ciurea, 1919) Ciurea 1929, and K rufem n. sp. on 
account of the absence of the prepharynx, presence of a short oesophagus and the 
asymmetrical condition of the anterior testis, but it is distinguished from the former 
in the broader size and oval shape of the forebody ; presence of cuticular spines in 
the forebody, in the shape of the testes, in the extension of the vitellaria (in 
iV. perlatuwi the vitellaria commence behind ventral sucker and extend medially in 
the hindbody overlapping the gonads) and the host birds also belong to two different 
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orders. (Accipetres in the case of N, perlatum and Pici in the case of iV. mnUtian 
n sp-). From Al rufeni n- sp. it can be easily separated on account of the difference 
in the relative length and breadth of the forebody and hindbody, the ventral sucker 
being larger than the oral sucker, the vitellaria not extending towards the median 
plane in the hindbody and the hosts belonging to different orders of birds (Accipetres 
in the case of N, rufeni n. sp. and Pici in the case of M mudliuin n. sp.). The 
anterior testis in N. mufliiari n. sp. does not occupy the entire breadth of the 
hindbody as in N* rufhii n. sp. Though the new species resembles K lanish 
Vidyarthi, 1938 in the shape of the forebody and hindbody, presence of cuticular 
spines, absence of the prepharynx, presence of a very short oesophagus and 
profuse development of the vitellaria in the forebody and its restriction to the 
lateral regions in the hindbody, it differs from it in the size of the body, in the 
size and shape of the holdfast organ, size and shape of the anterior testis and ovary 
and the host belonging to different orders of Birds {N. hinifi is |)arasitic in Sarco- 
gyps calvus of the order Accipetres). 

Host •-—Bravliyptenms hpjigalmsh heiigalensis. 

Habitat Small intestine. 

Locality Allahabad (LT P., India). 

Neodiplostomiini eiidynamis n. sp. 

Twelve specimens of this distomes were collected from small intestine of the 
Indian Koil Etidijnamis scolopaceous, caught from Sulemsarai, a village near Allaha- 
bad. Two birds examined yielded eight and four parasites each. About 30 
specimens in toto mounts and 6 speeimens for section cutting were also' given to me 
by Dr. H. R. Mehra for study for whicfe l am much indebted to him. Body 1‘88‘~ 
3T4 m.m. long and 0*935 — 1*190 m.m. maximum breadth in region of holdfast 
organ. Anterior body 0*901-— 1*275 m.m. long and 0*935— *1*390 m.m. broad, 
ellipsoid armed with minute backwardly directed spines. Hindbody cylindrical 
0*595 1*820 rn.rn. long and 0*561 — 0*935 in maximum breadth in region of anterior 
testis. Average ratio in length of forebody and hindbody nearly 1 : 1. Oral 
sucker subterminal, longitudinally oval 0*075—0*118 m.m, long and 0*07—0*113 m.m. 
broad as measured in toto mounts and 0*088 by 0*075 m.m. in sections. Ventral 
sucker transversely oval 0*088^ — -0*068 m.m long and 0*113 — 0*1 13 m.m. broad situated 
at 0-352—0*660 m.m, distance behind anterior end and midway between intestinal 
bifurcation and holdfast organ. Average ratio in sizes of oral and ventral suckers 
nearly 5: A Holdfast organ 0*195- 0-272 m.m. long and 0*112— 0*153 m-m. broad, 
elongated oval, at 0-125 m.m. distance behind ventral sucker. Prepharynx absent, 
pharynx muscular 0-075—0*113 m.m. long, 0*065-0*113 m.m. broad* in pressed 
specimens and 9-062-0-0S8 m.m. long and 0*050- 0*070 m.m. broad in sections; 
oesophagus 0 0825 m.m. long; intestinal bifurcation at about halfway between 
ventral sucker and anterior end; intestinal coeca in forebody lateral on either side 
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of ventral sucker and holdfast organ about one-third distance between them and 
lateral body margins but ventrolateral in hindbody. 

Testes post ovarian, tandem, occupying first three-quarters of the leugtli of 
hindbody. Anterior testis 0406 m.m. long and 0-527-0-765 mm. broad, asymme- 
trical, pear-shaped with pointed end near right body margin and broad end pressed 
against left body margin. Posterior testis 0-357—0408 m.m. in maximum length. 
0-136— 0-221 m.m. in length in region of constriction and 0-476—0-799 m.m. broad, 
symmetrical and hourglass-shaped. "V asa efferentia arise from left anterior coi'ueiR 
of testes and unite near the right body margin just in front of pointed end of anteiioi 
testis to form the vas deferens. Vesicula seminalis situated just behind posterioi 
testis, large and much coiled. Ovary 0-119— 0-153 m.m long aud 0-289— 0-391 m.m. 
broad, transversely oval, close in front of anterior testis and just behind body 
constriction. Oviduct arises from anterodorsal side of ovary. Ootype surrounded 
by shell gland mass aud partly covered by yolk reservoir, intertestecular slightly 
to right side. Ascending uterus situated to left side extending little in front of 
hindbody where it bends down towards right side to form the median descending 



Fig 4. — NeocUplostofUiU)/ 
endynamis n. sp. 



Fig, 5 .— jL. /S. of Neodiplostomiim 
endyiimnis n. sp. 


(Lettering as in Fig. 1) 
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uterus. Ova 0*1075 — 0‘11 m.m. long and 0*037- 0*053 m.m. broad, 13 to 15 
in number. Genital cone well-developed, highly muscular; eversible filling almost 
the entire genital atrium when not protruded. Genital opening dorsal little in front 
of hinder end. Body wall just in front of genital opening provided with three 
small muscular papillae. Vitellaria composed of numerous follicles, profusely 
developed in forebody and poorly developed in hindbody, extending from just behind 
intestinal bifurcation upto a little in front of blind ends of intestinal coeca and 
restricted to ventrolateral margins in hindbody. 

Diseussioj?. — The presence of a well-developed genital cone decides the 
position of this species under the subgenus Co/iodiplostoinwn Dubois under which 
so far no other species of Neodiplostomum from the host birds of the order Ouculi 
has been recorded. Of all the species of the subgeniis Conodiplosiomtioii, in which 
both the testes are as a rule symmetrical this species resembles closely N. perlatum 
(Ciurea, 1919) Ciurea 1929, N. rufem n. sp. and N, niiMhiari n. sp. in the asymme- 
trical condition of its anterior testis, absence of the prepharynx and in the short 
size of the oesophagus. It differs from N, perlatum in the shape of the forebody 
and hindbody. The forebody is oval and shorter than the hindbody in the new 
species whereas in N, perlatum it is longer or nearly equal to the hindbody with 
lateral margin much folded. Moreover in perlatum the body is divided into 
two parts by a strong constriction unlike that in the new species. The oi’a! sucker 
in the new species is larger than the pharynx unlike that in TV. perlatum, and the 
vitellaria in the new species commence, in front of the ventral sucker and are slightly 
developed in the hindbody confined only to edges, whereas in perlatum they 
commence behind the ventral sucker and are strongly developed in the hindbody 
overlapping the gonads. N, Eudynamis n. sp. is distinguished from N. rufeid n. sp. 
by the shape and size of the body, relative width of the forebody and the hindbody, 
large size of the oral and ventral suckers and the holdfast organ. In iV. etcdynamls 
n. sp. the yesicula seminalis is much larger and coiled and the vitellaria poorly 
developed in the hindbody restricted only to lateral margins and not extending 
towards the median plane lil^e those of N. rufeni n. sp. The hosts also belong to 
different orders of birds, N, ruferd n. sp. being parasitic in Accipetres and 
A. n, sp. parasitic in Cuculi. N.muthiari n. sp. which resembles this 

species in the poor development of the vitellaria in the hindbody can be easily 
sepamM from it on account of the size and shape of the body, relative sizes of the 
anterior and posterior regions, small size of the holdfast organ, shape and size 
of the testes, slightly developed condition of the genital cone, smaller number of ova 
and the host belonging to the order Pici. 

Host i— Eudynamis Scolopaceous. 

Habitat : — Small intestine. 

Locality Allahabad (U.P., India). 
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vSUMMARA' 

Free' fat spherules, showing no connection with the (3rolgi elements, nvh found in the oocytes of 
Galhis bankiva. A few fat bodies are associated with the Golgi elements, hut whether this associa- 
tion is real or fortuitous, due to a crowaling together of the Golgi elements and (at liodies in certain 
parts of the eggs, is not definitely determined, although the Jaf ter view- seems more jirobalilc in eonsi- 
ileration of the fact that in younger eggs such associations are rare, if not altogefher \vanting. 

Most vertebrate and invertebrate eggs are found to contain a certain amount 
of fat bodies in the form of well-marked spherules. About the origin of these fat 
bodies two mutually exclusive views have been held. Some authors have maintained 
that fat droplets are formed in the ground cytoplasm, uninfluenced by any of the 
cytoplasmic components. Others have shown that they arc produced by the trans- 
formation of, or in direct association with, the Golgi bodies. Rarely the mito- 
chondria (Hosselet, '1930) and nucleolar extrusions (Rao, 1927 ; Subramaniam and 
Aiyar, 1936) have been held responsible for the formation of fat. Jagersten (1935) 
expresses himself strongly on the point. He writes, “ Die Entstehung der Fettkiigel- 
ehen ist von vielen Forschern mit den Golgielementon, *den Mitochondrion oder 
anderen geformeten Eleraenten in der Zelle verknilpft worden; man hat dabei 
angonommen, dass sie iinmittelbar in Pettkiigelchen umgewandelt worden oder auch, 
dass sie mehr indirckt wirksam sind. Tch habe keine Belege fiir die Richtigkeit 
dieser Auffassungen gefunden, sondern im Gegenteil bei rneinem Material mit Sicher- 
heit feststollen konnen, dass keine Umwandlung der genannten Elemente in 
Fettkiigelchen stattfindet. Diese entstehen iinmittelbar im Grundcytoplasma ohne 
nachweisbaren Zusammenhang mit anderen geformten Gebilden.'^ Similarly Payne 
(193*-.), who investigated the cytoplasmic components of the eggs of many insects, 
found no indication that the Golgi elements are in any way involved in the pro- 
duction of fat bodies. He writes, “ As far as my observations go, I have found no 
evidence which would lead me to conclude that the Golgi bodies are concerned either 
directly or indirectly in either yolk or fat formation.^^ Saguchi, in his account 
of the cytoplasmic structures of the Amphibian eggs (1932), does not mention any 

$2 
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relationship between the Golgi bodies (or any other inclusions) and fat spherules. On 
the other hand, he clearly mentions that, "^‘Die Fettkiigelchen stellen ein von aussen 

aufgenommenes Rohmaterial dar, Hibbard and Parat (1928), likewise, do not 

ascribe the production of fat to the direct or indirect intervention of any cytoplas- 
mic component. They simply mention “gouttes d^hnile volumineuses.^^ Harvey 
too has consistently described the formation of fat bodies independently in the 
ground cytoplasm. 

On the other hand, there is a fairly respectable body of opinion that favours 
the other view. Gatenby and Woodger (1920) state, It seems quite probable that 

the diffuse Golgi elements actively take part in the formation of yolk bodies ; 

(in Helix and Limnaea). They mention further that in the case of Patella the 
Golgi apparatus provides most of the yolk spheres, of the full-grown egg, . 
Ludford (1921) found that in the eggs of Patella the pieces of archoplasm 
become loaded with fat. Fat bodies also develope under the influence of 
several Golgi bodies that collect together at many places. Golgi rods are, 

in such a case, found sticking to the surface of the fat bodies. Brambell 
(1924) described a transformation of the Golgi elements into fat (his Golgi-yolk 
or G-yolk) in the eggs of Helix. In Patella Golgi-yolk is formed, according to this 
author, just as Ludford described it. That BrambelFs Golgi-yolk is fatty in nature 
is evident from the fact that in the centrifuged oocytes of both Helix aspersa and 
Patella vulgata the Golgi-yolk bodies occupy the pole opposite to the one occupied by 
the mitochondria. Subsequent research has made it abundantly clear that this 
pole is occupied by the fat bodies. Additional support to this view is lent by 
the fact that “ The upper layer consisted of spheres which go black or dark 
grey in Champy^s fluid, but only appeared as vacuoles in Da Fano preparations 
Brambell himself thought these bodies to be fatty. He wrote, “ I think from their 
reactions that these Golgi-yolk spheres of Helix and Patella are fatty in nature, 
and that they probably do not contain protein substances.^^ Similarly the yolk 
in the oocyte of Limnaea which, according to Gatenby and Woodger, is formed 
by the Golgi elements, is fatty, as on centrifuging it occupies a pole obviously 
centripetal (Gatenby, 1919). Besides these authors, Bhattacharya and his pupils, 
Nath and his collaborators, Gresson, Subramaniam and Aiyar and some others have 
shown a direct participation of the Golgi elements in the production of fat bodies. 
Kater (1928) records an intimate association between the Golgi elements and fat 
bodies. 

In considering the significance of such an association of the Golgi bodies and 
the fat spherules, it is necessary to remember Payne^s criticism, “ Neither does 
contact between Golgi bodies and yolk and fat-spheres supply convincing evidence 
that the Golgi bodies contribute to their formation. As the cell becomes crowded 
with fat and yolk, such contacts are inevitable." Nevertheless an intimate contact 
F. 12 
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between the Golgi elements and the fat droplets would be strongly suggestive of a 
participation of the Golgi elements in the origination of the fatty material. Such 
an association, if real, cannot necessarily be confined to the older eggs where a 
crowding of the inclusions is most likely to occur. The most important point to 
determine is whether an unquestionable morphological demonstration of an intimate 
contact between the Golgi elements and fat bodies has been made. Ludford and 
Brambell founded their conclusions on the study of osmic-treated material. To 
obtain a decision on this matter Bhattacharya and his pupils also rely on methods 
involving the use of osmic acid, and so do Gresson and Eater. In the eggs of the 
spider, crossopriza, Vishwa Nath (1928) finds “Golgi vacuoles” in eggs prepared 
according to Man n-Eopsch method and kept in turpentine (Fig. 11). The Golgi 
elements have “a sharp black rim and a central clear substance.” NatlFs figures 
convey the impression that when the fatty portion of the Golgi comple.Y is dissolved 
out in turpentine there rem.ains a black rim or cortex. Similarly vacuolar bodies 
with dark rims and light centres are figured by Bhatia and Nath (1931) in their 


paper on the crustacean oogenesis (Te.xt-Fig. 5). These bodies are seen on examin- 
ii.g a portion of the contents of a ripe oocyte kept in 2 per cent, osmic acid for 10 
minutes. Bhatia and Nath write, “ The smallest Golgi elements (GE) show a dark 
rim and a very light brownish centre. The bigger ones (GE ') show a dark brownish 
centre, and^the still bigger ones(GE") show a still d.arker centre. The biggest 
ones (GE ' " ) appear uniformly black, as their interior and the rim are blackened 
to the same extent. From these facts it is to be concluded that the Golgi elements 
not only grow enormously in size but also become more and more fatty. The fully 
grown Golgi elements may be called the fatty yolk.” Nath and Nangia (1931) 
observe a similar behaviour of the Golgi bodies in the oocytes of Ophiocephalus. 

If a very advanced oocyte measuring 0-97 m.m. is ruptured after only ten minutes’ 
osmication and its contents studied under the microscope, one is driven to the 
conclusion that the small Golgi vesicles give rise, to fatty yolk by a process of 
growth and deposition of fat inside their interior (fig. 19).” Nath and his collabo- 
rators come to the same conclusion on their study of the oogenesis of some other 
animals. Now Sehlottke (1931) thinks that Nath (1929) and Bhandari and Nath 

r described fat as Golgi apparatu.s. Jiigersten 

(l.l3o)also holds this view. He writes, “Die Fettkiigelchen in der Zelle sind 
Gebilde, von denen kaum anzunehmen gewesen wilre, dass man sie mit Gohdelc- 
menten verwechseln kann Derartiger Irrtiimer hat sich besonders Nath und'seine 

feh (Palaeraon und Rana) 

behandelt, bei welchen derartige Verwechslungen vorgekommen sind. Weitere 

solche \erwechslungensindmeiner Ansicht nach wenigstens von foigenden IW 
(1930) be. Pheretaa, Nath „„d (.928) bei Otosti^^u,: N.,h and 
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(1929) bei Liiciola, Nath iind Mohan (1929) bei Periplarieta, Nath and Naogia (1931) 
bei Knochenfischen, Bhandari und Nath (1930) bei Dysdercus, Sharga (1 §28) bei 
Pheretima, Cxressoii (1929 bund 1931) bei Tenthredinideu und Periplaiieta, Rai (1930) 
bei Ostrea/^ Further he advances the argument that ^ Es besteht somit kein 
Zweifel darliber, dass die in frischem, lebendem und die in kurze Zeit mit Osmium- 
saure behandeltem Material beobachteten und von den genannten Forschern als 
Golgielemente aufgefassten Gebilcle nichts anderes als gewohnliche Fettkiigelchen 
sind/^ Jagersten admits that these authors have also possibly observed the real 
Golgi bodies in silver and some osmic preparations. What he emphasizes is the fact 
that osmicated fat bodies have been described as Golgi elements. 

That Nath and his collaborators have been dealing, in these cases, wkh fat 
bodies cannot be denied. The point which Nath emphasizes is that fat accumulates 
inside the Golgi vesicles. That is to say, a fairly big fat spherule is not a homo- 
geneous structure, but, on the contrary, it consists of two distinct elements, the 
Golgi body in the form of an osmiophil rim and free fat inside it. The present writer 
(1934) found that on subjecting osmicated eggs of Passer domesticus to the action 
of turpentine the fat bodies were dissolved out within a few minutes, but the empty 
vacuoles, in nearly each case, carried some osmiophil granules or crescents^ which 
were considered to be the Golgi bodies (Fig, 13). I have observed the same pheno- 
menon in the eggs of Anthia sexguttata. Srivastava and Bhattacharya (1935) and 
Das (1931) concluded the participation of the Golgi elements in the production 
of fat bodies on more or less similar grounds. 

All these authors have drawn their conclusions from a study of osmicated 
material. Now it is precisely in this connection, i.e., the persistence of a black rim or 
cortex after the fat has been extracted from osmicated eggs with turpentine or 
other fat-solvents, that the following remarks of Hoerr (1936) are of the greatest 
significance. Hoerr writes: — “A great many unjustified deductions have been drawn 
from observations on material in which there has been incomplete oxidation 
of lipin droplets with the resulting blackened circles and crescents around paler 
centres or vacuoles. It should be obvious that these appearances are produced 
by an incornplete oxidation of the lipin droplet as the osmic acid penetrates 
from without. If the centre of the lipin droplet has not been sufficiently oxidized 
so as to be rendered completely insoluble in the solvents employed, then the 
resulting picture naturally is a blackened circle with an empty centre (fig. 2). 
That such a result does not mean a core of a more soluble lipin surrounded by a 
circumference of more insoluble lipius or neutral fat (as Cramer and Gatenby, 
^28, have concluded) can be proved by taking comparable sections and fixing them 
in osmic acid for varying lengths of time. If longer periods of fixation are 
employed, the droplets that appeared in earlier fixation as circles will be seen to be 
completely blackened. Here, as in any chemical process, the rate of reaction and 
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the speed of penetration are highly important In face of this criticism it becomes 
necessary', in order to tra<!e the connection between the Golgi elements and fat 
bodies, to use some other method than Ludford followed by the extraction of fat 

in tTirpentine. u j u 

The present work was undertaken in order to observe the results obtained by 

the use of such a method. It may be mentioned here that Aoyama followed by Sudan 
IV, as recommended by Gatenby (The microtomist’s vade-mecum, by Gatenby, J.B., 
and Painter, T.S., London, 1937) for a satisfactory solution of this problem, could 
not be employed for want of a freezing microtome. Ihe procedure adopted was 
as follows : — 

1* Fixation of the ovary (of Gall us bankiva) in 1*5 per cent, osmic acid for 
24 hours, 

2. Washing in two changes of distilled water for 5 10 minutes. 

B. Keeping the material in 2 per cent, silver niti’ate solution in dark for 
48 hours, 

4. Washing in distilled water for 5 — 10 minutes. 

5. Keeping the material in the reducing solution (hydroquinone, 1*5 gram ; 
neutral formalin, 15 cc. : distilled water, 100 cc.; sodium sulphite *5 gram) for 
24 hours. 



Fig. 1.— A young oocyte, showing fat Fig. 2 —A slightly younger oocyte, 

bodies and Golgi elements showing fatty vacuoles and 

Golgi elements. 

<r., Golgi body ; /., fat body ; /. t;., fatty vacuole. 

6. Dehydration in ascending grades of alcohols, clearing in xylol, and imbedding 
in paraffin wax. 
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Sections were cut 5jx thick. Some were mounted straight in balsam and 
examined and sketched immediately. It is unnecessary to extract the fat with 
turpentine, as the xylol in balsam removes it completely within twentj^-four hours. 
Some sections were also brought to water and treated with 1 per cent potassium 
permanganate till the blackened fat spherules were completely decolorized. The 
slides were then flooded with oxalic acid and subsequently kept in running water 
for ten minutes, after which they were stained with Sudan IV, 



O.imm 

Fig, 3 

(Lettering as in Fig. 1.) 

Fig, 3. — A bigger oocyte, showing fatty vacuoles and Golgi elements. 

Figure i represents an oocyte sketched immediately after being mounted. 
The egg contains a good many fatty spherules gone black in osmic acid. In 
addition to these there are numerous argentophil Golgi elements, crescentic or 
spherical, distributed irregularly over the entire stretch of the cytoplasm. Figure 2 
shows a similar condition except that the place of fat bodies is taken by empty 
vacuoles due to the dissolution of the former. Figure 3 represents an egg sketched 
twenty-four hours after it was mounted. The xylol in balsam has dissolved out the 
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fatty spherules, which consequently appear as empty vacuoles. The argentophil 
Golgi elements are irregularly scattered in the cytoplasm. They appear more 
numerous in that part of the egg which contains the greatest number of fatty 
vacuoles and, therefore, wears a frothy look. At places they are found between 
and inside the vacuoles. There are, however, a good many fatty vacuoles that 
exhibit absolutely no connection with the Golgi elements. In Fig. 3 most of the 
upper vacuoles are of this nature. Fig. 4 represents a portion of an oocyte drawn 
at a higher magnification. It shows that most of the fatty vacuoles in this particular 
region are not associated with the Golgi elements. Another fact of importance is that 
in no case do the fatty vacuoles show a complete argentophil cortex, which proves 
that the fat bodies are not vesicular in form, composed of an outer Golgi substance 
(the rim) with free fat in the interior. 



O. imm 

Pig. 4 

(Lettering as in Fig, 1) 

Fig, 4. — Part of an oocyte, showing fatty vacuoles and Golgi elements. 

It is easy to see that in the eggs of Gallus there do exist fatty spherules which 
are produced in the ground cytoplasm independently of the Golgi elements. Most 
of the fat bodies are assuredly of this nature. There are, however, some fat 
vacuoles which are, in some way or other, associated with the Golgi bodies. Whether 
this association is real and denotes a functional significance of the Golgi elements, 
or fortuitous, caused by the crowding together of the fat bodies and the Golgi 
elements, is a little difficult to decide. It is probably significant that in younger 
eggs (Fig. 21 carrying fewer Golgi elements and fewer fat bodies such associations 
hardly exist. The important fact is that free fat spherules bearing no connection 
with the Golgi bodies normally occur in the eggs of Gallus. It is possible that all 
fat bodies are of this nature, though this is by no means satisfactorily established. 
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ON THE NEW CONGRUENCE PROPERTIES OP THE ARITHMETIC 

FUNCTION T(») 

By D. P. Bayerjeb 

A. M. COLIiEGE,MYMEJTSINGH 
Conamunieated by Prof. A. C. Banerji 
(Received on April, 2, 1942j 

Ramanujan^ assumed some of the Congruence properties of the arithmetic 
function Tin) which were proved by Darling' and Mordell.® I have proved* 
the Congruence properties of the arithmetic function T(n) regarding the modulii 
3, 4, 9, 12, 11, 25, 691. Here I shall prove the Congruence properties for modulii 
8®, 8«, 7”, 56, 56«, 40. We know that (l-x)^ =l—x^ + 23 where J is an integral 
power series in x whose coefficients are integers. 

oc 

Therefore (1— a:;)®=(l-fl;‘‘')* + 8 J. Hence® 2 T (w) a:”'- 1 ={(1— a:) 

(l-^r^) (l-^®)...}^*={(l-a:^)(l-a:‘)...}'^ + 8 J.=[l-3a:^+5r®..,]*+8J. 

Since the terms containing odd powers of x are absent in [1— 3a:^+5a!®...]* 
we have T(2w)=0 (mod 8). 

Since ® T(5n)=0 (mod 5) and T(7«)=0 (mod 7) we can prove easily 
T(14a)=0 (mod 56) and T(10«)=0 (mod 40). Again' T(p”+^m)=T(p) T(p”m)— 
piiT(p«-i m) where p is a prime number and (pim) = l. Hence T(2^+lm) — T(2)ir 
T(2wm)— 2^^ T{2«“im). Therefore T(2^m) = T(2) T(2m)— 2^^ T(m), Hence 
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T(2“ro)=0 (mod 8^). Similarly T(2'Sii)=0 (mod Honce T(2%n) = 0 (mod S>0- 
Similarly T(7^2m)=0 (modTw) and T(14^m)=0 (mod 56«). The Con^'nience proper- 
ty for 5« has been included in a paper for con<iTiience proi)erties oE some a.ritli- 
metic functions which will be published shortly. 
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MOTION or AN INCOMPRESSIBLE FLUID WITH VARYING CO- 
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TIVE VALUES OP PART II 
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In a prexdoiis paper, viz., "'Motion of an incompressible fluid with varying 
coefficient of viscosity, given by p.={Xo+8iir, for positive values of x. Part I/’ 
we considered the motion after neglecting the inertia terms. Here the inertia 
terms have been retained up to the first order of small quantities, when ‘H, v and la 
are small. Here also the law of variation in the co-efficient of viscosity is the 
same as in the previous paper, viz., ini' positive values of a\ At the 

origin the value of jx is go and we shall further assume that g is constant and 
equal to zero for negative vahies of x and the density of the liquid has been 
taken constant throughout the motion. 

Here also Si has been taken so small that its square and higher powers 
are neglected. Motion of the fluid at a finite distance and at a great distance 
from the origin has been considered. 

Proceeding as in Paper (I), we got the fundamental equations of motion, 
when g is a function of x only, to be 
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where X, Y and Z are the extraneous forces in the direction of the axes 

and 

^ ^ . 3 ^' 

dz^ 

Now in our case, g-=go + £ia:', where go and 8i are constants* 
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The equations of motion, in the absence of extraneous forces and on the 


substitution of the value of [.i and 




become in the case of an incompressible 


fluid 

<■ gr - If + 

(E+l) 

^X> , ( , ^ —2 ' (dw , dT(\ 

witli ^=0. 

ISTow we consider two cases wlien u, v and ?r are small., the first one beintj 
at a finite distance and the other at a great di.stancc from the origin. We .shall 
further assume that Si is small and if we retain terms up to the first order of 


small quantities, we may neglect Si| ei |x) 

the equations of motion. Then we have to inve.stigate whether we can neglect 
Eia;V^?c, Sia:V^«> and from the said equations of motion when a: is 


sufficiently large. Again we may neglect all terms in p — p and p 


Uir 

W 


except p 


du 

0# 


dv 

'W 


and p 


dw 
dt ' 


When we are taking into account the motion only at a finite di, stance from 
the origin, ZixV'u, etc.,- become small quantities of the second order and we may 
therefore neglect them. The equations of motion then become 


with 



9a: 








+ [XoV't: 




dw dp 
^ df dz 




Sx dy d% 


This case has been solved.’- 
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Now for the motion at a great distance from the origin [x changes appre- 
ciably and we cannot neglect etc., from the equations of motion which 

become 



1 

Sp ■ 

Ho+Eia:„2^^ 

dt 

p 

dx 

P 

dv _ ^ 

1 

^P I 


dt 

p 

dy 

p 

dw _ 

1 

°P 1 


1 

1 

1 

CO 

p 


V 

p 


• (1) 


with 


87j 


. ( 2 ) 


If we assume that h, r, w all vary as the equations (1) and (!2) can be 
written as 


u = — 




7T=: — 


with 


1 

|^-+- 


Pi 

dXi 

Pi 

1 

^P 1 


Pi- 

dy 

Pi ’ 

1 

dp 

ei 

Pi 

dx 

Pi ' 



^ 4- - 

9a;i 

.+ 

9 ?/ 

-T 






( 11 ) 


8x 


=0 


. ( 21 ) 


3^ 


9^ a‘-i 

where Uo + 8ia' = 8r aq and V” now means ^ — .7 -i- - - - y + . 

In a physical problem, due to dissipative forces, if the velocity continually 
diminishes, a must be negative. 

We write (11) in the following form : — 


(8iaqV"-'Pi) u= 


_0£_ 




(siaii ~Pi) IV- 


dp 


with 


dx 

dii , dv , dto ^ 
9aq dy dz 


( 1 - 2 ) 


. { 2 ' 1 ) 



154 


MATHEMATICS : SAXTI EAM MUKHERtEfe 


or 


{ 


V 






SlXi) EiXi dxi 

(v>- ^ 

V Sl'Xl^ SiXi C'lJ 

f V - - — )?!■ = — ^ 

V . 81 ^ 1 / Si^'i C% ■ 


. (1-3) 


Differentiating the first equation with respect to , the wsecond with respect 
to y, and the third with respect to in (1’3) and adding and then using (2*1) 
we get 


Pi 1 1 

-^‘10= V-p — — 


ZlOCi ZiXi 


or 


Pi'it—Xi V“p- 


eiXi' dxi 
dXi 


(3) 


Substituting this value of Pin> in the first equation of (1*2) we get the 
equation for determining ‘ p ’ to be 




dp ^ _ dp 


dxi 


= Pi 


dxi 


(4) 


or 


or 


Xow 


3|;V3,+ Vf ) = ,, ^ V„ + 2j-|^A> 

Hence simplifying (4*1) we get 

+2AvV-^V^2,-P„A^2>=0,where^^=Po. 

0.^1 0'./; 1 gj 


(41) 


or 


Put V^p=P 
so that 


(V-p) + ^V‘-^p-PoV2p=:0 


,,V^-P + ^-PoP = 0 . 


(4-2) 

(5) 

( 6 ) 
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Let P=Pi P.>,, where Pi is a function of Xi alone and P 2 that of y and ^ 
only. Substituting: in (6) we g,‘et 


+ p. V ,>P, ) 4- ip,-^ -P.p.p. =0. wW V, 


0*' 


or 


A AAl + Avy 2p 4 .A A Po-n 

P: ' Pi 0^1 dxi x. 


This can be satisfied if we write 


or 


Pi dxi^ Vi Xidxx Xi 
drPx^ dPi 


-/, = 0 and Av,2p3+/,=0, 

i 2 


^ da'i'^ ‘ du'i 

and Vi'P 2 + 7.P2=0 

First we consider (7) : 

2 


xi ~ — I + ^ - (Pu + Z-r, ) P 1 = 0 


/.• being an arbitrary constant. 

. . . . (7) 

. . . . (8) 




Let Pi = Ai *r- + A, .^1 P A 2 a;, f . . + A„^'i’”« + 

Substituting we get 

Ai 7;7,i^^ri”'‘-'-Ai Po^n’^'-Ai /.•a:i”*' + ' 

+ As 

+ Ag W3^a;i”*’-'-A3 Po-^r^-Ag /pa;r"»+‘ 

+ . . . 

+ A^_ 2 2 ■ ' - A„_ 2 Po 3 -i'""-2 -A„ _ 2 k a'i”’'-2+‘ 

A„l, P„a-i’”"-’ -A„_, /.•a'i”''-i + ' 


^ , « 1 “ ^ 


■n- 1 Po S'l "■ ' 1 /■' 3b 

,2 ^ ^ _ 7B„ _ A JM„ +1 




^=0 


+ A^_ I I 

+ -- A,, Po - A^ k xx^r. ^ 

-b . . 

This gives w.i‘^==0, i.e.y nii =0, nii =m 2 '-l •*- in^—m r + 1 

on - 2 = Olio, — 1 on 3 = '?;? 2 + 1 = m ^ + 2 

n?.jj = oni 4 {oi -1). 

— AiPo + A 2 07l2~=0 

- 1^0 + A^^ = 0, for ?2^3. 
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or 


or 


Pq I 

Aw — 2 “ 2 

^n _ ^ Pq ^ 

An-i “ A,j_ 2 (wi+W-1)^ (TOi+m-1)® 



P'i = Ai [l+Po^i+ |.(/.• + Po*).^•^+^ (//Po+ 2l(/.^+Po^)}<ri^+ . . . 

For Pj we consider (8). 

Vi* P8-l-/.'Ps=0 
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whereby^ 

Pass's Js 1 

[Pl®) 

cos 

sin 

1 si>, 

if/.-pi‘^ 

or 

B m Im 1 

(p2®) 

cos 

sin 

}■ m<j>, 

if /.•=-p 


Now we consider the equation 

V*p=P=PiP2. 

Pot where is a function of Xi only so that 

S-i +J<.v,'P,=P.P, 

gl-/.5>.=P. 

e + c, e- Pj 


Now 


D“~Z- 


can be easily foiiiul". 


^ + Pi P.y. where is a solid liarmoaic of degree n. 

Tiiriiiiig to (1-3) and (2-1) we have * 


with 


We find 


F. 2 



Pi 

SlJTi 


Pi 

SlXi 



dp 

dxi 

dp 

cy 



_1_ 

ElXt 


dp 

dx 


du , cv cvr 
dxi cy dx 


0. 


PiU^XiV^ p- 


dp 

ca\ 


from (3) ^ 


1 — 1 

dpl 

dP, 

dp 

PiV=-j:xi 

dxi 

dy 

dy 

1 

dPi 


dp 

PlW=-j^Xi 

dxi 

. _ 

aX 

-dz 


Y . 


by (8). 


. (A) 
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satisfy tlie equations of motion 
Since 


c 

da\ 


dp 


.nV-2 ?-^)+ 

cy \ I- dxi cy 


0 J 7 


dxt cy 

fi 

\ ‘ ^ dxi d% dz / 


+ 


3 

= r., P, 4^ + V V - ft + ^ 4^ SLP, 

cs"r I’ dx-i cy‘ 


C'p 

cif 


d^ a‘°P3_ d^v 

dz^' 


k dx'i dz 

=,,P„iPi + £i , e=^P2\ ,, 


V- 


Pi 

Elfl'l 


&(- 

./Pi 1 
./:ri / 

1 

z- ‘ 

aPa , 

r 

cy 

1 

V‘ 

= -J-f 

1 

//Pi 

3P2 

dp 

Eir/q ( 

77'*' ■ 

dxi 

9?/ 

Cif 

Ir 1 

' ■“ El^'l 

^ + 
3y 


1 3P2 
/.• dy 



^/Pl 
' du; 


c P^ _ _f , 

dy cy 


'^/ 1 p 




by (8) 

'] 


V dy / fly 


Z’P J — pQ- 

1 dp 




■ 1 cp 1 _8JP 

dy kpi dy 

ViP 
dx 

1 ePg d 

Eii'i dy'^kpi dy ‘ d-x 
_ 1 ^ 

^1*1 9?/ ^ 

Similar is the treatment with ?r. 
we have to find the solution of 

(a’lV" — Po) 2p=0 j 
(.TiV^-Po) iP=0 V 

ix,V^-Po)7id=0 3 


[f, (• 


ilPi+ f^Pt 

^ dxi 


ZiJffLvi 3*?/ 
//Pi 


-fti 


//.ri 


[_ r^, 


//p 

+ ';y;jr ~ 0'o + /nri)Pi 


by (7) 


with 


£?i^+ 0?p' 

e-n Sy dz 


=0 


Using (10) we get ■ VV>=0 
whereby from the first equation of (9) we get =0 


. ( 9 ) 
. ( 10 ) 
(9--A) 
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so that our equations reduce to 

(iqV--Po) »^ = 0 
(.TiV-’-Po) 


.^ = 0 I 

'1=0 J ■ 


cy cz 

A ^;olution of (9*1) and (10*1) i.s b}’ 


where 


yfS+/aS=0 


"”(^ 0 + .... (13), Z-'i being an arbitrary 


D=.riTb--(Po + //i^*i) 


constant. 


We coiistruet an expression V = r:o.ri^-f + . . 


and find 


^iDV = eoa(a~’l),r3 


provided C'ia(a4‘ l) = CoPo 

and (a + w) (a + /2 — = 1 Po + 6 ',j -2 for . . . • 

$ 

-'a — \ Po l_ 

^n~2 ^ f-a-2 (a+ *//) (a + ‘M— *1) (a + f^?) (a+w — 1) 


of 


Taking limits as we get — ^0. 

- I 

Hence the series is absolutely and uniformly convergent for all values 

Now our indical equation is a (a— 1)=0, Le.. a=l or zero . 

Therefore, by the method of Frobeiiius, the two solutions will be 

B. = [v]„,, a„d E. = [|V]^^ ■ ■ • -M 


a(a -h 1) 


a + -7? aA /i'-'l 


(Gn ~ I pq + - 2 for fi^2. 
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Oa ==^TZT^^^iO,Po'^CM Ir-zl^ 


(a+ 3)(a+2) 


(ai- 3 )(a+ 2 ) [ (a-f- 2 )(a + l) 

PQ 2 L. i> Jr I 

(a + l)a (a+l)aJ 


^ etc. 


V CoXi _l + (^^\)^a'i + (,jj^2)(a+l) l(a+\)a "'‘"*‘(a + 3)(a + 2) 


I Pq Po^ 4. /. A. i^'^4- 

l(a+2)(a + l) (a+Da ^ (a + l)af ^ ' 


] (17) 


where Co is an arbitrary constant. 


Ri — Co^^i 


1 + 2 _J «! + 2 ja^i ^ +^.3 { 3!2(2-1 


1 Uv, 3 . 


Thus the complete solution of (1) and (2) can be found by coinbiuiii^^' the 
results given in (A)^ (9*A) and (11), multiplied by 

«=^P,(x,P,- gl) 

>..•<(■1 |p,( 1 Ur|®i 

LPi \ k dx^ ) dx\ 


il ^ 2/1 . dFi U-oesi 
LPi dy ( k dxo } dx\ 

riePs/l.JPi \ ^0S] 

L^i dx dxi ^0 ^y\ 


My best thanks are due to Prof. A. C. Banerji under whose guidance 
I worked on this paper. I thank also my teacher Mr. E. N. Chaudliuri for 
kindly revising the manuscript. 
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In the previous two i)apers, Parts (I)^ and (II), we have discussed 

the cases where 8i was considered small. There when u, v and iv also were 
small we retained terms up to the first order of small quantities. In Part (I) we 
discussed the motion having neglected the inertia terms, whereas in Part (II) the 
inertia terms were retained up to the first order of small quantities. Here we 
have dwelt on the case when Si is not necessarily small. The discussion has been 
divided into two parts, namely, (A) and (B). In this case also we shall assume 
that Ui V and w are small, so that here too we shall neglect small quantities of 
the second order. 

In Part (A) we have discarded inertia terms from the equations of motion 
whereas in (B) they have been retained. 

At the origin the value of g is go and we shall further sui)pose that [x is 
constant and equal to zero for negative values of x and the density of the liquid 
has been taken constant throughout the motion in Case (B). 

From Paper (I) we find that in the absence of extraneous forces, our 
equations of motion are 


Dk 


dj^ 

dx 


(Ho + SiaO V'« + ei 



with 


D^' 


“W 




»s + f + p: -0. 

dx cy d% 


We shall consider two cases, when ti, v and w are small. 

Firstly we shall neglect the inertia terms and secondly they will be retained. 
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(A) Xeglectiag the inertia terms m'c get the equations o£ motion to be 


/ dn 
1 ^ 

+ 

9^f' 

1 = 

\ cx 


do:j 

' do: 

j dv 

JL 

ll‘') 

= ^ 

19^ 

"T 

a.rj 

dy 


-f 

a^r'i 

1 = ^1- 

1 dz 

9a:: J 

d% 


(1) 


with 


+ ii- + 

do: dy cz 


W e use the transformation 

[.io + £i.?;=Si.ri 

so that b‘X=bxi 

whereby (1) and (2) arc chaii^i,*ed to 


{dn 

du '' 
do’i ; 

j = ^ 

' eS'i 

■*' 

\.<^y 

d v 'i 
da'J 

= bl 

~ Sy 

(^ + 


- ^ 

\9% 

cxj 

dz 


with 

where 


caq cy dz. 


(ri) 


(21) 




9.7: i" oy^ ‘ dz'^ 

In (l 1) dih erentiatin^' the first equation with respect to aq , the s(‘eoud with 
respect to y and the third with resiieet to z. and addi n< 2 ; and then nsiu;^’ (2*1) 
we ‘^et 


26 i 

Taking? the first of (1*1) we o’ct 


( 3 ) 


Clsin^ (3) we ^u,’et 


Ae'ain 


2 £. Xx V-« + 4 £i I'' = 2 1^- 

CXi CXi 


. du Ci dp 

dxi " Sail ■ 


(4) 


1.7 

a!i[dxi/ 


or 


4. V« + 3.4e, 
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L’sm«(4) w- Brt 4 3 j 4 = »-. vV) +2 VO' + 2 

" ‘ 5J, { *1 v’lv’ri +2 3 |-V’p} 

or 0=2;ri -^V^p-.ri'^VUV-p)-2xi -~V- 2 ) + 2V^p- 2V^p 


- 2 .ri 

CJ I 


or .Ti V"(V“:?))+2^V‘-^p=:(» 

or/'i 

. Put V^'i} = P 

so that 


a;, V-P+2^^=() 

dTi 


Thus {5),, (6) and (7) combi nod will ^i.'iv’e us 

Now lot P = Pi Po wdioro Pi is a fuiictiou of tr^ only and Po that of ?/ and ,< 5 : 

y. 

Substituting tho value of P in (7) wo got 

^-1 ( P 2 + Pi Vi - P, ) + 2P, =0, where VO= ^ 

V «-4l I dXl ^ ~ i,t,- C«- 


Ps j + 2P, =0, where V j ^ 

> "■''■1 oy c%- 


1 (PVt 1 rlV. ^ 

”■ p77?7 + jrF.fr^-F:^'’P‘="' 

This can be satisfied if we write 

1 rZ^Pi , 2 1 dPi , , „ , 

Pi dxP .ri Pi da-i Pt> + /. P2-0. 

(OPi , „ dPi , „ „ 

or Xx‘—. — y +2 -^-/oTi Pi=0 .... 

dxi^ dxi ^ ^ 

LetDi=;ri that our equation becomes 


Pi “-b. , . , , , , ^ ^ (9*2) 

Following the method of Frobenius, “ we construct an expression 

5=Co a’i“ +ei .Ti“+2 + +c„ 3:5^“+”+ 

We have S'l Di i = hV-o [{a(a— 1)+ 2a}.ri“ —kxP'^~] 

= f-o a(a + l) ,ri“ ~eo /■' a'l"'’"^ 

+ '"1 (a+1) (a+2) a;i“+'^ 
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+ e, (a+2) (a + 3) 


+c„.a (a+n-2) (a+M-lkx“^”~^-e«-2 
+ c„_i (a+«-l) (a4- «),7!i“+”'l-e„_l 7^ 

+ e„ (a+») (a+«.+ l) «i“+"-c„ k. iri“+”+^ . 


or ;ri Di Z = Co a(a+l) !ri“ (10) 

providocl (a + l) (a + 2) Sj =0 (11) 

(a+») (a+ w+1) — e,j _2 ./.•=0, for mS2 .... (12) 

From (11) and (12) wo find 

ei=Cs=fr-5 = (13) 

Our indieal oqnatiou is i>-ivon. by 

a (a + l) = 0 

'whence a=0 or —1 (14) 

Now from (12) 

22^l£1l 1=; fQP ..>0 

On - 2 (a + n) (a+ n + 1) ’ 

— >0 as 9?-*'^ 

Hence the series under consideration will be absolutely and uniformly 
conver^»:ent for all values of ;ri. Since the difPerence of the two values of a 
diff er by an intei>*er, the two solutions of (9) will be j^iven by 


Pi ^ 


From (12) 


and from (13) 
so that C9'=- 


^ L . «= • 


(a+'?zV(a+7? + l) 


for n’^2 




(a+2) (a+3) 

I , h k 

(a + 4)(a+5) " (a+4)(a+5)' (a + 2) (a+3) 

k k k 

(a+6)(a+7) (a + 4) (a+5) ' (a+2) (a+3) 
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Hence 

:?:=r-o [ l + '(^:r2) (a+3) (tt+4) (a+5) (a+2) (a+3) 


+ 




(a+6) (a + 7) (a+4) (a + 5) (a+2) (a+3) 




]■ 


where Cq is an arbitrary constant. 


(15) 


8a 


iW f 1 1 1 I 1 I 1 ^ 

' a+4 a+5 a+2 a+3/ 


(a+4) (a + 5) (a+2) (a+3) 
7.^ rr/ 


4 . ■'! ( -I- I 1 . 1 , 1 

(a+6) (a+7) (a+4) (a+5) (a+2) {a+3) V a+6 a+7 a+4 a+5 

a+2’*' a+3]'^’ ] 


Thus 


Pi' ^0 [ 1 + 2 g Xi - + 2 ^ y, * + 2.3.4.5'.6.7 + -] •' 

•[l+jy ..Ti-+ j_2.3.4 1.2.3.4.5.6*^^'‘‘-] 

[^a+i) + ''^(l+i + r+l)+^-%^(l+i + i+l+i+j] +..]_ 


i.e., 


Pi 


.'=^0 


^ Pxi* k^Xx' 

„ _ Cq log Xi klxi^ J_ k^Xi* I 7c^xi 


Pi"=- 


Xi 


91 


4! 


■•■■], 


(15-2) 


“* C 0 3 1 


(l+2) + ^~;|/‘ (l + a + 3 + ?) 

_ +^^(l+^+^+l+-Hi) + .. 


(15-3) 


For P 2 we consider (8). 


VcPs + Z+Pa-O 


This gives^' 


or 


P,=b1 J,(PiC0) } s< 7-, if /.:=pr 
Pm UP2“) sin 


■ (16) 


F. 3 
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whence 


From (6) we get 

V^5I=P=PiP2 

Put — whei*e is a function of £Ci only 

1 


, Vfc a!j , 1 - V & a, 

j5i=Cie +C 2 V 




Pi 


P=l,Pn + Pi^2 

where is a solid harmonic of degree n. 

We write 8i‘r=?;o 8i?r=?^*o so that we get from (1-1) 

|t=*.v„.+ 

■|f =*.w...+( 

V7 2^„ 


9?/o 

9^1 

1 

, Sxi 

+ 9rrJ 

1 • 

Suo 

+ ^1 


£?/ 

dxj 


dz(o 

+ 9^0) 

r 

dz 

dTi J 

'J 


with 




or 


We can write (4) as 

^3.^1 ^ 

^{^Pi—lxi2idxx)-¥ef wdiere c is an arbitrary 
Putting c=0, we get a particular solution to be given by 

4^^.o=P2(2i5l-J^rlPld^rl) . 

The solutions of (1*2) and (2*2) are given by 

4?^o=P2(2pi — JiriPid^)" 

0P3 


z^’o = 


3P 2 


__ 0 j 2 


d% 


•Vi 


where vi is to be determined from 

4/jri=-^5*-a;.Pi , 


clxi 


For 




scsO 


• (17) 
. (18) 

.( 1 - 2 ) 

. ( 2 - 2 ) 

. (4-1) 
constant. 

. (4-2) 

. (19) 

. ( 20 ) 


by (8) 

byK20) 
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Again 


dy ^dxil 


4[a:iV' 

=4.r. V ‘^)+ (■2„,-/*.P.<ix,) ^ + 

{ f ■ £?( »• fe 

= v[f i; (^0 -f— .f. 

1 3P2 r <^^Pi , OA dpi dFi cl'^Fx dpi , t 

A- ^ ^/.Ti cZiCi M*r Ml 

+ 2*pi-A;|a;iPif?a;i + (Pi + 2/.,27i-:ri~;^|j 

= i lr[-“'.(*.-0"+-fe--'“>P.)+«J<.+P.-jf.P.<i>'.] 

From (9) we get 

p- 

Xx 7 •>> *• Jv'XxXi 


by (9) 


dxi 


dxi 


or 


£; (^.-£ 7 +Px]-/^^xPirf^'i=a constant; 


there being no additive function of «/ and % as Pi is purely a function of Xim 
Hence choosing the constant to be zero^ we find a particular solution that satisfies 


.r 1 V ^'^0 + 


C'Uq . 

3^ 3a:; 


ri / 3^ * 


Similarly we get ?ro. 
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Xow -we shall consider the solutions of 


^ . 


with 


^^^^ 0 , I 9 ?^’^ 

— I ^ 


0 — 


= 0 


. (21) 


. ( 2 * 2 ) 


dxi dy 

Differeutiatins: tkc 6.« e,„.ti« „{ (31) >vith respect to , tte scco.kI „ith 

i-eeliccttoyandthe thirel with respect to z, and addms and then using (s-o) 

we get ^ ’ 

so that =0 

•• a function of y and z only, where Vi ^S = 0. 

Hence 


Vo , 9w^o _ 
9y 32 ~ 


The solutions of (21) and (2-2) may be f,nvcn by 




"by 


y 


i- ^0 


( 22 ) 


or 

or 

of 

or 


(23) 


where a function of only, is to be found from 

a;- ^lo 

dx^x dxi ^ 

: ., . ... . ^ _ 

dxx + Si, where 6i is an arbitrary comstaut 

dlo = dxx 

..Xi^ 

io = 8i log +8,, 8, being another arbitrary constant . (24) 

Hence a complete solution 'of (1) and i'n e-u, !->« t it 

results of (19) aud (22). ' iound by combining the 
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Thus 




PiiZ.ri j + ^ 


1 ap.. ^ 

v= Vir^ 

Si dy 


£i 9?/^“ 


1 SPa ^1 as . 

w= 5“= Vi + — ;?- §0 f 

El dy El dx ° J 

t 

(B) Eetaining the inertia terms up to the first order of small quantities, we 
get the equations of motion to be 


^ t ^ 4- - 

p dx p p 


0 

■ dxl 


_ _ 1_ 9 p 

9^^ P dy 

die _ 1 9p 


+ iis±ai^V.,+ !i(|?+|l] 

p p \dy ax J 


at p oz P P\d:^ 


dxl 


with 

where p is a constant. 


S« + 3j; ^ 

ax dy dx 


u= 


with 

where 


and ir, all, 

vary] 

Liig as e 

a ; if 

where 

cti 

Po + 81:^ = 

= 8 

i.Ti so that 6a 

■-6.- 

Cl, we 

find 

_ ,Ji 

+ 

£1 

— X 

,w+ 

-M 

du 

+ 

du 

Pi 3;ri 


Pi 

Pi ' 

< Si-?! 

dx} 

1_ dp 

+ 

“ r 

I V ■ p 1 

5i ( 

du- 

+ 

dv ' 

Pi dy 


Pi 


dy 

dxi , 

a^ 


PI 

V^?P+ 

iL( 

du 

+ 

9?r 'j 

Pi dx 


Pi 

Pi V 

dz 


dxil 



dtr 

+ — + 

dtc 

n 





dxi 

dy 

dz 

— u 


• 


(25) 


(26) 


a constant, and 




(251) 


(261) 


V* now means 


a- 


+ 11+ 9^ 


dxi'^ ' dy'^ ' dz^ 

In physical problems, due to dissipative forces if the velocity continually 
diminishes, Oi must be negative. 

Differentiating the equation of (25‘1) with respect to ert, the sdcond Avith 
respect to y, and the third with respect to z, and adding we have 

du dv , 97r _ 1 

h 5-+ ^ = V p + 

daq ay az Pi ^ 

+ 



.r,V = 

'i^+p+ 

d/c^ 

) +li 

Pi 

\ axi 

dy 

dx > 

' Pi 

^1 

9 


dv . 

dm \ 

8 

Pi 

3c^'i 


dy 

dx) 

+ 

P 
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by (261) 


2eiV^« 


Again from (251) 




Pi Sxi Pi 


Pi 


O - -S< 9?^ I §J t-72 ,461“ du 

2 siu = ■—+ — i- ^ — 

Pi dxi Pi Pi dxi 


+2a-|-v’j,} 


Pi CXx 


=,= ^{*.VMVrt+3Av>^ } 


Substituting V^p-P and Pi/ei =Po, we get the differential equation for 
determining P to be given by 


,,V'^P + 2|^-PoP=0. . 

"We put P=PiP 2 as in Case (A) 

so that Pa f^- + PiVi-P3 + — P?-^^-- ^PiP 2 = 0, 

dxi" dxi Xi^ 


. (28) 


where 


vy 3 — ^ L 

Pi dxi^ Xi Pi dxi Xi Pa^^ ^ 


This can be satisfied if we write 

i 2_ 1 ,. 

Pi dxi''‘ xi Pi uxi Xi 


^Vi2P3+/. = 0 j 

d^P, ^ fZP , 


k being an arbiti'ary constant. 


and Vi'P 2 + AP 2=0 
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First we eonsidor the solution of (29), 


In finding the solution^ we shall follow the method of Frobeniiis. 
Constructing an expression 

Y^aoXi^ -^an . . 

We have 

*iDiV=Sa„[{a(a-l) +2aK“ -Po^i“'"' 

= ao{a(a+l) -Poiri“+' 

+ rri{(a+l) {a+2) .ri“+' -Poa:i“+^ 

+ rt,{(a+2) (a+3) yi“+2-PoP'i“+^ -tei“+^} 


+ 

+ ' • . 

+ «,^-2{(a^-«.-2) (a + «-l) •^'i“+”'^-PoP“i‘"+”" ' -/.•.ri“+”} 
+ cin-\{{a+n -1) (a + w) '-Por/!i“+" -kx^’^+”+'} 

+ an{(a + ??) (a + « + r/l) ,ri“+« -Pop“+”+’ -fei“+"+^ } 


+ 


or Xi Di V= aoa (a+1) . . . . 

provided ci] (a+1) (a+2) — 

and a^(a+^^) (a+^?. + l) -Pocin-^i - 

Our indical equation is given by 

a (a + 1) —0 

whence a=0 or — 1 

Now from (33) 

h . Pq ___ 

cin^2 (a + e/) (a+?? + l) (a + ‘;«) (a + ‘?^ + l) 

Proceeding to limits as n — we find that 


^w — l 


(31) 

(32) 

for 71^2 . (33) 


(34) 


- 1 
^71—1 




Lt 


Cl‘n^l 
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Hence the series thus found will bo absolutely and uniformly convergent 
for all values of ;ri. Since the difference of the two values of a differ by an 
integer, the two solutions of (29) will be given by 


. 1 - Y and Pi = — — 

4=0 I 3a Ja=-.| 


by suitably modifying the arbitrary constant. 

From (32) 

^(a+l) (a + 2) 

From (33) 

(a+» + l) {>'"n-2+Po a„.. 1 

"{ai-2)\a+3) + 

(a + 2) (a+3) ^ ‘ (a + l)(a4-2)J 

^ (a + 3) {a + 4) + Po 


for n'^2. 


i kPo 


cto 


and so on. 

Hence V = Uq cti^ 


(a+3) (a+4) l('a+a(a+2) {ix+2) (a + 3) (a + 17 ( 0 ^ 2 ) 

1 

(a + 3) 

I 


^ 1 - 


1 + 

+ 


Po 


(a+1) (a+2) + (a +2) (a + 3) 


Po‘ 


+ 


(a+1) (a+2 
Po 


2 ) }• 


rri* + 


1 


JkpQ 


(a + 3) (a + 4) t (a + 1) (a+2) 


(a + 2) (a+ 3) (a + 1) (a + 2) 

where ao is an arbitrary constant. 

Tims P'.=„.[ 1+ 


Po 




*!•'’ + 


•I 


(35) 


(36) 

To find Pi", we have to modify the arbitrary constant and brinsr in a new 

one where «o-Ao (a+1), in order to avoid zero factors in the denominators 
OX the terms. 
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Again Po and p can be found as in Case (A). 

We now write dowui the equations of motion in the following form 

PoW — — — r — 1 — 


8i ap 
— 1 


'bu , ^ , 'bw ^ 
by b% 


/ du 

+ 

9?f y 

UaJi 

dxiJ 

/ dv 

V 

9m \ 

hxi 

T 

dy ) ' 

1 dw 

+ 

9m \ 

\ dxi 

9* r 


We take the second equation of (25*2) 

1 ap r7‘^ 1 / I 

8i ap \dxi by 


r-7 2 J- ^ 1 

PoV V = r- 

eidy 

Putting V\’=V=Vi 


irl; V'j,+«.,V(AV)+2 v’*t I V'« 


where Vi is a function’ of Xi only 


We ge^ 


Po'V=— i^ + .riV®V+3~ (27), and -where V®i5 = P 

Si^y dxx 26 1 a?/ 


+ '»-0« 


d=Vi , ^rlYi , . , X TT _ 1 T. 

dx^ (po+*«i) Vi- Pi . . 

No-w V^v=^^.Yi 

dy 

Let '?; = 'yi , where ^’l is a function of Xi only. 

dy 

This Vi. will be given by 

^^^‘1 7 .„. _TT 

~r~-~2 Vi . . . 


wherby t?! =/!?ie +Z? 2 ^ 

where bi and 1)2 are two arbitrary constants. 

Similarly if we proceed with the third equation of (25.2) as we have done in 
the case of the second we shall find that 


W=^Vi 

will satisfy the third equation. 

F. 4 
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From (27) 


V-M= 




Jr o 

Let ^ , where Ui is a function of xi only, 


so that 

Le,, 


d^iii 

dxi'^ 


/rWl=Pl 


* (40) 


Po 

y — ^ ni + spherical harnionie terms. 


Here we shall ne^e;loct spherical harmonic teimis to suit our purpose., viZn, to 
have a particular solution of the problem. 

So in order that 

P. 


Uz=z 


28i 


Ui 


_ aPs 
02/ 
9P2 


may be solutions of (25*2) and (26*1) 






^ Tnnst be equal to zero 

2s I dxi 


w)t~ must satisfy (38) 


2Sl /.'Vi = — k 

dxi^^ ‘ dxi dxi 


must satisfy (37), 

Xow substituting the expression for tVi in the left-hand side of (37) 

2si/; r' dx, "^^dx,^ ~ + 

Again difi erentiating (29) with respect to aq wo get 


Hence 


^ . q^i / . , xfZPi 

-i- L fi!Pi . q d'^'Px / , ,, ^ ^Pi 1 Pi 

(37) is satisfied. 


. (41) 


(42) 


Therefore 
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Thus 


Pa 


1 SPa dpi 


k dy ‘ dxi y 


(43) 


2 e 

’ k dz ' dxi 

We shall, now, consider the solution of 

, r 7 ’ ' 4 . ( 4 - 1 

P 0 « =^'lV-«+^^+ g-j 
Poi-'=^iVV + (||,+ |^J 

Po.o'=x,VV+(|^ + ||) J 


with 


0 ?// ■ dv-' ■ dir' 
dxi dy dz 


(44) 


(45) 


Differentiating the first equation of (44) with respect to aq, the second with 
respect to y^ and the third with respect to «> and adding and then using (45) we get 

VV=0 
du' 


SO that 


Po 2/ = 2 


dxi 


PoOC] 

or ?^' = S e where S is a function of y and x only 

A<i:ain 


• (46) 


or 


or 


or 


or 


or 


or 


- ^ = -aq ^ V* (Se + e^' Vi "S- ^Se I. by (46) 


Q Pfr^ , ^0 a 

— 9 o€ 2 — Xi ^ b. 

^ tj [_ 




'i^s] 


e''‘’T + e''°T Vi^S l+e'’°TVi^S- ^ Se ~2 


P0 


2 PoQ^t 


^ S =- ^ aq S- ^ aJiVi'S + Vt'S- S 


(^aq -l) Vi^S=2^8(i- Pof) 

2 

Ai®S+^S =0 

4 

( V 1 ® + /.q ^) S =0, where ki = ^ 

S = Ai3iMl°^}l*>* (47) 

Sin j 


I 
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Thus We find that 


=Se "““T 


Pa 

f 2 as po^ 

Po 


. ( 48 ) 


The complete solution of (25) and (26) will be obtained by combining the 
results of (43) and (48). 

Hence 


P2 


X] 

4 Se P°T 

. 2 98 


28 i k dy clx]_ Po'^y ^ ^ 

J. A .l ?s 

2ei k dz ilxx Po ^ ^ 


. (49) 


My best thanks arc due to Prof. A. G. Banerji for his kind help in finding 
the solution of the problem. 
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SUMMARY 

Any model in which the density varies inversely as a power of the distance from the centre 
has been shown to have singularities at the centre. Instability of radial oscillations has been shown 
for linear and quadratic laws of density. The period of small oscillation of the homogeneous star has 
been calculated and found to accord very closely with observation. 

Profs. Eddington A Edgar A ^ SchwartzschikU and others have considered 
the modes of small radial oscillations of the standard polytrope (of index 3). 
Eddingtoivs calculation of the period of oscillatioiA ” comes short about by 
a factor 2., pointing to a lower central condensation in actual Cepheids than in the 
standard polytrope. It is evidently quite important to consider as many laws 
of variation of density as possible, and, to this end, Dr. Sterne has considered 
small oscillations of the following three stellar models : 

(1) the star of uniform density, 

(2) the star in which the density varies inversely as the square of the dis- 
tance from the centre, and 

(3) the star in which nearly all the mass is contained in a particle at the 
centre and in the rest of the star the density varies inversely as the square of the 
distance from the centre. 

Very recently Prof. A. C. Banerji^ has given an entirely new and interest- 
ing theory of the origin of the solar system, based on the instability of large 
radial oscillations of the following models : 

(1) the star of uniform density, and 

(2) the star with a small, homogeneous core, and the density in the annulus 
varying inversely as the pth power of the distance from the centre, where p Lj 
any positive integer excluding 1 and 3. 

Banerji’s investigations throw an imiDortant light on the density condensa- 
tion in Cepheid variables, and following his method the author has shown in 
anbther paper^^ that if the density vary inversely as a power of the distance 
from the centre, radial oscillations are possible only for the aforemen- 
tioned Sterne's model (2). The analysis supports' the inference drawn from 
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Its 


observation that the Cephcid variables are approximately homogeneous con- 
figurations,'^’ ^ ^ 

In the present paper it has been shown that Sterne’s model (2) and, in 
fact, any model in which the density varies inversely as a power of the distance 
from the centre., would have singularities at the centre. Linear and quadratic 
forms have therefore been assumed for the law of density, and the oscillations 
in these cases have been shown to be unstable. The validity of the solutions for 
the standard model has been questioned, and it is surmised that any law of density 
proceeding in power series of the distance from the centre would lead to instabi- 
lity of radial oscillations, so that radial oscillations can only be possible for a 
homogeneous star. The author is attempting a rigorous proof of this, which, if 
arrived at, would be presented in a subsequent paper. As an exercise, the period 
of small oscillation of the homogeneous star has been calculated, and is found to 
accord much better with observation than Eddington’s theoretical estimate for 
the standard model.^^ 

We first show that any law for which the density varies inversely as some 
poAver of the distance from the centre would lead to singularities at the centre. 
We Avill consider the following cases : 

Case{l). • • . . . . . (1) 


where p is the density at a point distant r from the centre, and /.* is a constant. 

We will suppose the sphere to be of radius E, haAung a small, homogeneous 
(to be ultimately evanescent) core of radius 

( 2 ) 

and the law of density in the annulus giA^'en by (1). 

Let p be the mean density of the sphere. Then avc ha\"e 


R 


Ua^~ + fi7rr'\~dr = 
a J r 


P , 


whence we haAm 


k' — >gR p, as \i — ^0 . 

Noav, mass inside radius a 

— _4 „3 —4 7.,,2t> 2 

— ‘S TT CC — ii' TT /lU iv 

a ^ 


Heuce the mass of the core becomes evanescent with the core. 
Xow, as >0, mass inside radius (•r=^0) 



. (3) 

. (4) 
. (5) 


. ( 6 ) 


2 r /.r*' 
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^ ^ Q. 

Hence the gravity, g, at r (r=t^0) — ^ p ~ constant. 

Blit the value of the central gravity" is zero, as the central mass is evane- 


scent. 


Again, the pressure Py. at r {'/*4=0) 

E 


=4 


Pdr- 


p^log— ,as[x* — >0. 
r ^ 


9 


(7) 


From (7) we have P^. — ->oo. 


as 


► 0 . 


The model, therefore, is not a ])hysieally oossible configuration, as there is 
a discontinuity in the value of gravity at the centre, and the central pressure 
tends to infinity. 

Ocwe (2). 

The same model as in Case (1), with the law (1) replaced by 

k 


p = - 
r 

We have for the mass in the sphere 

R 

(r J r“ 

(I 

From (9) we have 

k — >iR^ p, as p,— — ^0, 

Hence the mass inside the core of radius a 


k 


— % — "^Tr/zpR — ^0, 


as ^*“>0. 


The mass inside radius r ('r=|=0) 

^ 4: TT -y-j «) 

pr 

From (12) we have for the gravity at r {r=t=0). 


( 8 ) 

(9) 

( 10 ) 

( 11 ) 

( 12 ) 

(13) 


3 • 

Prom (13) we have g — > 0 °, as r — >0, 

But the value of the gravity at the centre is zero, as the central mass is 


evanescent. 
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we have for the pressure at r (r=t=0),,' 


p. 



From (14) we have P« — as r- 


► 0 . 


. ( 14 ) 


HencC:, the model is not a physically possible configuration for the same 
reasons as in Case (l). 

Case [8), 



. (15) 


where p is an integer greater than 2. 

It can be easily shown in this case that the central mass tends to infinity as 
P“^0, so that the model is not a physically possible configuration. 

We thus see that if the density vary inversely as some power of the distance 
from the centre, the star would have singularities at the centre. Thisc an be 
avoided by assuming the law of density to hold up to the surface of a central, 
homogeneous core of small but finite radius. Instability of this model for large 
radial oscillations has been shown by Banerji^ and for small oscillations by the 
author.^ ^ Another way to avoid the singularity would be to assume the law of 
density to be a power series of the distance of the point fi’om the centre. The 
investigation in the general case has not yet been tractable. We will here 
consider the following two simple laws of density : 

(a) , .... , . . ( 16 ) 

and (^) P=Pc(l-^). ( 17 ) 


where is tlie central density, E the radius of the star, and P the density 

at a point r. We assume the density to vanish on the surface. 

The differential equation' for small adiabatic oscillations of a star has been 
obtained by Eddington in the form : 


^ 4y- v dci i f Po 

t Y Po 



• (18) 


where lo.. Po, Po and go are the undisturbed values of the distance from the 
centre, density, pressure and gravity. 


>0 • ■ • 
loil =io«i co&nt. 


- (19) 
, (20) 
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with similar equations for the other variables, 

5P 
> 

0 


p 


8p 

Po 


where y is the effective ratio of the specific heats (regarding the matter 
enclosed radiation as one system), and 


n = 


II 


where 11 is the period of the pulsation. 

Changing to the independent variable 


-R’ 


the equation (18) becomes 

d^ai , 4:—vdax 


dx 


, 4:—vdax , ctvi 

+ + 1® Tp;"?r‘ 


where v is given by (19), and 

a=o . 

Y 

We will now consider the following cases : 

. Case (a). 

With the law of density as given in (16) we have 


E 


§0 


from the value of (26). 

Hence, we have from (16), (19), (26) and (27l 

12a:^^(4— 3 .t) 
(l—cr) (5 + lOir— 9^^)’ 


v = 


where x is given by (23). 
Also, we have 

EX_ 


36 


Po jiGpc(l“ir) (5+10ir~9a?^) 


(21) 

and 

( 22 ) 


(23) 


(24) 


(25) 


4r)^ 

. 

. (26) 

7lo® 


. (27) 

36 E 

16E"; •• • 


(28) 


(29) 


F, 5 
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Substituting from (28) and (29) in (24), we have 
x{l-C€) (5+lOa— 9a?^)^l + (20 + 20a;-124:r^+72■.r®) ^ 


where 


•f {/*— 12a(4-“3.T)}rai =0, . 


jtGpcY 


The equation (30) has regular singularities^^ at rr—O and a’=l. 
Assume 


oo 


. (30) 
. (31) 

. (32) 


as a series solution of (30). 

The inclicial equation^ Ogives g=0 or —3. Retaining oiilj' the former value 
to avoid singularity at the centre, we have the recurrence formula : 

(9XH27l-90+36a)/ix_2-{191" + (m-S6-(/--4Sa)}/>x- 1 + (5 a" + la)/;^ 


+ 5(X’’-l-ol+4)Ax+I=0 ...... (33) 

(33) may be put in the form 

(9-19fl;'+5?/'+5*')l* + (27-67iP'+15y + 25*')l+ 36a-90 

+ (86+;^-48a);r'+20«'--=0 (34) 

where a:'=hx.\lb^-2^ y'=h^jh^_2, ^rid %' =hx+\ jh^-2 ■ . • .(35) 

Dividing (34) by V, and proceeding to the limit as have 

9— 19Lt.'K'4-5Lty'+5Lts;'=0 . . . . , . (36) 

Putting Lte'=Z, 

we have 

Lt y' = Lt (bx/^A = (Lt a'y -f' . . . (37) 

and Lt*'=Z“ (38) 

Hence, we have from (36) 

9-19Z + 5/^ + 5Z' = 0 . . , , , (39) 


Equation (39) has I 1 as one root, giving unit radius of convergence for 
the power series. We do not consider the other roots of (39), as it follows from 
the general theoij of linear differential equations having regulai’ singularities 
that the power series (32) about the origin is convergent up to the next iiearest 
singularity which is x=l. 

We proceed to test the convergence of (32) for a;=l. 
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As Lt r// = Z=l,, we have all the terms to be ultimately of the same sign> and 

X =1— E, ....... (40) 

where 

. = o(i), . ... . . .(41) 

p being positive. 

Then we have from (35) 

2/'=(1~e)^=1-2e (42) 

and ^^'=(1—£)’^=1— 3 e., (43) 

to the first power of e. 

Substituting in (34) we obtain, equating to zero the terms of the highest order. 


16 ~r2a4/ 

6V 


. (44) 


As a given by (25) lies^^ between 0 and -6 and f in (31) is not negative, the 
numerator of the right-hand side of (44) is not zero, and we have 

(45) 

Hence, we have from (40) and (45) 

6x//a+i =l+e=l + 0(i) . . . , ^ ,(46) 


We have from (46) 

Lt X(/ix/Ax+i-l)=Lt o(4]=0. . . . .(47) 


The series solution (32) is therefore divergent^ for 

By an extension of Abel’s theorem'^ to series divergent on the circle of 
convergence, we have 

CO oo 

Lt (48)' 

0 0 ... 

Thus the amplitude of the oscillations increases without limit as we approach 
the surface of the star, and the model in question is therefore unstable for radial 
oscillations. 

Case (b). 

With the law of density as givenAn (17) we have 




Po=4itp,^Gl 


1 £ - 
-r^ 2 So 


2 

io" 

^6 V 

15 

■ 

SOE^j 
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_ goPoio _ 2a!*(5— So;^) 

Po “(1-*=*) (2-;^*) • • 

2£± — 

^ ¥o^2nPcGil-x^^){2-x-^) * 

With these substitutions the equation (24) becomes 
(2-i.*)0+{8-22a;^+lOa;*)^ 


whei’e 


+ {/’—2a(5~3iZJ^)}a^ii =0, 

'“'2jtPcYGr 


. (51) 
. (52) 

. (53) 
. (54) 


The equation (53) has regular singularities at the origin and at x=l. We 
do not consider x= '^2 as it lies outside the star, 
xissume the following series solution of (53) : 


:2 (55) 

0 

The indicial equation gives ( 7=0 or—3. Taking., as before., the former value., 
we find that the odd coefficients vanish and for the even coefficients wc have 
the following recurrence formula : 

(J.^ + SX'-lS + Oa) 5x^3-(3^' + 13X*-16-/*+10a) 

+ (2>.* + m+8)Z^x+l = 0. (56) 

where X is even. 

(56) may be put in the form 

(1 — 3x^ 4- 2y) + (3 — 13a;' + 10^')X 



+ {(16 + f— lOa) a;'+8^'+6a— 18}=0, . 

. (57) 

where 

P'’'=^-l/^-3and y'=6x+l/6x-3- 

. (58) 

Dividing 

by V, and proceeding to the limit as we have 



1— 3 Ltit:'+2 Lt^'=0. . . 

. (59) 

Putting 

II 

. (60) 

we have 




Uy'=l\ 

• (61) 

Hence, we have from (59) 



l-3Z+2^^=0 

. (621 


Equation (62) has ?-l as one root, giving unit radius of convergence ior 
the power series (55). We do not consider the other root of (62)^ as the power 
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series (55) about the origin is convergent up to the next nearest singularity of 
(53), which is 

We proceed to test the convergence of (55) for 

As Lt :/ = Z=l, we have all the terms to be ultimately of the same sign, and 



£, . . . . 

. . (63) 

where 

II 

CO 

• . (64) 

p being positive. 



Then, we have from (58) 



. . . 

. (65) 

to the firvSt power of e. 



- Substituting in (57) 

, we obtain 


t 

/*— 4a+6 

B= ..... 

. . (66) 

As a given by (2jj 

i) lies between 0 and *6 and f in (54) is not negative, the 

numerator of the right-hand side of (66) is not zero, and we have 



s = 0(i) . . . . 

. . (67) 

Hence, we have from (63) and (67) 



l/^X+l + . 

. . (68) 

We have from (68) 



Ltx— — 1)— Ltx— 

* . (6ft) 

The series solution (55) is theiTforc divergent for .r=l. By 

the exteusion 


, of Abel’s theorem to series divergent on the circle of convergence, we have 

oo oo 

lAx — 2 Cx = 2 A * . . (70) 

0 0 

Thus the amplitude of the oscillations increases without limit as we approach 
the siu'face of the star, and the model in question is therefore unstable for radial 
oscillations. 

The investigation of the law of density as a power series in r becomes 
complicated and has not been attempted. However, in view of the present 
analysis, it becomes incumbent to establish the convergence of the series solution 
of the differential equation right up to the boundary of the star. Eddington's 
fundamental differential equation is (18). It is a differential equation of the 
second ord(^r having regular singularities at and Po = 0, that is, at the centre 
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and on the boundary of the star. From the i 4 ‘eneral analysis^ ^ of linear dift‘ereiitial 
equations haviiio- regular singularities/it is known that Frobenius’ method gives 
series solutions convergent between two adjacent singularities. It is therefore 
necessary to establish the convergence of the scries solution on the boundary 
of the star. This is the more so as Sterne’-'^ has obtained convergent solutions 
only for finite polynomials and the infinite series have become divergent on the 
boundary of the star. Similar results have been obtained by Banerji^ and the 
author. 

The solutions obtained so far by quadrature of the standard model are 
unsatisfactory in this respect that the convergence or otherwise of the series 
solutions on the boundary has nowhere been tested. That the test is essential 
is evident from the fact that the amplitude on the surface becomes infinite for 
specific laws of density and there is no guarantee that it would remain finite 
for the standard model. This is apart from another objection to tlj^c current 
investigations, namely, that the square of the amplitude cannot be neglected. 
This has been fully eluQidated by Bancrji^ in his paper. 

The analysis so far has shown radial oscillations to be possible only for 
the homogeneous star. It is interesting to compare this with the following in- 
ferences drawn from observation : 

KopaF*^ states, “If the hypotheses involved in the present state of the 
pulsation theory are correct, the density condensations of Cepheids must depend 
widely on their spectral class. With advancing spectral type the central 
condensations seem rapidly to diminish, and the 6 Cephei F-5 stars seem 
to approach the limit of homogeneity.^’ Chandrasekhar^ states, “ The Cepheids 
and the Cluster type variables which occur in the ^ super-giant ^ region of the 
Hertzsprimg-Riissell diagram must be much less condensed towards the centre 
than the typical main series stars. The necessity for the Cepheids to be more 
homogeneous than ‘ ordinary stars" has often been emphasised by Eddington."’ 

As a test of the hypothesis of homogeneity, we will calculate the period of ’ 
the fundamental mode of small radial oscillations of the typical Cepheid, 6 
Cephei, assuming it to be homogeneous, and compare it with the observed period. 

We have the following data*^ for 5 Cephei : 


Mass Kadiiis Period observed 

(&un=l) (10® km.) (days) 

8‘8 20-2 5.37 , ^ (71) 

Now Sterne^ ^ has proved that the period of the fundamental mode of oscil- 
lation of a homogeneous sphere of density p is given by 

2;rCpv*“"“^ (^2) 
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where G is the gravitational constant, and a, n and y are given respectivelv by 
(25), (22) and (21). 

Hence, the period 

n= 

Now y, according to Eddington, is given by 




Btt 

Gyap 


(73) 


4-3(3 

r-i l+12(r~l)(l-(3)/r 


(74) 


where P is the ratio of ^^as to total pressure, and T is the ratio of specific heats 
for material gas alone. 

y is, therefore, not constant in the homogeneous star^ as (3 is not so. P, in 
fact, increases monotonically from the central value ‘44 to the value 1 on^ the 
surface. This we show as follows : 

We have the equations of gas and radiation pressure 


= -^T and (1 •• P) P = ir/T (75) 

P jtJa 

where k is the Boltzmann constant, a the Stefan constant, [i is the mean molecular 
weight, H is the mass of the proton, and T is the temperature. Eliminating T 
in (75), we have 


JlV ^ 

l-p~al{iHj P^ 


(76) 


As p is constant for the homogeneous star and P decreases from centre to 
surface, it follows from (76) that p increases from centre to surface. 

On the surface, P = 0, and, therefore, from (76), (3=1, We will calculate 
the central value of p. The central x)ressiire P^ for the uniform star of mass 
M and radius E is given by® 


, GM“ 


(77) 


Prom the equations (76) and (77) we have P^ , the central value of p, given by 


_18 / k 

I-P, ~a^ I [iB. j ; ^ 


(78) 


Til equation (78) may be compared with Eddington’s quartic equation*' for 
the standard model. It shows that, as in the standard model, p^ depends only on 
the mass of the star and is independent of its radius. 

Numerical solution of the quartic equation (78), with the help of the data 
(71) and a table of physical constants, gives 

Pc =‘44 (79) 

for the homogeneous star. 
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As Y aud a will vary with p, Sterne’s sohitioiA’ for the homogeneous star is 
not strictly valid. We may, however, as an approximation, assume an average 
value of p. The value of the period given by (73) will then depend on the 
assumed average. 

We take r=l'55 as given by Fowler and Guggenheim^ ^ for the average 
Cepheid. For any assumed p, y may be calculated from (74) aud then II from (73). 
Below we list the values of II for 'three values of p, namely, the centre and 
surface values as well as the arithmetic mean of these. 

Centre Surface Average 

P ’44 1 -72 

n (days) 10’4 5‘65 S’O 

As the observed period is that of the surface oscillation, clearly more weight 
should be attached to the surface value of p, and it is significant how closely 
the corresponding value of the period accords with the observational value of 
5'37 days as given in (71). This should be compared with Eddington’s eomputed 
value^^ of 3'57 days for the period of the standard model which is too low about 
by a factor 2. In fact, this suggests, as is well known, a lower central conden- 
sation for actual Copheids than that in the standard model. ^ 

Elsewhere the author^® has shown that p is constant only for the standard 
model. A strictly rigorous discus.sion should, as has already been remarked, 
take account of the variation of p in the assumed model. 

The above investigation has been carried out under the guidance of 
Prof, A, C. Banerji. to whom the author’s most respectful thanks are due. 
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THE STATIONAEY CATHODE SPOT OF A LOW PBESSURE 
MEECUBY ABC DISCHARGE 

By Bafi Mohammed Chaxjdhki and Abdul Qadie Khan, 

Physics Department, Muslim University, Aligarh 
(Received on Marcli 25, 1942) 

The cathode spot of a Icrw pressure Mercury arc wanders restlessly over 
the Mercury pool of the arc. A number of experimenters have observed, 
however, that it is possible to anchor the spot on a metal partly dipped in the 
Mercury pool; the latest work on this subject is that of Warmoltz.^ In the 
present work som,^ characteristics of the phenomenon have been studied and 
data have been obtained to check the theory of the low pressure Mercury arc. 


The Apparatus 

The arc chamber, C, Fig. (1), is a flask of pyrex glass, 13 cms. in diameter. 
The cylindrical iron electrode A, 1*8 cms. long and 1-3 cms. in diameter, acts 
as the anode. A pool of clean and pure Mercury at the bottom of the flask 
serves as the cathode. The anode A is fixed in position in the flask with a thick 
Nickel lead screwed to A on one end and spot welded to a pyrex-Tungsten seal 
on the other. The entire length of the Nickel lead is covered with a pyrex 
capillary to shield it from the discharge. A gas- free Nickel rod, N, of desired 
diameter, sealed to the bottom of the flask, serves as an external lead to the 
Mercury pool. A small length, 1 to 2 mms. of this rod, is left projecting above 
the Mercury surface to act as an anchor. M is an additional movable Nickel 
electrode sealed to the main body of the apparatus through a high vacuum 
ground glass joint. The position of M was altered as desired without disturbing 
the vacuum in the arc by rotating this joint. 

The apparatus was permanently connected to a single stage Giede/s all 
steel Mercury diffusion pump backed by a Hyvac. It was exhausted to a high 
vacuum and made air-tight before observations were taken. The gas pressure 
inside was measured with a Mcleod gauge. The pumps were kept continuously 
running during the observations taken. 

The power for Mercury arc was drawn from a D.C. generator, G, which 
could give a current of 0 — 35 amperes at 100 volts. The arc voltage and current 
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were measured with. D.C. moving coil instruments introduced in the circuit as 
shown in Fig. (1). 



The Results 

xVs the arc is struck at a low current with a fresh Nickel rod the ca,thode 
spot starts racing over the Mercury surface and keeps dancing for a few minutes 
without touching the rod. It, however, gets attached to the rod at the common 
Ni-Hg boundary as the anchor is wetted by Mercury and remains permanently 
stationary there if the arc current is kept constant. The spot leaves its position 
temporarily if the arc current is increased, when its size also grows larger, but 
returns to the rod after moving restlessly over Mercury for a few seconds. 
This process continues till the size of the cathode spot, as a result of the increase 
in current, is large enough to encii’cle the rod completely. With further 
increase of arc current, the spot does not leave the rod unless the cimrent reaches 
a critical value at which -it gets detached from the rod. The spot now runs 
irregularly over the Mercury pool and the rod is as much favoured by it as any 
other point over the Mercury surface. 

The behaviour of the arc is slightly different when a rod which has once 
been wetted with Mercury is used. The spot is attached to the rod immediately 
after the arc is struck at any current below its critical value. Moreover, it 
remains permanently stationary at the Ni-Hg boundary and grows continuously 



i92 PHYSICS : EAPI MOHAMMED CHAUDHEI AND ABDtJL QADIR KHAl^ 


in size without leaving the rod for a moment as the arc current is gradually 
increased to its critical limit. 

The critical current is found to depend upon the thickness of the rod and 
rises linearly with its diameter. Besides;, the current at which the spot encircles 
the rod completely is always observed to be a fraction of the critical current. 
This is true for rods of all diameters used. 

Experiments were performed with anode at different heights from the 
Mercury pool and with rods^of different metals. The critical current is found 
to be independent of the distance between the electrodes and the nature of the 
rod as well as its length projecting above the Mercury suifface. The relation 
between the critical current and the diameter of a gas- free Nickel rod is shown 
in Fig. (2). Fig. (3) shows a cuiTcnt- voltage characteristic of the Mercury arc 
under a continuous run of about half an hour and is typical of a large number 
of curves taken. 




Kg. 2 Fig. 3 

Dotts- Current increasing. Crosses— Current decreasing. 
GiL7TentDe7isitymtheMercit7'yArc.-—A nickel rod^ 2 mms. in diameter 
and 4 mms. in length at the top and 5 mms. in diameter and 6 mms. in length at 
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the base, is partly immersed in the Mercury pool, the base resting 1 — 2 mms. 
deep below the Mercury surface. The cathode spot sticks to the Ni rod but 
as the current exceeds the critical value for a rod of 2 mms. diameter the spot 
makes a hole in Mercury and penetrates to the base which now acts as the anchor 
for the spot. The hole in Mercury becomes wider with increase of arc current 
till at a certain value the cathode spot is spread over the entire top of the base. 
The top is now exposed and made visible from outside, the volume of Mercury 
over it being pushed away to the sides. A simple calculation gives a current 
density of about 180 Amps./cm.^ in the Mercury arc. 

Division of the cathode spot into components . — The movable Ni rod, M, is 
introduced into the apparatus at this stage. On striking the arc, with the two 
rods, M and N, in contact, the cathode spot sticks to one of them at the Ni-Hg 
boundary but encircles them both as the current is increased. The spot gets 
spilt into two components if the movable rod is removed sufficiently away from 
the other and each component sticks to one rod separately. The arc current is 
now easily increased to a value equal to the algebraic sum of the critical 
currents for the two rods without either of the spots getting detached from 
position. As the current exceeds this limit the spots leave the rods and combine 
into one which races over the Mercury surface for an indefinite period. The 
arc current is now decreased considerably below the total critical value 
without further sub-division -of the spot which remains free all the time. 
It is re-attached, however, to one of the rods as the current approaches the 
corresponding limiting value and is steady in position with decreasing current 
till the arc dies out. 

The spot behaves differently if the two rods are kept apart before striking 
the arc. It sticks to one of them for all currents below the corresponding 
critical value. As the current is increased beyond this limit the spot leaves 
the rod and is transferred as a whole to the other provided the latter is thicker 
and thus the critical current for it is higher, otherwise, it races over the Mercury 
pool as a free spot. The sub-division of the spot does not occur at all under 
these circumstances and the rods act independent of each other and the critical 
current of one is uninfluenced by the presence of the other. The character of 
the arc is also independent of the distance between the two rods. 

Discussion 

The mechanism of a low pressure Mercury arc is yet a subject of contro- 
versy as the factors governing the arc are not known with certainty. In building 
a theory of the Mercimy arc the knowledge of (1) the current density at the 
cathode, (2) the cathode drop, (3) the width of cathode fall space and (4) the 
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temperature of the cathode spot is essential. The values obtained for these by 
various workers differ enormously. 

The cathode dark space in the Hg arc is too small to be measuied diiectly 
and can only be determined with the help of the space-charge equation which 
involves I and Y, the current density and the cathode drop respectively. Lamar 
and Compton^ have found the cathode drop to be about 10 volts and this is 
generally accepted as correct, though according to Stark^ and his co-workers 
it should be 5-27 volts. Data for the current density are very few. Grunther- 
Schulze^ finds its value to be as high as 4000 Amps./cm.^ while Thomsons^ assume 
it to be 1000 Amps./cm.^ only. 

Compton^ estimates the temperature of the cathode spot to be not more 
than 200°c., while Thomsons'^ believe that the temperature of the spot is raised 
to about 3000°c. in a time as short as five millionths of a second. 

In the present work an attempt has been made to determine the current 
density at the cathode of the arc. The cathode spot sticks to the base and pro- 
bably to the central portion of the Ni rod as well. The effective area-of the 
spot is consequently very slightly more than the area of the top of the base. 
We believe, however, that the error introduced due to the unknown active 
area of the rod is inappreciable. 

According to Thomsons the emission of electrons from the cathode of a 
Mercury arc is thermionic but Langmuir^ assumes it to be “ Auto-clectronic./’ 
caused by the intense electric field, of the order of a million volts per cm., 
existing at the cathode. The boiling point of Mercury is 357 c which is much 
below the temperatures at which effective thermionic emission occurs. One fails 
to understand how Mercury atoms can be heated to high temperatures of 3000 — 
4000'’c without boiling them off. The field or auto-electronic emission theory 
faces a similar set-back. The saturation current density on this theory is 
given by : — 


6*2x10 




6*8xl0^(# 

p. F 


where 

(1) y= current density in Amps./cm.^ 

(2) F is the electric field at the cathode and is of the order volts 
per cm. 

(3) ^ = 5 volts and represents the work function of Mercury. 

(4) |i=5 volts and is a constant for Mercury. 

(5) B^IO 


This makes y of the order of 10 Amps/cm. ^ which is vanishingly small 
as compared with the actual current density of the arc. It is hardly justified to 
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give preference to one theory over the other but the anchoring xDhenomenon 
of the cathode spot on a metal wetted with Mercury finds support on either. 

The contact of a metal with a foreign suiTace reduces its work function 
and thereby increases its capacity for emitting the thermionic as well as the auto- 
electronic emission. The thin film of Mercury which probably gets deposited 
on the anchor thus becomes a better source of electrons for the arc than the 
Mercury pooh with the result^, that the cathode spot sticks to the common 
boundary of the two metals. At critical and higher currents the evaporation 
of the Mercury film from the rod is probably very rapid and the spot remains 
detached from it till the next layer is formed. The fact that the spot leaves and 
returns to the rod repeatedly at high currents is in favour of the assumption. 

The linear relation^ Fig. (2), between the critical current and the diameter 
of the rod probably suggests that the size of the cathode spot is proportional to 
arc current. It also incidently shows that in the absence of a rod the spot would 
remain unstationary even at small arc currents. 

The difference in the paths^ Fig. (3), traced by the characteristic of the 
arc during a continuous rum on first increasing and then decreasing the arc 
current^ is iDrobably due to the variations in temperature of the arc. 

The value of the current density found by us differ enormously from 
that of Gunther-Schiilze. As it plays an extremely important role in the 
theory of the arc we have considered it desirable to obtain more data for it by 
improved methods. Experiments are now in progress in which the spot is studied 
photographically. 

It is a pleasure to record oim thanks to the Hoffble late Sir Shah Mohd. 
Sulaimam Vice-Chancellor, and Professor A. B. A. Haleem, Pro-Vice- 
Chancellor, for their interest in the work and the facilities provided for carrying 
it out. 
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DEPENDENCE OF ACOUSTICAL IMPEDANCE OF 
SOUND-ABSORBING MATERIALS ON THEIR 
PHYSICAL PROPERTIES 

By Chandra Kanta 
Physics Department, Allahabad University 
Communicated by Dr. E. N. Gbosh 
(Received on June 2, 1942) 

SUMMARY 

An account is given in the paper of measurements, by an improved method, of the 
acoustic impedances of some common sound-absorbing materials like felt, treetax and insulating 
board. The experimental results obtained are discussed in relation to the theoretical work of 
Morse and others, which connects the impedance with the porosity and the flow resistance 
of the material. It is found that for soft materials like felt Morse’s formula holds 
good, whereas for hard materials like insulating board the formula fails. Experimenting with an 
artificially constructed, hard, porous material, consisting of an assemblage of long vaccine tubes 
fixed to a brass disc, with their lengths normal to the plane of the disc, it is found that Morse’s 
formula does not give even the proper order of magnitude of the impedance. Wheti in this arrange- 
ment the interspaces between the capillary tubes are filled with beeswax and resin, i.e. when the 
tubes are embedded in this medium, so as to make the system rigid, it is found that the acoustic 
impedance as measured is just what should be expected from Rayleigh’s formula for capillary tubes 
of finite length, showing that the experimental values are of the proper magnitude. The failure of 
Morse s formula in such hard materials, thus appears to be genuine. An attempt is made in the 
paper to explain this failure. 

It has been shown by Morse and others^ that the acoustical impedance of 
some systems can be interpreted on the basis of their physical properties. In the 
present paper an attempt is made to test the validity of the relation, given by 
M(^rse and others, by applying it to sound absorbing materials like felt, treetax, 
insulating board and to an artificial sound absorber. For this purpose, measure- 
ments of the acoustical impedance in terms of its resistance and reactance 
components were made ; also the physical properties like porosity, flow resistance 
were experimentally determined in the laboratory and a comparison has been 
made of the calculated values with those found experimentally. 

For determining the acoustical impedance, an electrical method was adopted, 
which consists in measuring the changes m the electiical impedance of a receiver 
unit, due to the presence of a sound absorbing material. The method is described 
in detail with its theory, full experimental details and typical calculations in 
previous papers.® For the present work the technique of the method was greatly 
improved and a^ few observations in the case of sound absorbing materials like 
felt, treetax and insulating board were repeated for greater accuracy. 
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To study the variation of resistance with wave-length of sound the results 
have been plotted in Fig. 1, for felt treetax and insulating board. Dotted lines 
show the variation of reactance and solid lines of resistance. 

In Fig. 1 dotted and solid lines marked (1) show the cuiwes for felt. The 
resistance varies only from 1*2 to 2 ohms. The variation is very small. The 
reactance changes from —6 to —4 ohms and then as the frequency reaches 
about 1100 cycles it starts decreasing again. Since the experiment was not 
conducted beyond this frequency it cannot be said with certainty whether it will 
increase or decrease at frequencies higher than 1300 cycles. 

Lines marked (2) show the variations in the case of treetax. Here the order 
of resistance is 11 ohms, much higher than that for felt. It varies from 10*7 to 11 
ohms only, it remains practically constant. Reactance varies from —3 ohms 
at 800 cycles to +3 ohms at 1300 cycles. 

Lines marked (3) show the curves for an insulating board. The case of 
insulating board is quite different from any of these cases. The resistance does 
not remain constant but at first increases with frequency and then starts falling 
down after reaching a certain frequency. The changes of reactance are very 
rapid. 

Beranek^^ gives results for a wide range of frequency and his apparatus 
being very sensitive and accurate, his results can be relied upon for com- 
parison. Beranek*s curves can be divided into three parts. In the first part the 
resistance remains practically constant and reactance increases with increasing- 
frequency. In the second part, both reactance and resistance curves show a 
resonance effect and in the thii'd part they practically become constant. Now 
comparing the present work with Beranek's it can be seen that in the case of felt 
only first part lies within our experimental range of frequency. The case of 
treetax is almost similar to that of felt. The case of insulating board is some- 
what different from these two. Its second part lies within our experimental range 
of frequency. If we compare it with Beranek's curve for temacoustic we find 
that they are quite similar. 

It can also be noted that as long as reactance remains negative the phase 
change remains less than 180* but as soon as it becomes positive the phase change 
increases beyond 180**. 

It has been found that the absorbing power of treetax is more than that of 
felt or insulating board. Slight deviation of the results at places may be due to 
(1) the mounting conditions of the material, and (2) errors in the accurate 
determination of the wave-length of sound. The results for any material change 
with its mounting conditions, and as the material had to be taken out at every 
frequency and mounted again, some errors might have ' been introduced on that 
account. When, however, care is taken to avoid these errors, the method is 
F. 7 
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capable of i^iving the values of the resistance and reactance of a material and 
thus predict its behaviour at any frequency. 

Physical pro pert ies of the souncl-ahsorhing materials. — Morse, Bolts and 
Brown o-ave the equation for the value of acoustical impedance of the material in 
terms of its pliysical properties. The equation is 

me / \ m j 



L is the thickness of the material, X the wave-length of sound in free air, is the 
angle of refraction of the wave in the material, given in terms of the angle of 
incidence by the equation. 

cos <l>r- I } “ 

In the present case the sound is incident normally so that sin and 
hence cos 9^^=1. 

P is the porosity of the material, defined as the ratio of the volume of free 
air in the material to the total volume of the material ; r is the eft'ective 
resistivity or flow resiistance of the material, defined as the ratio between the 
pressure drop per unit thickness and the volume flow of air through the material ; 


has the dimensions c.c. per sec. per cm.^ of the surface 


Z 

pe 


denotes the 


specific resistivity of the material, and has the dimensions cm.”" K m denotes the 
ratio of the effective mass to the mass of an equal volume of air in the ox)en, or 
the specific mass. As Kuhl, Meyer and Gemant have pointed out, m is usually 
greater than unity, since part of the pore material moves with the air and adds 
its inertia. 

As a matter of fact none of these quantities will have at acoustic frequencies, 
exactly the same values as they have for steady state or geometrical measure- 
ments, Just as ‘M is a constant giving the off ective mass of the moving parts 
in the porOus material, so is P a measure of the effective stiffness of the air and 
material combined. As defined, P is the ratio between the stiffness of the air 
alone to the acoustic stiffness of the air and naaterial combined, and such ^ 
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quantity is liable to change with iTeqiiency. Although it is possible that its 
value at acoustic frequencies may be nearly equal to the measured for 

steady flow. 

Equation (1) given above is based on the assumption that the material is 
uniform and isotropic in porosity, etc., and that it has a rigid backing. 

To find the acoustical impedance from the physical properties of the 
materials according to the above formula, the porosity^ and flow resistance^ of 
the materials were determined experimentally in the laboratory. The following 
table gives the values for all the three materials. 


Material 

Table 1 

Thickness 

Porosity 

Resistivity 

felt 

. . IT cms. 

*82 

3-9 

treetax 

1*25 ,, 

•62 

30 

insulating board 

1-3 ,, 

-25 

175 

Taking the case 

of felt for which P= 

*8 and ^ = 4 and 
pc 

using the kuowu 


values of impedance, m is found to be about 10 gins. The thicifiess of the sample 

experimented upon was IT cms. Putting these values of P,~ and L in 

pc 

equation (1), the value of resistance and reactance terms of the acoustic impedance 
of felt were calculated at different frequencies. In Fig. 1, circles on curves 
show these computed values for resistance and reactance for felt. 

Treetax was then studied in the same w'ay. It has been found that as the 

value' of — is large in this case, so the value of can be very approximately 

determined. Taking it equal to 10, we find that the resistance ivS of the same 
order as found experimentally, but the reactance is much less* No other \mluc 
of m gives better results, evidently it shows that the structure of treetax is not 
so simple as to be predicted by equation (1). The complexity of structime 
results in adding a mass reactance equal to Miv which is generally proportional 
to frequency. 

Curves 2 in Fig. 1 refer to treetax. The crosses denote the experimental 
values and the circles show the computed values. In di*awing curve 2', a mass 
reactance equal to 21 iv has been added to the calculated reactance, which has 
not been done in drawing curve 2, The computed curves are now in agreement 
with the experimental curves. The* small discrepancies observed may be due 
to the change of 21 with frequency, which we have neglected. The mass 
reactance required to explain the discrepancy observed above, may be due to the 
materials being less pervious at the surface than in the interior, or it may be 
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due to the skiu effect or to the stiffness o£ the material a<,^auist bending. Morse 
and others liave also found while considering* the results got by Beranek, that 



The experimental values are denoted by crosses and the theoretical values by circles; the doited 
lines represent %e reactance and the solid lines the resistance. Curves 1 refer to felt, 2 to 
treetax, and 3 to insulating board. 


ill many cases the reactance computed theoretically is lower than the actual 
reactance. 

In the case of insulating board it is found that for the experimental values 
of P and no value of m gives resistance and reactance less than 50 and 45 

9C 

ohms respectively whereas the experimental values are only 15 and 5 respectively. 
The experimental value of the flow resistance is 175 ; but it has been found by 
calculation that if the flow resistance is of the order of 40 the results come out 


of the same order as given by experiment. 


So much difference in 


™ cannot be 
PC 


attributed to experimental errors. There are two possibilities in this case, 
(1) due to the complexity of structure a totally difiPerent relation in this case will 
predict the results ; or (2) the direct flow resistance method fails to give correct 


value of ~ for alternating currents. Morse and others liave shown that the 

pc 

relation fails in many cases^ and cannot predict the results in any way. 


Abtificial Absobber 

The study of the acoustic impedance of different inatcidals has shown us 
the dependence of the absorbing power of a material on its physical properties. 
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It suggests that if we can by some means control the physical properties of a 
material Ave can adjust its sound-absorbing poAver to any desii*ed A’alue. To 
achieA’e this ideal condition Ave thought of making an artificial absorber by col- 
lecting together a number of fine A^accine tubes of equal length and of almost 
same diameter. By A’aryiiig the number of tubes we could vary the porosity 
and mass reactance. A brass plate of thickness 5 mms. and diameter 5‘6 cms. 
was taken and equidistant holes of the requisite number Avere bored in the plate. 
Then fine capillary tubes Avere insei-ted in these holes ; since the tubes did not 
fit the holes tightly and a thin annular space could remain betAveen the tube 
and the hole^ the chinks were closed by beeswax and resin at the back side of 
the plate^ so that the fi'ont surface remained clean and smooth except for capil- 
lary spaces. In this Avay we prepared a number of plates haAung different 
number of tubes inserted in them. Since the plate differed only in the number 
of tubes fixed to them and were otherwise similar, Ave could thus imitate a material 
of knoAvn A’'ariable porosity and mass reactance. 

In order to study the effect of changing the mass reactance and stifthiess 
reactance separately, avc took a thin plate only 2 mms. thick and inserted 55 
tubes in it in the same manner. 

For doing the experiment one of these systems Avas attached to a long holloAV 
piston the back side of AAdiich Avas open to a long aii* column. WhatCA^er sound 
happened to pass through the tubes, Avas ncA-er reflected back and was fully 
absorbed because there Avas no rigid backing at the ends of the tubes. 


Theoby 

To find the terminal impedance in this case let us first consider AA'hat happens 
when sound waA^es fall normally upon the perforated plate. Since the Amlume 
current at the junction of the standing AvaAm tube and the capillary tube system 
should be the same on both sides of the siu'facc of the plate A, 

(1) the Amlume current towards the right due to incident plus the reflected 
waA’e must be equal to the Amliime current through the openings ; also 

(2) the acoustic AvaAm pressure on both sides of the surface must be the 

same. 

Let us assume plane progressiA'C AvaA^es inside the standing Avave tube, then 

where ii, ir and ^2 represent the particle A^elocities of the incident, reflected 
and transmitted AvaA’^es respectiA^ely ; a represents the cross-sectional area of the 
piston, r represents the aA-crage radius of the capillary tubes, and n is the number 
of tubes. 
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la-oni the .second condition -vvc find tluit 

where and 2 represent the pressures due to the incident, reflected and 

the transmitted Avaves respectively. 

Since we assume plane waves inside the standing wave tube, we can repre- 
sent pre.ssure by the i)roduct of impedance and volume current ; Le., p=Zo| 

therefore Zo (?i — ?r)=XZ2 = ffr’?2 Z2 


Here Zq is ecpial to pe, and Z2 is the impedance of a shigle opciimg. 

If Z'o represents the specific acoustic impedance of the openinpj, then 

Z'.^Zgrr^ 

So putting Z'2 for Z^ and solving the above equation's,, 


we ^i,^et 


where 


' k = A^-Z\ >/Zo 
A' + Z's/Zo 

_ Porous area 
a Total area 


but 


and therefore 


or 



= A^-Z%/Zo 
A'+Z'./Zo * 

'Mj ^ A'(l-acJ» 

2 o 1 + ae’^ 


(2) 

( 3 ) 


Equatiuir the real and the imaginary parts on the two sides of equation ( 3 ), wc 
find that the resistance and reactance terms of the specific acoustic impedance 
in th(‘ case of glass tubes are given by 

Z/ ^ ^ 

Zo l + a" + 2acos^ 

lx' ^ - 2 A'a sin <i> | 

Zo 1 + a" + 2 a cos ^ 

J 

respectively. 

After finding out the constants of the receiver;, we detcjinined the values 
of A and B at each frequency experimentally. Then knowing A and B, we calcu- 
lated the \'alues of a and for different frequencies with the help of the relation 
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Substituting these values of a and in equations (4) we evaluated the real and 
imaginary terms of the specific acoustic impedance of the plate and glass tubes 
system. 

Experiment was done with all the plates in the manner described before 
at different frequencies and results calculated. 

Table 11 gives the results for four plates of which tln*eo are thick plates,, 
having 12S, 88 and 55 tubes respectively inserted in them, and the fourth is a 
thin one having 55 tubes. Slight dev'iation of the results at places occurs 
because the order of resistance and reactance to be measured is very small. 
It is so small that tlii*oughout the calculation seven figure logarithms had to be 
used. 

Length of the tubes was? practically 10 cms. 

Eadius of the tube ... ... -035 cm. 

Eadius of the piston ... 2*8 cm. 


Table H 


Number of tubes 

... 128 ; 



value of A' 


... -02 



X in cms. 

a 

Zx'jZo 

Z/iZo 

4> 

37 

■982 

— 935 

•988 

179° 0' 

36 

•980 

—872 

•999 

179° 0' 

34 

•979 

•343 

1-919 

180' 13' 

32 

•981 

—884 

1-062 

179' 5' 

31 

■987 

—848 

•268 

177° 36' 

30 

•983 

-•805 

■32 

177° 36' 

28 

•972 

—614 

•381 

177° 20' 

Number of tubes 

... 88; 



value of A' 

... 

... -01266. 



X ill cms. 

a 

Zx'IZo 

Z/iZo 


37 

•986 

—722 

•599 

179° 0' 

36 

•987 

-•783 

•575 

179° 0' 

34 

•984 

•331 

1-546 

180° 12' 

32 

•987 

—662 

•623 

179° 0' 

31 

•987 

—918 

•583 

178° 48' 

30 

•986 

—894 

•583 

178° 48' 

28 

•977 

-■596 

•515 

178° 30' 
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Ximiber of tubes 
value of 


A in cms. 

a 

Zx'lZ, 

37 

•089 

-•584 

36 

■090 

— •465 

34 

•088 

•412 

32 

•086 

-•524 

31 

•089 

-•677 

30 

•089 

— 695 

28 

•083 

-•4.53 

Thin ‘plate 

Xumber of tubes 
value of A' 


A in cms. 

a 

Zt'IZo 

37 

•977 

-•343 

36 

•984 

—408 

34 

•975 

■108 

32 

•076 

—217 

31 

•977 

-•392 

30 

•983 

—527 

28 

•965 

—009 


•008594. 


Zr'IZ, 

0 

•357 

179“ 0' 

■126 . 

178“ 0' 

1-417 

180“ 12' 

•304 

178“ 36' 

■362 

178“ 50' 

•362 

178“ 48' 

•266 

178“ 22' 


o;) ; 

•008594. 


Zr'lZ, 

<#> 

■428 

178“ 58' 

•192 

178* 0' 

•673 

180“ 14' 

•699 

179' 34' 

•426 

178' 48' 

•421 

178“ 48' 

•296 

179“ 21' 


The values of resistance and reactance for different number of: tubes at 
different wavelengths have been plotted in Fig. 2. Solid lines show this 
variation in the case of thick plates and thick dotted lines show it for thin plate 
having 55 tubes inserted in it. 

Before discussing these results, let us consider what should happen accord- 
ing to the theory when the sound waves fall normally on the plate. After these 
theoretical considerations., we shall he able to compare the results with those 
predicted by theory. 


Theoretical From the theory of the resistance to alternating 

motion of air in such tubes^, there are two relations which give specific acoustic 
impedance accoi’ding as the tubes are narrow or of moderate width. The criterion 

whicli separates the two cases is the quaatity j r j in which r is the 

radius o£ the tube and co is 2jt times the frequency (2jt f). If this expression is 
less than unity, the tube according to Rayleigh'’ is effectively narrow (Case I) ; 
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if it lies between 1 and 10, it falls in the moderate width class (Case II). The 
specific acoustic impedances for the two cases are ^iven by 


and 



. (5) 

. (6) 


respectively. If;, however, the tubes are of finite length, we must replace these 
equations by others involving the impedance of a finite pipe. Then the impedance 
factor given above must be multiplied by 


cot [ { ^ ( ^)Mi - i/ } / ] in Case I, 

and -j cot I A ^ (2 _j) + | ; j in Case 11, 

to obtain the approxiriate values of the relative impedances. 

In our case there was no rigid backing at the end of the tubes ; so whatever 
energy once passed through the tubes was never refl.ected back and was fully 
absorbed. Thus the tubes acted as infinitely long tubes and hence equations (5) 
and (6) were applicable without the multiplying factor. 

To find whether the tubes actually used in the experiment should be classed 

( ?*co \ ^ 

after 

substituting the value of r, and co when /^lOOG cycles. 

Radius r of the tubes =-035 cm. 

i'=-134X4 

a)=27r/’=2000s-. 

Therefore the real part of r (■”) 2 

-If' 

“ V2 [ 


= o. 




This shows that the tubes are of moderate width and so relation (6) will 
give the specific acoustic impedances of these tubes. Wo calculated the acoustical 
impedances of the tubes at different frequencies from relation {()). Table lU gives 
the values of resistance and reactance terms of the specific acoustic impedance 
according tojfchis equation at different frequencies. 

F. § ' 
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cms. 

TMe III 

Zrj'/Zo 

Zx^'IZq 

37 

1-193 

—193 

36 

1-190 

—190 

34 

1-185 

—185 

32 

1-179 

—179 

30 

1-174 

-•174 

28 

1-168 

-•168 


The theoi-etical values given in Table III are plotted-in Fig. 2 and are repre- 
sented by the thin line in the figure. It will be seen from these curves, that 



The solid curves refer to thick plates and the dotted curves to thin plates. The numbers affixed 
to the curves denote the number of tubes used. ' 

(1) thecurt’Csof Zn' and vary linearly with the wave-length, the 

former decreasing, and the latter increasing with the decrease of wave-length ; 

(2) the values of Zrj' and Za: 2 ' are independent of n the number of tubes ; 

(3) reactance always remains negative in the experimental range of wave- 
length. 

The experimental curves on the other hand have pronounced maxima in 
the regions of 34 cms., though their slopes in other regions have nearly the 
same vahios as predicted theoretically. 

Also the experimental values of resistance in regions other than 34 cms. 
are much lower than the theoretical values, and they go on diminishing as the 
number of tubes is reduced. The experimental values of resistance at the maxima 
also decrease as n decreases. 

The experimental value of reactance near about A. = 34 cms. has a large 
positive value. In the other regions, howeyer, the pbseryed reactance is negative 
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as predicted theoretically though its values are numerically much greater than 
the theoretical values. 

This divergence of the observed values in the neighbourhood ofX=34 cms.^, 
from the theoretical values suggests that at any rate in this wave-length region, 
the acoustic impedance found experimentally is not determined wholly by the 
absorption of sound in tubes as contemplated in the theory. 

The brass plate to which the tubes are fixed is presumably not quite rigid 
and may therefore execute transverse vibrations which will naturally be com- 
municated to the tubes. There will, in consequence, be an anti-resonance effect 
between the plate and the tubes and this will contribute appreciably to the 
observed impedance. 

As we shall see in the next section the observed changes in <#> and a also 
lend support to the above suggestion regarding the origin of the extra impe- 
dance, We postpone the consideration of this extra impedance to a later part 
of the paper. 

Let us consider next the phase change ^ and the reflection coefficient a. 
According to equation (2), they are given by 




A'-Z/ZZo 

A'+Z*7Zo 


Calculating and a for diff erent wave-lengths and two different numbers of 
tubes, and from the values of Z27Z^ given in Table III it is found that for 7^=128, 

at i. = 37 cms., ^=17ff42' and a=‘968 

at A. = 28 cms., <^>==179*44' and a =‘966 

For n = 55, at X = 37 cms., = 17 9‘'53' and a = *988. 

This shows that according to the theory, ^ and a both should increase as the 

number of tubes decreases. Experimentally we find that a increases as the 
^number of tubes diminishes, but the changes in ^ are not very appreciable. 

Also according to the above calculation a should decrease and <#> should 
increase when the wave-length decreases. Experimentally a does decrease with 
the decrease of wave-length but nothing much can be said about the changes in <#>. 

Table II shows that in the regions near about X= 34 cms., the value of 
shows a maxima and it reaches very close to 180*". Also the value of a has dimi- 
nished considerably in this region. The occurrence of this maxima and the 
decrease of a at about X = 34 cms. point again to an extra contribution to the 
observed impedance over and above that due to the absorption of sound by the 
tubes. 

We shall now consider the question of the extra-contribution to the observed 
impedance. As is mentioned already the theoretical expressions given in the 
earlier parts of this paper are based on the assumption that the plate to which the 
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tubes are attached is. perfectly j'igid. Though this assumption will be true 
generally we should expect large deviations when the incident frequency happens 
to coincide with the natural frequency of vibration of the plate* This is evidently 
what is happening wlu'u the incident wavelength is in the neighbourhood 
of 34 cms. 

We shall now proceed to investigate the consequences of such vibrations 
being set up in the plate. Let M denote the solid area and N the porous area of 
the plate. Then the volume current due to the solid area will be and that 
due to the porous area will be K ^ 2 '- Therefore the total volume current when 
the vibration of the plate is also considered, will be 


• . , . . . . . • (ct) 

Since the ]>ressures at the solid area, porous surface and just inside the tubes are 
all equal, and further 


J1 7 

* — /jfn, 

r/ /fc f ^ 


and hence. 


• __ i/ 

=m~ 


Z„, being the jnechauical impedance of the plate and the tubes combined. Putting, 
this value of in (a) we get, 


total volume current 


_ MZ/I2' 
Z™ 


+ N1 


Since the pressure remains the same, it can be put equal to g/ Z/, therefore 


Z' = 


i/z,' 


Volume current i-j' (N + MZ./) 
Z,' 


,N+MZ/ 


or 


N 4- M_ 


J, 

Z' ~ z/ 


■j\r_ 

z^ 
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where 7! is the total terminal impedance. Hence., it shows that the mechanical 
impedance of the plate acts in parallel with the acoustic impedance of the tubes. 
Knowing Z' and Zg', Z^Zo can be found out by the relation (7); 

Zm Z2^gM 

^“(Z,'«NZ')Za 

In this maimer, the values of Z^/Zo have been calculated for different 
wave-lengths for two values of n, namely^ 128 and oo, using for the purpose the 
values of Z7Zo from Table II and those of ZjVZo from Table III. The calculated 
values are given in Tables IV and V : 

Table IV. 


Number of tubes ?2=T28, 

Value of M=24T4 sq, cms. 

Value of N= *49 


1 


^mxl^o 

37 

lo-26 

-50-16 

36 

IS-S 

-48-65 

34 

72-47 

+ 109-5 

32 

91-74 

-52-72 

30 

•42 

-23-83 

28 

0-7 

-19-99 


Table V. 


Number of tubes 

n=55. 


Value of 

M= 24-415 sq. cms.. 


Value of 

N= -2156 ,, 


3l 

Z,nr/Zo 

Zmx/Zo 

37 

7-83 

-17-09 

34 

42-64 

19-54 

32 

6-64 

-14-34 

30 

7-21 

-21-27 

28 

5-93 

-12-24 


By comparing the values in Table IV for 7^=128^ with those for in 

Table V, pai'ticularly in the region ^=34 cms„ it will be seen that the mechanical 
impedance of the system decreases with the decrease in the number of tubes. 
This is just what we should expect if the system consisting of brass plate and 
the tubes is set into vibration ; since by decreasing the number of tubes, the 
effective mass and the stiffness of the whole system decrease. 
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Having been led by the experimental data to the conclusion that the 
mechanical vibration of the system as a whole is responsible for the anomalous 
behaviour in the neighbourhood of 1=34 cms.., we now proceed to discuss in 
detail the influence of these vibrations on the mechanical impedance of the 
combined system. 

It can be seen from Tables IV and V that there is a sharp rise in the value 
of mechanical resistance in the region 1=34 cms. At 1=30 cms. it passes through 
a minimum and then increases slightly on further increase of frequency. The 
thick dotted curve shows this variation of resistance for « = 128. 

It is also seen that is negative and small in magnitude at low 

frequencies of about 800 cycles/sec. but attains a positive peak value at about 
1000 cycles^, then falls down and attains a negative peak value at 1062 cycles 
in the case of 128 tubes. At frequencies higher than 1062 cycles the magnitude 
of reactance decreases steadily and tends towards positive values. 

This large variation of mechanical resistance and reactance cannot be 
due to the vibration of the plate alone ; since (1) the resistance due to the 
vibration of a plate is very small ; (2) the reactance due to the vibration of a 
plate is given by 



which passes from negative to positive values when the frequency of the incident 
sound crosses the natural frequency of vibration of the plate. Once it becomes 
positive there are little chances of its again becoming negative within the given 
range of frequency. Experimentally it acquires a large negative value immedi- 
ately after attaining a positive peak value. 

These effects definitely show that the tubes also take part in the transverse 
vibration of the system. 

JBchczvioitT of tJiB tubes when the plate vibrates*' — AV^hen the plate vibrates^ 
it buckles in and out and its each element is tilted. This tilt gives rise to a 
couple acting at the point of attachment of the glass tubes to the plate and 
causes transverse vibrations of the tubes as the ends of the tubes are free to 
move. 

Let us represent an element of the plate by PQ, and the glass tube by a 
line OM perpendicular to PQ, the elasticity of the joint and the capillary tubing 
by a spring 82 , and the effective mass of the tube by m'. 

Fig. 3(a) shows the steady state of the plate and the tube. When the 
element PQ is tilted and takes the position P'Q', making an angle with PQ,, 
then OM will take the position OM^ if there is no bending of the springs but 
because the spring bends through an angle $ 2 , M' takes up the position M" and 
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OM" makes an angle ^3 with OH, the horizontal axis., and OM' makes an angle 
Si with OH. 



Hence^ + • • • • • • , . {d) 

Further:, Z — 806^2 (^) 

Pfi L 

where T is the external couple on the plate. This couple is acting on each 
element of the plate and is due to the pressure variations caused by the sound 
waves on the surface of the plate. 8 2 represents the spring constant and Z is 

nr 

the mechanical impedance of an element of the plate^ equal to . Also the 

97 / 

couples due to the bending of the spring and that due to the motion of the mass 
must be equal ; 

hence, 82^2^2/3^3 (c) 

On eliminating $2 and ^3 from equations {ci), (b) and (c) we get 


r/z' 






Thus we find that the spring acts as a shunt across the reactance of the tubes. 
Here Z3 represents the mechanical impedance due to the transverse vibration of 
the tubes. Therefore the combined mechanical impedance Z^ is given by 
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where is the mechanical impedance due to the transverse vibration of n 


number of tubes and is given by 




where 


Zi Zs^Sj 


Since the impedance due to the transverse vibrations of the tubes will consist 
of a mass reactance and resistance r and the joint will act only as a capacity 
C 2 ., the above equation can be written as ^ 


__ r-)rpnf(A 
"" (1 + m'c 2 O )® ) + jrc 2 

^ — J C2to 1 


By putting suitable values for r and m! in the above equation, we can 
calculate the values of and Z^^ f or different frequencies. Hence, taking 

02=10-5 x2*5, r = l ohm and m=*001 gm., we calculated /Zo and Z^j^/Zo for 
^=128 at different frequencies. Table VI gives these calculated values. 


Frequency 

TaUe VI 

Resistance 

Reactance 

f 

Zf^/Zo 

Z^^/Zo 

796 

19-4 

337 

923 

65-2 

50-7 

955 

93-2 

41-5 

971 

107-0 

29-0 

1000 

121-0 

-8-3 

1007 

120-0 

-18-8 

1114 

37-0 

-64-5 

1274 

7-5 

-37-5 


Those values are plotted in Fig. 4. Solid lines in this figure show the curves 
for Z^^and Z^^and the dotted lines show the variation of and Z^^ found ex- 
perimentally with frequency as given in Table lY. It may be again mentioned 
here that the experimental values of Z^,^ and Z^^give the mechanical impedance 

of the plate and the tubes combined whereas Z^ is the theoretical value of tubes 
only, 

= Z^ + Zp 
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Comparing these theoretical and experimental curves o£ resistance, we find 
that the form of the two curves is similar but the experimental values of Z^^are 



smaller than the calculated value of . This decrease of value can only be 

due to one reason, that all the tubes in the plate may not be equally effective in 
having the same value of Zri. It has been found that only those tubes which 
are at the centre take part in the transverse vibrations. So if we take the effec- 
272 - 

tive value of n to be the values of theoretical resistance Z^^ will come out of 

the same order as found experimentally. 

Comparing the curves for Z^^and Z^^ we find that (1) the values of Z^^ are 

negative at low frequencies whereas those of Z^^ are positive ; (2) the peak value 
of attained at a frequency which is 50 cycles higher than that for Z/^ . 

The negative values of Z;„^ at low frequencies are due to the presence of 
Zp^ and the capacity due to the back air chamber. The reactance due to the 

vibration of the plate below 900 cycles which is the natural frequency of the 
loaded plate, is negative and appreciable. The reactances Z^^ and Z^^ attain 

positive peak values at different frequencies ; this is due to the presence of Zp^ 
Since Z^^ is always given by the sum of Zp^ and Z^^ and very near 1000 cycles 
where both Z^J and hp^ are positive, Z^^ will have a large positive value. We 
find this to be the case at about 1000 cycles. At 1100 cycles Z^^ attains a 
maximum negative value because at this frequency Z^^ has its negative jDeak 
F. 9 
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value. At this frequency the negative value of is lower than the negative 
value of Z^^, since the positive value of has been added to Z^^ 

It is also possible to explain the nature of the resistance and reactance cur- 
ves for Z^^" and Z^^ by considering the effects of the Z^^ and upon them. 

Thus by considering the transverse vibration of the tubes^ we have been able to 
explain all the striking peculiarities in the observed values of mechanical 
impedance^ a and in Table II and consequently the vibrations in the observed 
total acoustic impedance. 

The ideas developed in the previous section regarding the influence of the 
vibration of the system consisting of the brass plate and the tubes on the 
mechanical impedance of the system receives much support from a comparison 
of the observed acoustic behaviour of the thin and thick plates. 

Thin Plate 

Comparing the results for thick and thin plates having 55, tubes, it is found 
from Table II that (1) the value of a decreases in the case of thin plate. The 
cause of this decrease is, that the amplitude of vibration of a thin plate is larger 
than that of a thick plate, so the transverse vibration of the tubes has got a 
much wider range of frequencies, and a larger fraction of energy is lost, hence 
a decreases. 

Broken curves along the solid curves of resistance and reactance of ^=55 
(thick plate) in Fig. 2, show the resistance and reactance curves of thin plate 
for the same number of tubes. 

Comparing the resistance curves we find that 

(2) the resistance in the case of thin plate is more at any frequency than 
that for thick plate ; 

(3) the frequency for maximum value of resistance is higher for tlxin plate 
than that for thick plate. 

Comparing the reactance curves we find that 

(4) the curve for thin plate is flatter than that for thick plate, since the 
values for thin plate have diminished numerically. The effect of diminishing 
the thickness of the i^late on the reactance curve is same as of reducing the 
number of tubes. 

(5) Also in the case of thin plate the frequency for maximum reactance 
is a little lower than the frequency for maximum resistance. This change of 
frequency we could not detect in the case of thick plate. 

As far as point (2) is concerned we have already said above that the ampli- 
tude of vibration of the thin plate increases and so the loss of energy has increased 
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and thus the plate resistance becomes appreciable and is added to the 
mechanical resistance of the system. Hence Z/ for thin plate increases. 

We also know that when the thickness of the plate will decrease, the efiec- 
tive mass m and stiffness S both will decrease, so the numerical value of the 
reactance due to the vibration of the plate will decrease at any frequency. 
Consequently the total numerical value of Z'/Zq decreases, and the reactance 
curve becomes flatter in the case of thin plate as noted in point ( 4 ). 

When the plate becomes thin the coupling constant C2 should diminish. 
So to get the approximate resormnce frequency 


Therefore when C2 diminishes, id must increase, i.c., the frequency for maximum 
value of resistance Z^^ must increase. This increase of frequency follows from 

the consideration of Z^^ also. When Z^^ becomes equal to zero, 

m' (o=C2 CO 


or + m =7sr 

As C2 diminishes and and r remain constant, er must increase when Z/^ is 
equal to zero. This shows that the frequency at which Z^ becomes zero, must 

X 

increase. Therefore it is possible that the frequency for maximum value 
of Z^ /Zo will shift in the case of thin plate. 

I ® 

Now let us see how the decrease of C2 affects the values of Z^^ and Z^^ . 

0)‘‘'C2V"+(to' Cg 

In this equation for maximum value of Z^^, C2 = but (jD^C2^r^ will de- 


crease when C2 decreases since co^ = 


rnlQit 


So Z/^ will increase a little. This 


increase also is partly responsible for increasing the total resistance Z//Zo in 
the case of thin plate. 

_ [m^— C2 co n 

co^C2^ r^ + (??z'C2 (0^ — 1)*'* 




The denominator diminishes, in the numerator the negative term diminishes but 
the positive term increases. This shows that the positive values of Z^^p/Zo before 


the resonance frequency of the tubes increase but the negative values after the 
resonance frequency decrease in the case of a thin plate. In other words the 
reactance curve for Z/ shifts towards the positive side of reactance when the 

X 

plate becomes thin. We have already shown that frequency for Z/ /Zo = 0 shifts 

"x 
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slightly to higher frequency side, therefore all these facts show that the curve 
of Z/ /Zo for thin plate will jbe parallel to that for thick plate when n remains 

sc . 

the same. 

The frequency where becomes maximum is a little lower than the fre- 
quency at which has attained a maximum value as noted in point (5). This 

is exactly in accordance with the theory. We can see theoretically that 
for maximum Z^^ and consequently for maximum TxJ the frequency should be 

lower than that for maximum Z^^^ or TiJ in every case. Due to some experi- 
mental errors we could not detect it in the case of thick plate^ but we could get 
it in the case of thin plate. 

Thus we find that all the points observed experimentally are explained when 
the transverse vibrations of the plate and the tubes and their combined effect 
are considered. 


Zf> ^ 



The behaviour of the plate and tube system can be represented by an 
equivalent electrical circuit by connecting a condenser and a resistance repre- 
senting Z 2 in parallel with Z^ and then in series with the resultant is connected 
a variable condenser representing the back air chamber. Then whole of it 
represents Z . Total value of Z^ is represented by Z^ connected in series with 

n number of Zij where Zi consists of a capacity due to the jointj connected in 
parrallel with the impedance due to the transverse vibrations of the tubes. The 
dotted circuit in Fig. 5 together with the circuit for Z^ shows completely the 
equivalent electrical circuit of the plate and tube system. 

To test the validity of the above reasoning regarding the sudden increase 
of I esistance and reactance at a certain frequency due to the transverse 



ACOUSTICAL IMPEDANCE AND PHYSICAL PEOPERTIES 


217 


vibrations of the whole system;, we closed the ends of the tubes and embedded them 
in beeswax and resin. This made the whole system perfectly rigid and incapable 
of transverse vibration;, and the closed ends of the capillary tubes act like a 
perfect reflector. The sensitivity of the method was increased by using a small 
amplifier in the detecter circuit. This enables us to do the experiment within a 
wider range of frequency;, Le., between 500 — 1500 cycles. Beyond 500 cycles 
the change of inductance exceeds the inductometer scale and so readings cannot 
be taken. Experiment can be done even beyond 1500 cycles^ but it is found 
that the mechanical reactance of the receiver passes from positive to negative 
values near about 1200 cycles. This seems to be the resonance frequency of the 
receiver and so near this frequency we cannot get the true value of impedance. 
For this reason we could only do the experiment up to 1200 cycles. 

We repeated the experiment with this perfectly rigid system and found the 
values of resistance and reactance at different frequencies. It is found that the 
resistance increases from *3 to -4 ohms as the frequency varies from 500 to 1100 
cycles. Beyond 1100 cycles it decreases suddenly as the frequency passes 
through the resonance frequency of the receiver. 

The reactance is negative and, practically of the same order but at times 
we get a positive value for reactance. This is due to the fact that the phase 
change is very near 180“, and it is not possible to determine the phase change 
very accurately. The changes are very small as the ratio of the porous area to 
the total area is only 0‘01122. According to the formula (4) the value of 
reactance depends upon the accurate evaluation of the phase change. So it is 
not possible to determine such small changes of reactance accui*ately. 

Theoretically we find that according to the Eayleigh's formula, the specific 
acoustic impedance of this system will be given by 

1;'= “‘'-f M} 

The real and imaginary terms of the right-hand side expression give us the 
values of resistance and reactance components of the acoustic impedance of this 
system. For this particular case 'r=*042 cms. and Z = 13 cms. Putting these 
values in the above formula we find that the resistance varies from *3 to *47 ohms 
as the frequency changes from 600 to 1500 cycles. It is exactly what we get 
experimentally. The reactance, according to this calculation, varies from —-46 
to —T as the frequency changes from 600 to 1500 cycles. This is also fairly in 
agreement with the experimental results. 

This agreement of the theoretical and the experimental values in this case 
further strengthens our arguments regarding an anti-resonant effect taking place 
in the case of the first system in which the tubes are not rigidly fixed to the plate. 
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Interpretation of the acoustic impedance of the plate aoid tube systems on the 
basis of their physical properties , — To treat this case theoretically by findiiiR* its 
porosity flow resistance etc. as in the case of commercial materials^ we find that 
the porosity is defined as the ratio of the volume of void to the volume of the 
whole material or it is the same thing as, 

p— poi^Qiis area _ 
total area 

since the length is same in both cases. 

Flow resistance is the ratio of the pressure drop per unit thickness to the 
volume flow of air thi'ough the material in cubic cms. per sec. per cms. 


dp 

dx 



nira^ 


where dp fix is the pressure drop and 2 > the volume current per unit area. 

nira 

Volume current through a single opening is 

dx 8r) 

then 


therefore 


_n7ra^x8Yi 8ri 


We find that porosity P— A'= *02 when ^^='128, and flow resistance *03. 

Taking these values at 1 = 20 cms. we find that for no value of niy the magnitude 
of the resistance or of the reactance comes out of the same order as giyen by 
experiment. Both are much higher than the experimental values. This shows 
that the formula given by Morse and others is for some reasons not applicable to 
very rigid surfaces like the plate and tubes system. 

I take this opportunity to express my thanks to Dr. E. N. Ghosh for 
having suggested the problem and for taking interest in the work and to Prof. 
K. S. Krishnan for having taken the trouble of going through the manuscript. 
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CHEMICAL EXAMINATION OF THE SEEDS OF 80LANUM 
INDICUM LINN. PAET H. THE COMPONENT GLYCERIDES 
OF THE OIL AND A RE-EXAMINATION OF ITS ACIDS 


By Beijmohan Saean and Bawa Kaetae Singh 
Chemistry Department, Aleahabad University 
(Eeceived on June 8, 1942) 

SUMMARY 

[The fatty oil of the seeds of Solanum hidicum Linn, has been re-examined and found to 
contain lauric acid (0-27%), palmitic acid (4*98% \ stearic acid (6-05%), arachidic acid (0 97%), oleic 
acid (35-1 3 % ) and linoleic acid (52-64 % ) . 

The glyceride structure of the oil has been determined by brominating the neutral oil and 
separating the liquid bromo-glycerides into simpler fractions and estimating their fatty acid composi- 
tion. The component glycerides are as follows : — ^Trilinolin (1-6% ), oleodilinolin [51-2%), dioleolinolin 
(104%), palmitodilmolin (34%), stereodilinolin (3-6%), arachidodilinolin (0-5 % ), palmito-oleolinolin 
(8-5%), stereoleolinolin (8-8%), arachido-oleolinolin (1-3%), palmitodiolein (4*9%), stereodiolein (51%) 
and archidodiolein (0-7%). The paJmito-glycerides contain small amounts of lauric acid.] 

In Part I, Saran^ determined the component acids of the oil of Solanum 
indicum. About the same time*, a paper by Pimtambakar and Kiishna^ on this 
subject also appeared. On comparing the data of the two investigations^ it was 
found that whereas there was close agreement in the results so far as liquid 
acids were concerned, there were some marked differences in the nature of the 
solid acids. Saran found lignoceric acid, basing his conclusion on the 
equivalent weight determination and failed to detect palmitic acid. His conclusion 
regarding lignoceric acid, based on equivalent weight determination, was 
possibly justified in view of the fact that considerable uncertainty has been felt in 
the past as to whether the natural lignoceric acid is in reality the n-tetracosanoic 
acid or its branched-chain isomer with lower melting-point. 

In view of these considerations we thought it necessary to repeat the work 
using a larger quantity of the oil. We now find that lignoceric acid does not in 
fact occur and the higher equivalent weight found in the earlier investigation was 
possibly due to some unsaponifiable matter having been carried over in the last 
fractions in the course of fractional distillation. The present results, however, 
agree fairly closely with those of Pimtambakar and Krishna (Table X). 

*Puntambakar and Krishna^s paper appeared in the June (1941) issue of the Indian Chemical 
Society and Saran's in the August] (1941) issue of the Proceedings of the National Academy of 
Sciences (India), but both the issues were received about the same time in September, 
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With one or two exceptions most of the work on fatty oils carried out in 
this country has consisted in the determination of their component fatty acids 
only. In England since 1927, Hilditch^ et al. have introduced methods for the 
study of the glyceride structure of the fats and oils. The importance of this 
study becomes clear from the following consideration : — the fatty acids in oils 
and fats may be present either in the form of simple triglycerides {e.g.^ triolein, 
tripalmitin etc.) or they may be distributed as heterogeneously as possible giving 
rise to a complicated mixture of mixed triglycerides. If the former rule were 
operative in nature, i.e., each natural triglyceride molecule contained only one 
species of fatty acid, there would be no need for such a distinction as that pointed 
out above. Expressed on a molar percentage basis, the proportions of component 
fatty acids and of component glycerides would be the same. This, however, 
does not generally occur in nature and there is overwhelming tendency towards 
the production of mixed triglycerides in seed oils. In other words, the general 
^"rule of even distribution"" of fatty acids in the glycerides of the natural fats 
and oils has been shown by later research to be overwhelmingly operative in 
natural syntheses. 

We have, therefore, also studied the structure of the component glycerides 
of the oil of Solcmum inclicimi. The method is that employed by Vidyarthi and 
Mallya^ to the determination of glyceride structure of the oil of Niger seed [Oui- 
zotia ahyssinicd)j a semi-drying oil (I. V. 129*2) and consists in the fractional 
precipitation of brominated glycerides from unsaturated fats, using various 
solvents for separating the liquid bromoglycerides into simpler fractions. 

Previously Suzuki^ {et al) and Hashi® brominated a number of vegetable 
and fish oils and determined their glyceride composition by the fractional crys- 
tallisation of the solid bromoglycerides from different solvents. They, however, 
could not examine the liquid bromoglycerides which resulted from the glycerides 
containing mono- and di-ethylenic acids. The present experiments as well as 
those of Vidyarthi and Mallya {loe, cit,) have, therefore, considerably advanced 
the the study of the glyceride structure of liquid fats. 

The molar percentages of the fatty acids obtained by this method (Table XIII) 
agree closely with those obtained by the lead salt separation and ester fractiona- 
tion methods (Table X). This shows the validity of the application of this newer 
method to the determination of glyceride structure of the oil. 

The neutral oil was dissolved in 6 times its weight of dry acetone and chilled 
for 2 to 3 days at 0"C. Fully saturated and di-saturated glycerides were found to 
be absent as nothing precipitated out. The absence of fully saturated glyce- 
rides was further established by thrice oxidising the neutral oil with powdered 
potassium permanganate in acetone solution according to the method of Hilditch 
and Lea.'^ The neutral oil was brominated in petroleuni ether at O^C. TJie solid 
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and liquid bromoglycerides were resolved into a number of fractions with alcohob 
alcohol and acetone mixture (1: 1) and acetone. All the fractions were debromi- 
natedj the component fatty acids determined and the amount of various 
glycerides in the fractions was calculated. 

Solanum incUcimi oil was found to consist of the following glycerides : — 
Trilinolin (1*6%), oleodilinolin (51-2%)^ dioleolinolin (104%), palmitodilinolin (34%), 
stereodilinolin (3-6%), arachidodilinolin (0*5%), palmito-oleolinolin (8*5%), stereo- 
oleolinolin (8*8%), arachido-oleolinolin (1-3%), palmitodiolein (4*9%), stereo diolein 
(5-1%) and arachidodiolein (0*7%). The palmitoglycerides will contain small 
amounts of lauric acid. 

The optical activity of the component glycerides of the ozZ.~If the glyceride 
molecule contained only one species of acid, its molecule will be symmetrical and 
it would, therefore, not exhibit any optical activity. But as we have seen that 
the rule of even distribution'’ of the fatty acids is operative in natural glyce- 
rides, optical activity may arise if the a and a' carbon atoms of the glycerol mo- 
lecule are associated with two difterent acid radicals. In the present case of the 
monosaturated diunsaturated glyceiides, the monosatiirated oleolinolins amounting 
to 18*6 per cent.(moL) of the oil fulfil this condition as the three acid radicals 
are different and, therefore, they should be optically active. In the case of the 
others both in this group and in the triunsaturated ones, optical activity will be 
present if a and o! carbon atoms carry two different acid groups, and it will be 
absent if they carry similar groups. We have, however, at present, no means 
of distinguishing between these two structures. The oil of Solanum indicum 
gives + 0*1* rotation for sodium light in a 1-decimeter tube. The actual notation 
must, however, be greater than this value as the oil contains a Isevo-rotatory sterol, 
[a]D^^°== —114*’ (in chloroform), which must have partly neutralised the dextro- 
rotation of the oil. In any case it is, however, clear that these glycerides have 
very low rotatory power. 


Expeeimextal 

The seeds* of Solanum indicum (Bijnore District, United Provinces) were 
obtained from the Punjab Ayurvedic Pharmacy, Amritsar, and identified by 
Mr. M. B. Eaizada of Forest Eesearch Institute, Dehra Dun. They were crushed 
and exhaustively extracted with petroleum ether (40 — 60“ C). On distilling off the 
solvent, a yellow-coloured oil was obtained in 11% yield. It was purified 
by animal charcoal and Fuller’s earth as a transparent light yellow oil which on 


*The seeds in the previous investigation were obtained from the Punjab Ayurvedic Pharmacy, 
Amritsar, and were collected in the Kangra District. 

F. 10 
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keeping deposited a white solid (1%). The oil was semi-drying having the 
following physical and chemical constants : — 


Table I 


Bijnore sample 
(present work) 

at 18/18^0, 0-9125 


n 

Kangra sample 

at 34/34°C, 0-9159 
■ 1-4652 


III 

Pnntambakar & 
Krishna^ 

at 15-5°C, 0-9156 
at 15*5^C. 1-4671 


Sp. Gr. 

Eef. Index. 

Rotation 

Acid value 
Saponification value 
Acetyl value 
Iodine value (Hanus) 

Hehner number 
Thiocyanogen value (24 hrs.) 

Unsaponifia- f from oil 
ble matter (from soaps 

1200 gms. of the oil were saponified with alcoholic sodium hydroxide and 
the non-saponifiable matter extracted with ether. The soap solution was 
then decomposed with dilute sulphuric acid when the fatty acid (1120 gms.) 
having the following constants were obtained (Table II). 


wr'+o-r 


4 0-5° 

7-36 

3-24 

17-8 

187-0 

190-2 

177-6 

3-2 


44-4 

125-0 

136-25 

121-5 

95-55 

94-1 

... 

77-02 


• •• 

1-0% 


} 2% 

0-1% 

0-09% 


Table II 


Bijnore sample Kangra sample P. & K. 


Consistency 

Liquid 

Liquid 


neutralisation value 

195-5 

195-4 

... 

Saponification value 

195-4 


. 

Sap. Equivalent 

286-9 

287-2 

293-1 

Iodine value (Hanus) 

127-7 

138-1 

123-0 

Thiocyanogen value (24 hrs.) 

79-21 


. . , 


As the neutralisation value and the saponification value are the same, the 
fatty acids do not exist as anhydrides or lactones. 

The mixture of acids was then separated into '' solid and '' liquid acids 
by the Twitchell’s^ Lead salt-alcohol process, the results of which are given 
in Table m : 


Table m 


Acids 

Solid 

Liquid 


Percentage 

12-27 

87-73 


1. V. 
3-56 
X4X-6 


N. V. 
194-7 
X99-8 


S. E. 
283-1 
280-8 
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Examination of '' Liquid Acids 

On oxidation with alkaline potassium permanganate/ a diiiydroxy stearic 
acid (M.P. 131'C) and a tetrahydroxy stearic acid (M.P. 172''C) were obtained 
showing the presence of oleic and linoleic acids only. 

The quantitative determination of these acids was done by the method of 
Eibner and Muggenthalor/® modified by Jamieson and Boughmann/^ the results 
of which are given below (Table IV) : — 


Table IV 

Wt. of acids taken 

Wt. of tetrabromide 

M.P. of the tetrabromide 

Wt. of the residue (di+tetrabromides) 

Percentage of bromine in the residue 

Wt. of tetrabromide in the residue 

Wt. of dibromide in the residue 

Wt. of oleic acid in the residue 

Wt. (total) of linoleic acid 


5*7560 gms. 
4*8937 gms. 
114^C 

6*1158 gms. 
43*20 

2*5030 gras. 
3’ 6128 gms. 
2*305 gms. 
3*451 gms. 


The following table gives the percentage of linoleic 
liquid acids, in mixed acids and in the oil: 


and oleic acids in 


Table V 


Acids. 

Linoleic 

Oleic 


Percentage in liq. Percentage in mixed 
acids. acids. 

59*89 52*64 

40*11 35*13 


Percentage in 
oil. 

50*25 
33*57 * 


The percentages of oleic and linoleic acids in the ''mixed'' acids were also 
calculated from the thiocyanogen and iodine values of the mixed acids (Table II) 
and show a very close agreement (Table VI) by the two methods. 


Acids. 

Linoleic 

Oleic 


Table VI 

Bromine addition 
method. 

52*64 

35*13 


Calculation from SON & I. V. 
of 

mixed acids. 

53*52 

34*16 


Exammation of'Solid’^ Acids 

The methyl esters (123*5 gms.) lorepared from the ^‘^solid^'' acids (120 gms.) 
were fractionally distilled (10 mm. pressure). The results are given in 
Table Vn. 
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Table VII. 


Fraction No. 

Boiling range. 

Grams. 

1 

Upto 180°O 

11-34 

2 

180— 183°C 

6-05 

3 

183-184°C 

16-41 

4 

184-186°C 

5-62 

5 

186— lOO'C 

15-38 

6 

190-194°C 

33-83 

7 

195— 200-0 

13-38 

8 

200— 205°C 

8-60 

9 

205— 210^0 

4-82 

10 Kesidue j 

j Undecomposed 

1 

4-37 


[ Decomposed 

3-00 

Loss dining distillation 

0-70 


123*5 

The saponification value;, the mean molecular weight and the iodine value of 
all the fractions were determined and the amounts of various acids in the fractions 
were calculated according to the method of Jamieson and Boughmann^^ and 
reproduced in Table VIIL 

Table VIII 


Fraction No* 

T, V. 

S.V. 

S. E. 

Laurie acid 

Palmitic acid 

Stearic acid 

Arachidic acid 

Un saturated 
acids 

% 

gms. 

% 

gnas. 

% 

gms. 

% 

gms 

% 

gms. 

1 

ll 

218.2 

257-0 

21-87 

2-479 

71*85 

8*147 


... 



0 78 

0 089 

2 

16 

206*6 

271-5 

... 

... 

88-98 

5*384 

4 ?! 

0-285 

... 

... 

M3 

0 068 

3 

1-9 

207*6 

270 3 



93-46 

15*330 

... 


... 


1-34 

0 220 

4 

2-2 

197*1 

284-7 



44-96 

2-527 

48-55 

2 729 

... 

... 

I 55 

0-087 

5 

26 

197-3 

284 3 



46-82 

7*047 

47-40 

7*288 


... 

1 84 

0-282 

6 

2-9 

191*0 

293*7 



14-26 

4-822 

78*91 

26*690 

... 


2 05 

0*693 

7 

30 

191*2 

293-5 



1 14*57 

1-950 

78*54 

10*510 


... 

2 12 

0 284 

8 

3-4 

184-9 

303 4 



... 


■ 73*74 

6-342 

19-33 

1 663 

2-40 

0-207 

9 

5*9 

176-0 

3187 



... 


21*15 

1-020 

71-69 

3*455 

2 75 

0133 

10 

16 7 

... 

... 



-*•. 



... 


3-680 








2 479 


45 207 


54 864 


8*798 


2-063 


Total weight of saturated acids = 1 11 35 gms. 
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Tke esters from the different fractions were saponified and the liberated acids 
were fractionally crystallised from dilute acetone. 

Fraction No. 1. — The mixture of acids melted at 56-57°C. It was repeatedly 
crystallised from dilute acetone and two fractions were obtained, one melting at 
61*C and the other at 43' C. The higher melting fraction was palmitic acid (mixed 
M. P. with pure palmitic acid 61*5“C). The lower melting fraction was lauric acid 
(melting when mixed with pure lauiic acid at 43-5”C), 

Fraction No. 2. — The mixture of acids melted at 55^C. The acid on repeated 
crystallisation from dilute acetone proved to be palmitic acid (61 *"0) ; the melting- 
point was not depressed by the addition of palmitic acid. 

Fraction No. 6. — The crude acids melted at 56‘’C. On repeated crystallisation 
from acetone, two products, one melting at 66°C and the other at 60^0, were 
obtained and were shown to be stearic and palmitic acids respectively by mixed 
melting-points. 

Fraction No. 9. — The crude acids melted at 57*C. These were fractionally 
crystallised from acetone when two products were obtained, one melting at 75 C 
and the other at 66°C. The former seems to be arachidic acid but this could not 
be confirmed for lack of a pure sample of arachidic acid. The lower melting 
acid was stearic as confirmed by mixed melting-point. 

Fraction No. 10. (Residue) —The acids were dark brown in colour and were 
extracted with petroleum ether (40 — 60°C) when a white mass was obtained which 
on repeated crystallisation from acetone melted at 74-75"C showing the presence 
of arachidic acid. 

The percentages of various solid acids in mixed solid acids, in mixed acids 
and in the oil are given below (Table IX) : — 


Table IX 


Acid. 

Percentage 

in 

solid acids. 

Percentage 

in 

mixed acids. 

Percentage 

in 

oil. 

Lauric 

2-23 

0-27 

0-26 

Palmitic 

40-60 

4-98 

4-76 

Stearic 

49-27 

6-05 

5-78 

Arachidic 

7-90 

0-97 

0-93 


The weights and molecular percentages of the constituent acids in mixed 
acids are given in Table X ; the results of Puntambakar and Krishna (loe. cit.) 
being indicated in brackets. 
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Table X 


Acid. 

Wts. % in mixed 
acids. 

Mol. % in mixed 
acids. 

Linoleic 

52-64 (49-5) 

52-54 

Oleic 

35-13 (35-0) 

34-82 

Laurie 

0-27 ( 0-6) 

0-38 

Palmitic 

4-98 { 7-2) 

5-44 

Stearic 

6-05 ( 6-6) 

5-95 

Arachidic 

0-97 ( 1-1) 

0-87 


The Unsaponifiahle Matter. 

The unsaponifiable matter from the oil consisted of two products. One of 
them, which was obtained by allowing the oil to settle melted at 216'’C. The 
other product was obtained by extracting with ether the soaps from the oil. It 
melted at li5'’C. and had [a]i) ^ ^ — IIT*" in chloroform solution. The two 

products are phytosterols from their general colour reactions and will be later 
described in a separate communication. 

The Gom’ponent Glycerides. 

The free acids in the oil were neutralised by treating with sodium carbonate 
and purifying the oil by animal charcoal and Piiller^s earth. 

The neutral oil (100*2 gms.) was dissolved in 600 cc. dry acetone and chilled 
at 0°C in frigidaire for 2 to 3 days. A very minute quantity (0*08 gms.) settled 
down which was found to. be unsaponifiable matter M. P. 215-216°C. Hence the 
oil does not contain appreciable quantity of any fully saturated or di~saturated 
glycerides. 

100 gms. of neutral oil were dissolved in 1000 cc. dry acetone and oxidised 
by finely powdered potassium permanganate according to the method of Hilditch 
and Lea (loc. cit.). The process was repeated three times when in the end 0*1 gm. 
of a neutral substance was obtained which was found to be non-saponifiable 
matter. This further confirmed the absence of fully saturated glycerides. 

The neutral oil (100*1 gms.) was taken in a 2-litre flat-bottom flask and 
dissolved in 1000 cc. of petroleum ether (40 — 60'’C). It was cooled down to “-5'’C 
and bromine was slowly added till the whole solution was permanently brown in 
colour. The mixture was left overnight at 0°C. in the frigidaire, the precipitate 
was filtered oflf and washed with chilled petroleum ether. It was treated with 
absolute alcohol when two fractions, one soluble in alcohol and the other insoluble 
were obtained. The petroleum ether filtrate (and the washings) was washed with 
sodium thiosulphate solution in order to remove the excess of bromine and on 
evaporating the solvent a dark coloured thick liquid was obtained. It was 
successively extracted with alcohol, alcohol + acetone mixture (1 : 1) and 
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acetone wbeii 3 fractions were obtained. The scheme of separation is shown 
below : 

Nedtbal Oil (100-1 gms.) 

Brominated in petroleum ether 


r' 


Inso] 

uble 

treated with alcohol 

r 


Insoluble Fi 

Soluble F2 

29-95 g. 

12-62 g. 

dirty white 

Brown viscous 

semi-solid 

liquid 


Sollble 

extracted with 
alcohol 


r 

Insoluble 

extracted with 
alcohol + acetone 

( 1 : 1 ) 


Soluble Fs 
17-47 g. Dark 
brown viscous 
liquid 


r 

Insoluble 

extracted with 
acetone 

Soluble Fs 37-0 g. 
viscous liquid 




Soluble F4 73*2 g. 
very thick viscous 
liquid 


All these fractions were debrominated by taking them in methyl alcohok 
adding zinc dust, saturating the solution with dry hydrogen chloride gas and 
heating for several hours under reflux on the water-bath. The debrominated 
products were saponified, the non-saponifiable matter removed and the acids 
liberated. The quantity of individual acids in each fraction was estimated by 
determining their saponification equivalents, iodine values and thiocyanogen 
values. The quantity of saturated acids being too small in these fractions for 
estimating them separately, they were considered as one and their mean molecular 
weight was determined on ex:tracting with petroleum ether the oxidation products 
of each fraction with alkaline potassium permanganate according to the method 
of Lapworth and Mottram.^^ The analytical results are given in Table XI. 


Table XI 


Wts. in gms. ... ... . • 

Wts, of debrominated (glycerides 
with non-saponifiable matter) 

Wts. of non-saponifiable matter 
Wt. % of glycerides (free from non- 
saponifiable matter) ... 

S. E. of liberated acids ... 

I. V. of liberated acids ... 
Thiocyanogen value of liberated acids 
S. E. of saturated acids ... ... 


Fi 

Fs 

Fs 

F4 

Fs 

29-95 

12-62 

17-47 

73-2 

37-0 

18-9 

7-5 

13-0 

39-8 

20-9 

0-0001 

trace 

0-0012 

0-088 

trace 

18-9 

7-5 

13-0 

39-7 

20-9 

275-1 

281-2 

285-9 

282-1 

281-8 

103-9 

120-2 

62-8 

148-0 

135-4 

66-1 

60-1 

57-9 

88-8 

90-4 

259-8 

281-0 

288-7 


... 



228 


CHEMISTRY : BRI.TMOHAN- SARAN AKD BAWA KARTAR SINGH 


Table XII 



Mol, per cent, of acids in 

each fraction. 





Fs 

Fs 

F4 

Fs 


19-3 % 

7-5 % 

12-8 % 

39-6 % 

20-8 % 


(mol.) 

(mol.) 

(mol.) 

(mol.) 

(mol.) 

Linoleic 

... 40-9 

66-5 

5-5 

66-66 

49-8 

Oleic 

... 30-7 

... 

59-4 

33-33 

50-2 

Saturated 

... 28-4 

33-5 

35-1 

... 

... 



Table XIII 






Mol. per cent, of acids on 

total acids. 




Fi 

F 2 

Fa 

F4 

Fa 

Moan. 

Linoleic 

7-9 

5-0 

0-7 

26-4 

10-4 

50-4 

Oleic 

5-9 

... 

7-6 

13-2 

10-4 

37-1 

Saturated 

5-5 

2-5 

4-5 

... 


12-5 


Table XIV 





Glycerides in 

... Fi 

F 2 

Fa 

F 4 

Fa 

Mean. 


19-3 

7-5 

12-8 

39-6 

20-8 

100-0 

( 1 ) Fully saturated 

glyce- • 






rides 

nil 

nil 

nil 

nil 

nil 

nil 

( 2 ) Di-saturated glycerides nil 

nil 

nil 

nil 

nil 

nil 

(3) Monosaturated 

di-unsa- 






timated glycerides 
{ci) monosaturated dilinolin 

7-5 




7-5 

(5) monosaturated 

oleo- 






linolin ... 

... 16-5 

... 

2-1 


. . . 

18-6 

(c) monosaturated diolein 

... 

10-7 

... 

• • • 

10-7 

(4) Triunsaturated g 

lycerides 






(r) tri linolin ... 

1-6 

... 

... 

• •• 


1-6 

{h) oleodilinolin 

1-2 



39-6 

10-4 

51-2 

(c) dioleolinolin 

... 


... 

• • • 

10-4 

10-4 


( 1 ) By oxidation of the neutral oil with x^otassium permanganate in acetone. 

( 2 ) By chilling the neutral oil in acetone at O^C. 

(3 and 4) By calculating from the component fatty acids of the brominated 
glycerides in the oiL 
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All the saturated acids have been considered as one acid in the calculation 
of the monosatiirated-di~unsaturated glycerides. The saturated acids are 
combined in the glycerides of the Solmiiim indicum seed oil as mono-satiirated- 
di-imsatiirated glycerides. It may be assumed that they are proportionately 
divided in monosatui^ated-dilinolin, monosaturated-oleolinolin and monosaturated- 
diolein glycerides. From the molecular percentage of the saturated acids in the 
oil, the component glycerides may be given as follows : — trilinolin (1*6%), 
oleodilinolin (51-2%), dioleolinolin (104%), palmitodilinolin (34%), stereodilinolin 
(3-6%), arachidodilinolin (0*5%), palmito-oleolinolin (8'5%), stereo-oleolinolin (8*8%), 
arachido-oleoliiiolin (1*3%), palmitodiolein (49%), stereodiolein (5*1%), arachido- 
diolein (0*7%). The palmito-glycerides will contain small amounts of lauric acid 
as in the above calculations the amount of lauric acid, being small, has been 
included in the palmitic acid. 
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i^UMMARY 

The cytoplasmic inclusions, the processes of viteilo^^enesis, and the origin and role of the 
ndary nuclei have been investigated in the oocytes of three species of Hymenoptera, belonging 
iree different genera. The secondary nuclei arise from nucleolar particles thrown out by the 
cipal nucleus, and they, in their turn, extrude fresh quantities of nucleolar substance in the 
asm. The nucleolar particles ultimately transform into proteid yolk spherules. In Scolia a 
nd generation of secondary nuclei arises from the nucleolar extrusions of the secondary nuclei 
he first generation. The Golgi bodies and mitochondria arc not involved in the production of 
eid yolk, and there are no fat bodies. 


Introduction 

Special importance attaches to the study of the Hymenopterous oogenesis 
account of the presence of those enigmatic bodies called the secondary nuclei 
, although discovered as early as 1884 their mode of origin and functional 
lificance remain obscui'e to this day. Besides, the eggs of Hymenoptera have 
n rarely investigated with the help of modern cytological techniques, and 
i study of the cytoplasmic inclusions and their relationship with Blochmann’s 
ebenkerne promised to be fruitful. 

The material selected for this study consists of thi*ee representatives of 
neiioptera, namely, Vespa orientalis, Polistes hebraeus, and Scolia quadripustii- 
LS. Da Fano, Cajal, Aoyama, Ludford's modification of Mann-Kopsch, and Kol- 
lev techniques were employed for the demonstration of the Golgi bodies. The 
er-impregnated material was sometimes toned with gold chloride followed 
hypo and subsequently stained with safranin and light green or iron 
n haematoxylin. Similarly the osmicated material was bleached, whenever 
2 ssary, with potassium permanganate and subsequently washed with oxalic 
[. Flemming without acetic acid, Altmann, and Champy were the chief methods 
I for, the study of mitochondria. The sections were stained either with acid 
isin differentiated with methyl green, aurantia or picric acid, or with ii’on 
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alum haematoxyliii. Eegaiid, Re^^aud-Tupa, and Zenkcr-Helly were also employ- 
ed., but preparations made according to these methods were used chiefly as 
controls. For the study of the general structure of the ovariolc and the nucleolar 
extrusions Eouiii^s fluid was used as the fixative. Sections were stained with 
Mann’s methyl blue eosin and Delafield’s haematoxylin and eosin. 

It is a pleasure to thank Prof. Bhattacharya for his helpful criticism. 


Histoeical AcCOU>sT 

The older wmrks on insect ovaries arc naturally confined to a consideration 
of histological details and, as such, arc not of much importance to the present-day 
workers, except for the purposes of a historical survey. Some of these works, 
however, possess special features of interest, which cannot be ignored in a 
consideration of the general structime of the egg, and will be briefly mentioned 
along with the more recent works. Since this work is. devoted to the oogenesis of 
some Hymcnoptcrous insects, only works dealing with the oogenesis of this 
group of insects will be reviewed here. 

BetAveen 1884 and 1892 Blochmann published a series of papers devoted 
to an account of the morphology of insect eggs in which he drcAv attention to tAVO 
remarkable structures, Nebenkerne i.i?., the secondary nuclei, and rod-like 
bodies, i.e,, the symbiotic bacteria, present in great abundance in the groAving 
oocytes. According to him (1884), the nuclear membrane of the oocytes of a 
number of insects shoAVS knotted thickenings, from Avhich proceed buds, Avhich 
gradually become bigger in size, detach themseha's, and assume a nuclear 
structiu-e. Blochmanni’s later account of the origin of the accessory nuclei (1889) 
is somcAA'hat different from this. 

Korschelt (1889) mentioned the presence of secondary nuclei, in the eggs 
of Bomb us and came to the conclusion that they Ave}*e deriA-ed from the folliculai* 
epithelial cells. 

Marshall (1907) described their origin and fate in PolivStes pallipes and 
found that the structures thickly surrounding the egg nucleus are Amry much 
like true nuclei, possessing bodies like nucleoli and a nuclear iictAVork, but he 
could not definitely decide their nature and origin. 

Marie Loyez (1908) gaAm a thorough account of the secondary nuclei in a 
paper deA’oted almost cxclusiAmly to a consideration of tluASC structures. She 
definitely contradicted the idea of their nuclear natur() and the suggestion that they 
arose from the germinal Amsicle by budding, or that they were in-Avandering 
follicular epithelial cells. She belicA-ed that they represented substances of fluid 
or granular nature which were seci'eted by the follicular e|)itheliuin, tlm luu'se- 
cells and the oocyte nucleus and inflowed into the ooplasm. This secreted material 
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t*outaiiis some chromatin^ and is artificially transformed into a iiiiclear framework 
under the mfliieiice of the fixatives. 

She also observed chromatin extrusion at the beginning of the egg growth 
and found the ooplasm laden wdth grains staining like the chromatin grains of the 
nucleus. Theses, later, become surrounded by vacuoles. 

Yolk bodies begin to arise before theii* degeneration but all transitional 
forms bet-ween the degenerating secondary nuclei and yolk bodies are detected— 
a part of the yolk content of egg is f urnished by them. 

Buchner's (1912) paper giving an account of the symbiotic bacteria present 
in the eggs of a large number of insects., also deals with the secondary nuclei. 
Buchner -was convinced that they w'ei^e not follicular epithelial nuclei that had 
wandered into the egg, although they represented true nuclei. 

Govaerts (1913) studied the oogenesis of Carabus., Cicindella, and Trichio- 
soma. He described mitochondria, nucleolar extrusions ami secondary nuclei 
in Trichiosoma. 

Marie Loyez (1913) in her account of the ovary of the cpiecn of ant (Laslus 
niger) again mentioned the presence of the secondary nuclei. About their origin 
she writes that they arise from the chromatic substance extruded by the germinal 
vesicle in close contact with the latter long before the oocyte is siirroimded by a 
follicular epithelium. 

Hegner (1915) described the differentiation of the various cellular elements 
of the ovarioles of some Hymenopterous eggs, and also studied the behaviour of 
the symbiotic bacteria infesting the eggs, and the- accessory nuclei. 

He showed that both the oocytes and the nurse-cells of the honey bee arise 
from the oogonia and were bound up in rosettes in the early stages. In the eggs 
of Camponotiis he showed that the secondary nuclei arose early near the germinal 
vesicle. He considered their origin from the nuclear budding or by the intrusion 
of follicular nuclei improbable, and thought that they originated from the 
material emitted by the egg-nucleus into the cjdoplasm. 

In Apanteles glomeratus he described a similar nuclear behaviour, and 
mentioned the' appearance of secondary nuclei in the anterior half of almost 
f ully-growm oocytes. Their origin and fate \vas not determined. In Apanteles 
too he described the germ-cell determinant at the posterior end of the egg and 
shelved that it uudciwent a series of complex changes. 

* In young oocytes of the mealy rose gally-ffy, he showed that the secondary 
nuclei appeared to arise near the periphery from granules wliich stained like 
chi'oniatiii and which might have been extruded by the oocyte nucleus, the follicle 
cells, or the nurse-cells, 

Buchner (1918) gave an exhaustive account of the accessory nuclei of the 
Hymenopterous eggs, based on his investigation of their origin and fate in a 



44 


SJOOLOGY : MITBLI t>HAU LAL SHIVASTAVA 


number of species. Buchner came to the conclusion that the accessory nuclei 
represent true nuclei even though they are lacking in chromosomes. They are 
not produced by a direct budding of the germinal vesicle., but arise from 
chromatin granules lying at first free in the ooplasm. They arise from different 
sources in different species. 

In Soleuiiis, they are formed by the basi-chromatin granules which are 
originally produced in the nurse-cells and later wander forth into the ooplasm. 
He figures and describes secondary nuclei also in the nurse-cells of this species, 
and thinks that they arise either directly from the remarkable nucleoli which 
develop at the same time in the nurse-cell nuclei, or from the nurse-cell 
secretion. 

In Andrcna sp. the formation of the secondary nuclei occurs at the posterior 
pole of the egg, as well as around the oocyte nucleus. Their degeneration 
occurs through ‘' Hypcrcliromasie/” and some of them directly transform into 
yolk-bodies. The nurse-cells also contain similar bodies. The accessory nuclei of 
the posterior pole or the sides arise from chromatin granules either secreted in the 
first instance in the nurse-cell or produced locally in the ooplasm. In Osmia rufa 
they are produced entirely through the activity of the oocyte nucleus. In 
Sphecodes gibbus L. and Prosopis sinuata Schenk they arise from those secreted 
at first in the nurse-cells, and then discharged into the ooplasm. In Camponotus a 
participation of the nucleus in their formation seems probable. 

A second generation is produced by the safranophil granules elaborated by 
the nurse-cells in a thick perinuclear plasma zone. Some of these bodies produce 
accessory nuclei even in this zone, and the nucleoli of the nurse-cells transform 
into similar structures by gradual swelling. 

In Myrmecina latrcillei Curtthey arise from the cliromatic droplets produced 
by the oocyte nucleus, and a second generation is produced later at the egg- 
surface by the nurse-cell secretion. 

In Rhyssa the secondary nuclei arise from ooi)lasmic chromatin pai'ticles, 
probably of nuclear origin, or from nurse-cell chromatin secretion, or by the 
activity of oocyte nucleus. They ultimately transform into yolk-bodies. In 
Trogus the course of events is slightly different. In Tenthredo mesomelas they 
arise from the nurse-cell chromatic secretion. 

In Arge pagana Panz the accessory nuclei arise at the egg-surface from 
small granules which originate there probably under the influence of material 
filtering tlirough the follicle cells. These granules either form the imcleoli 
around which appear vacuoles and a nuclear framework, or transform directly 
into a nuclear structure by forming vacuoles inside. 

Gatenby^s contribution (1920) to the cytology of the egg of Apanteles deals 
especially with the origin and behaviour of the germ-cell deterininant. 
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He finds that the germ-cell determinant contains no chromatin, no fat, no 
glycogens and is revealed by methods which do not bring oat mitochondria. 
Albuminous yolk bodies arise in the ground cytoplasm at the peripheryjr and are 
not derived from the mitochondria. He infei*s, however, that the secondary nuclei, 
lying at the periphery of the egg, may influence their formation. The secondary 
nuclei arise from minute chromatinic granules of nuclear origin. Later on, they 
degenerate. 

Hogben (1920) showed that in Cynips all the thi*ee cellular elements of the 
ovariole arise from gerai-cells, and found some granular bodies in the cytoplasm 
of growing eggs which stained like cliromatin and were considered to be of nuc- 
lear origin. At the posterior end of the grown-up eggs of Rhodites he detected a 
region of deeply staining granules corresponding to the ‘"' germ-cell determi- 
nants."" In Synergus rheinhardii also he described a body corresponding to this. 
In Synergus he detected the presence of the secondary nuclei, and stated that 
they arise from the chi'omatin-like particles ejected by the oocYte nucleus. 
Such granules occur also in the cytoplasm, of egg of Orthopelma luteolator, but 
no secondary nuclei. 

The secondary nuclei were described also in the eggs of Formica riifa. 
Regarding the subsequent fate of these bodies he, on the whole, was inclined to 
accept Loyez's views, that is, they are ultimately transformed into deutoplasmic 
spheres. 

Mukerji (1930) using Feiilgen"s method for the detection of chromatin 
reported that the contents of the secondary nuclei of Apanteles did not give 
the characteristic chromatin reaction. It was also found that the geim-eell 
determinant was devoid of chromatin material. 

Gresson (1930) used Feulgen"s method on the eggs of Thrinax mixta and 
Allantus pallipes, and reported the absence of secondary nuclei from the cyto- 
plasm of the nurse-cells and oocyte, and withdrew the former conclusions of 
Peacock and Gresson (1928) about the origin of the accessory nuclei from the 
oocyte, nurse-cells, and follicular cells. 

Peacock and Gresson (1928) showed that in Tenthredinidse the accessory 
nuclei have a three-fold origin, namely, from the nuclei of (1) nurse-cells, 
(2) oocytes, and (3) the follicle cells. 

In older cells the cell -boundaries of the nurse-cells become indistinct and 
some of the cytoplasm together with the accessory nuclei pass down into the 
oocyte. In the final stages, the entfre nutritive chamber becomes a mass of 
nucleated cytoplasm which passes into the oocyte. In the oocyte nucleus 
nucleolar budding and subsequent extrusion of the fragments were described. 

Gresson"s account (1929) of the nucleolar phenomena in the eggs of Thrinax 
macula and mixta and Allantus shows that in these forms the nucleoli undergo 
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a seiies of remarkable eliaiiges. In Allaiitus imcleolar particles pass out into 
the cytoplasm but not in Thiiiiax:. 

In another contribution Grresson (1929) showed that in Thrinax macula and 
mixta, and Allantus palli])cs fatty yolk-bodies arise by deposition of free fat 
inside the Gol^i vesicles. Albuminous yolk bodies arise by the interaction of the 
nucleolar extrusion lipon the cytoplasm. 

The works of Stuhimann (1886), Gross (1903), Ilenneo'ny (1904), and Brutielli 
(1904) are referred to in some detail under Discussion. 

Obseryatiox 
^ Polistes hehrae^t.^ 

Geurral slrncfHre of ornry . — The anterior part of the ovariole immediate 1}’' 
beneath' the -terminal filament is composed of a mass of indifferent cells, from 
which arise the nurse-cells and the oocytes proper and a number of small follicular 
nuclei. Most of the indiffei'cnt cells are seen in rosettes, beincj closely con- 
nected by means of spindle bridges — ^the remains of the preceding oogonial* 
mitoses. In the next zone the oocytes and nurse-cells are clearly differentiated. 
Soon after, they occur in an alternatmg series characteristic of the Hymenoptera. 

Nurse.-cdl^.—T\\Q Golgi bodies of the earliest nurse-cells appear as a few 
small elements (Plate 1, fig. 1), which gradually increase in number and get 
concentrated, for the most part, in a perinuclear zone (Plate 1, fig. 4), Ultimately 
the Golgi bodies are uniformly distributed. They are mostly rod-shaped and 
crescentic elements. 

In the youngest nurse-cells the mitochondria appear as a few fine granules, 
which rapidly increase in number and become arranged in a dense perinuclear 
layer which greatly widens in bigger nurse-cells. Eventually, however, the 
mitochondjua are uniformly dispersed. 

The inflow of nurse-cell cytoplasm into the oocyte occurs from time to time, 
and the nurse-cell mitochondria are carried into the ooplasm with the cytoplasmic 
stream. Curiously enough the cytoplasmic stream has not been found to contain 
Golgi bodies- Only a small part of the material of the nutritive chamber inflows 
into the oocyte. The nutritive chamber, as a whole, degenerates and is ultimately 
cast oft\ 

Folhc-7(Jar epithelhim , — The Golgi elements of the follicular cells resemble 
those of the oocytes. They are indiscriminately distributed all about the nucleus 
(Plate 1, fig. 5). I have never been able to observe an extrusion of these elements 
into the ooplasm. 

The mitochondria of the follicular cells arc fine grains very much similar to 
those of the nurse-cells, occuiTing all over the cji:oplasm during the early stages 
(Plate 2, fig. 26). With a powerful oil immersion lens, they are seen at this 
stage to infiltrate the ooplasm in streams. In more advanced stages the infiltration 
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ceases, an^ the mitochondrial granules are found to have gathered up inwards 
in a juxtaniiclear mass, though on the outer side they are still in a more or 
less evenly dispersed state (Plate 3, fig. 27). In still bigger eggs this mass again 
disorganizes to give place to the previous condition of uniform dispersal (Plate 3, 
fig- 30). The most remarkable feature of the follicular cells is the apx)earaoce 
of a number of vesicular bodies at the base, close to the vitelline membrane, 
which bear a striking resemblance to the early secondary nuclei of the egg proper 
(Plate 3, fig. 30). It is difficult to make out whether they possess a limiting 
membrane, and it has not been possible to trace their origin, for they seem to 
appear all at once. In a few cases the nucleolar particles are found extruded 
into the cytoplasm of the follicular cells, but this does not appear to be associated 
with the appearance of these structures. Some of them possess a deeply-stained 
granule. 

The oocyte, Gotgi hodies , — The Golgi bodies of the youngest clearly- 
(differentiated oocytes are noticed as a few small, osmiophil structures, lying 
here and there in the cytoplasm (Plate 1, fig. 1). They speedily increase in 
number, and gather for the most part around the nuclear membrane (Plate 1, 
fig. 2). Soon aftenyards, the Golgi elements are scattered all over the cytoplasm 
more or less uniformly (Plate 1, fig. 3). In older eggs the greater number of Golgi 
bodies are concentrated on the periphery (Plate 1, fig. 5). The peripheral 
accumulation is somewhat accentuated in still bigger eggs. In yolk-laden eggs 
the Golgi elements are found dispei^sed more or less uniformly over a broad 
cortical zone, leaving the interior of the egg almost devoid of them. In 
mature eggs they arc still noticed lying amongst the deutoplasmic spheres 
(Plate 1, fig. 6). 

The Golgi elements of the earliest oocytes are very small structures, but 
with the general growth of the egg the individual elements experience a consider- 
able degree of giwvth. Morphologically they resemble crescentic rodlets (Plate 1, 
figs. 5 and 6). A few rings and platelets may also be observed. In greatly 
enlarged eggs the chi'omophobic component can also be easily made out (Plate 1, 
fig. 6). 

The Golgi bodies of the eggs of this species are not easily demonstrable by 
the silver techniques. 

Mitochondria , — In the indifferent elements composing the rosettes the 
mitochondria are observed as a few minute grains scattered haphazard in the 
cytoplasm. In the earliest clearly differentiated oocyte the mitochondria are 
concentrated in a juxtanuclear crescentic cloud (Plate 2, fig. 16), which gradually 
spreads out to establish a thin perinuclear layer (Plate 2, figs. 17 and 18). 

The mitochondria multiply profusely, and the perinuclear mass becomes 
increasingly wide and dense (Plate 2, figs. 19 and 20). This circumniiclear belt 
F. 12 
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soon begins to loosen arid the granules slowly spread out (Plate 2^ fig. 21). Even- 
tually it disappears., and the major portion of the mitochondrial contents spread 
along the two sides of the oocyte immediately beneath the follicular epithelium 
(Plate 2, fig. 25) ; the rest of the cytoplasm is strewn with a few mitochondria. 
Ultimately the mitochondrial grains arrange themselves completely in a cortical 
layer extending all round except beneath the nutritive chamber (Plate 2, fig. 26). 
In more advanced eggs the mitochondrial granules spread inwards, although the 
granules immediately beneath the follicular epithelium remain in a much greater 
concentration than elsewhere (Plate 2, figs. 21, 28 and 29). 

The mitochondria in this animal arc exceedingly fine grains and rodlets. 
In mature eggs, carrying a considerable deposit of deutoplasmic spheres, it is 
exceedingly difficult to detect them. 

Nucleolar extrusion.— The single nucleolus of the early oocyte gives rise to 
two or three by its fragmentation, and it is a remarkable fact that even at this stage 
some of the plasmosoinal fragments ])ass out bodily through the nuclear membrane 
and lodge themselves in the cytoplasm close to the nucleus (Plate 2, figs. 16, 17, 
18, 23 and 24). . As the oocyte gradually enlarges, the nucleoli show a high 
degree of growth and fragmentation, and numerous particles are continuously 
emitted into the cytoplasm, some of which are remarkably big (Plate 2, figs. 20, 
21, 22, 25 and 26). Later on, the extruded nucleolar particles break down into 
numerous fragments mostly of a small size (Plate 3, figs. 27 and 28). For the 
most part they are confined to a broad peripheral zone. The nucleolus and 
nucleolar extrusions are consistently oxyphil (Plate 2, figs. 22, 23 and 24). 

Secondary mideL'-The most noteworthy feature of the oocytes is the 
origination of the enigmatic structures, the so-called secondary nuclei, at a 
remarkably early stage (Plate 2, figs. 19 and 20). Some of the minute extruded 
nucleolar particles situated close to the nuclear membrane get each suri'opnded 
by a clear space, and the whole structure presents the appearance of a small 
vesicle wdth a single deeply staining granule in the' centre. 

They gradually increase in size, and simultaneously new ones continue to 
arise by exactly the same process, all remaining confined to the area immediately 
surrounding the nucleus (Plate 2, figs. 20, 21 and 22). As illusjbrated . in figs. 20 
and 25, Plate 2, the single nucleolus of nearly each of the secondary nuclei is con- 
verted into two or three particles by the process of growth and fragmentation, and 
appearances are suggestive of the extrusion of these particles into the cytoplasm 
like those of the principal nucleus. For a considerable length of time the 
secondary nuclei remain suiTOunding the principal nucleus (Plate 2, fig. 26). 
They bear a striking resemblance to the principal nucleus appearing, like 
the latter, as clear vesicles with a limiting membrane and the nucleolar appara- 
tus ; for the rest they arc optically entirely empty. 



CYTOPLASMTC INCLU.SIOXS IX THE OOGEXESIS 


49 


Grradiially tbe secondary nuclei begin to move away from the nuclear mem- 
brane, and in fairly advanced oocytes, in which the deposition of proteid yolk is 
about to commence, they are scattered all round the egg in the cortical region 
(Plate 3, figs. 27 and 28). 

Simultaneously, the secondary nuclei have also experienced a change ; they 
are no longer clear empty vesicles, but, on the other hand, have transfonned into 
denser homogeneously vStaining bodies, almost of the same consistency as the 
general cytoplasm. The single deeply staining nucleolus can be still made out in 
each case. 

Another remarkable feature of the oocytes nearly on the threshold of 
vitellogenesis is the appearance of minute spheroidal bodies at the extreme 
periphery which resemble empty vacuoles in appearance (Plate 3, fig. 27). They 
are extremely minute, and it appears as if they arise independently of the 
nucleolar particles, for as a rule, they exhibit no trace of any distinctly staining 
bodies in the interior, and for all practical i>urposes may be regarded as entirely 
empty. Gradually some of these empty vacuoles enlarge and acquire each a 
minute nucleolus-like body (Plate 3, fig. 28), and ultimately they can be definitely 
recognized as the characteristic secondary nuclei, resembling those of the first 
generation in every detail. The smaller bodies shown immediately beneath the 
follicular epithelium in this figure are, no doubt, the transformed vacuolar struc- 
tures of fig. 27, Plate 3. Some of the slightly bigger secondary nuclei possess 
many nucleolar bodies, five to six in some cases ; the biggest and highly granular 
ones belong to the first generation. 

In highly advanced eggs the accessory nuclei are found to have undergone 
a noticeable change (Plate 3, figs. 30 and 31). Some of them, as can be observed 
at once, have attained an enormous size and measure many times the biggest yolk 
spheres. Each possesses an enclosing membrane and the interior is now com- 
pletely occupied by a highly complicated reticulum composed of sharply staining 
strands carrying numerous nucleolar particles along their course. This descrip- 
tion applies to all but the smallest ones, although some of the bigger ones are 
partially empty, due, no doubt, to the mechanical disturbance caused by the micro- 
tome knife. Shortly afterwards the limiting membranes dissolve, and the contents 
of the secondary nuclei aretgradually absorbed by the cytoplasm, with the conse- 
quence that in the mature egg all traces of these structures arc lost. As determined 
by Feulgen's method, the secondary nuclei contain no chromatin. 

Vitellogenesis . — There is no fatty yolk in this animal though in rare cases a 
few Golgi bodies are found in a greatly swollen state (Plate 1, fig. 6). 

Albiiminoits yolk bodies. — With, reference to albuminous yolk bodies it is 
exceedingly difficult to ‘determine the actual role of the mitochondrial grains in 
their elaboration, fpr fropi the inception of growth down to the stage when th^ 
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first albuminous yolk j>TaiiuIes can be distinctly recognized as such they remain 
as exceptionally fine dnst-like particles. In fact^ the study of their morphological 
characteristics and staining reactions point to their inactivity in yolk formation. 

On the other hand^ from the very earliest stage o^f growth onwards the 
ooplasm carries numerous extruded nucleolar particles^ thrown off by the principal 
nucleus^ and also to some extent by the secondary nuclei as the growth 
proceeds. Only a few extruded particles in all are used up in foimiing the secon- 
dary niicleh a vast number of them remaining freely scattered. Just before 
vitellogenesis the extrusions are scattered on the periphery (Plate 3, figs. 27 and 
28), and here they gradually grow up into spherules of proteid yolk (Plate 3, fig. 29). 
I have not observed a direct transformation of the secondary nuclei into albu- 
minous yolk bodies. 


Vespa orient alls 

Nnrse-eells, Oolgi bodies . — The nurse-cell Golgi bodies generally occur 
in a dispersed state, though a perinuclear concentj^ation is sometimes observed. 
Ultimately, however, the elements are completely scattered. In their morphology 
the Golgi elements mostly resemble crescents and rodlets. 

In the early nurse-cells the mitochondrial granules occur 
in a dispersed condition, which gradually get arranged in a perinuclear layer to 
be ultimately scattered all over again. 

Both the Golgi elements and the mitochondria are carried into the ooplasm 
with the nurse-cell cytoplasmic stream. As in Polistes, the nutritive chamber as 
a whole degenerates and is finally cast off. 

Follmilar epithelmm . — The Golgi bodies of the follicular cells arc short 
granules and rodlets, sometimes markedly crescentic, and more or less like those 
of the nurse-cells, but much shorter (Plate 1, fig. 9). The mitochondria, likewise, 
resemble those of the nurse-cells. They are dispersed all over the cytoplasm. 
The inclusions do not infiltrate the ooplasm. 

The oocyte. Golgi bodies . — The Golgi elements of the minute indifi‘erent 
cellular elements of the ovariole are a few small bodies detected all about the 
nucleus (Plate !, fig, /). In sufficiently differentiated oocytes the cytoplasmic 
zone immediately surrounding the nucleus is of a denser texture than the neigh- 
bouring ooplasm, and it is in this narrow zone that the Golgi bodies occur. At 
fiist they are confined to a limited area — one or two crescentic stretches of the 
cytoplasm, but soon they spread out and establish a perinuclear layer (Plate 1, 
fig. 7). They grow in number and begin to move away from this position, with the 
result that in slightly bigger oocj;"tes tlie entire cytoplasm is thinly strewn with 
them (Plate 1, fig. 8). • * * ^ 
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Further on, daring the entire period of growth^ there is hardly any change in 
the distribution of the Golgi bodies, except that rarely in some highly advanced 
oocytes a narrow peripheral zone is almost entirely plear of them. For the 
most part the Golgi elements appear as crescentic rodlets (Plate 1, fig. 9), tliougb 
a few rings also may be observed here and there. In mature eggs some Golgi 
bodies are stuck on the albuminous yolk spherules (Plate 1, fig. 9). 

Mitoehandria , — In definitely differentiated oocytes the mitochondria appear 
as a perinuclear cloud (Plate 3, fig. 32). As the egg enlarges, they waiter away 
in all directions to fill up the entire cytoplasm, but for quite a long while a dense, 
more or less crescentic zone of mitochondrial concentration can be made out 
occupying a certain area in the immediate vicinity of the nucleus (Plate 3, figs. 
33 and 34). Soon the mitochondria begin to drift outwards and a definite peripheral 
zone of mitochondrial concentration of somewhat uneven girth emerges to view 
(Plate 4, fig. 35). In still more advanced ooe}i}es the coitical concentration of 
mitochondria attains its climax, and the interior of the oocyte becomes almost 
entirely devoid of the inclusions (Plate 4, fig. 36). Later, the mitochondria spread 
towards the interior the peripheral concentration disappearing (Plate 4, figs. 37 
and 38), although the mitochondria are still more thickly scattered at the cortex. 
In considerably advanced ooc^’tes carrying a large deposit of yolky material the 
mitochondria can be still detected at the periphery of the oocyte, yery fine and 
feebly staining (Plate 4, fig. 39). The mitochondrial elements appear invariably 
in the form of tiny spherical granules and short rodlets, often presenting a cloudy 
appearance if gathered up in dense patches. They do not show any sign of swelling. 

Niteleola?' extrusion . — ^The youngest available oocytes are generally found 
to contain a single plasmosome and a few smaller particles which appear to have 
originated by its fragmentation. In some oocytes a few particles of the same 
staining reaction and size are also detected in the ooplasm, which points to the 
fact that the nucleolar fragments pass into the cytoplasm even at this eaily stage 
(Plate 3, fig. 32). For some time afterwards, the nucleolar activity is much 
feebler, and the amount of extruded nucleolar material much less 
abundant than happens in Polistes (Plate 3, figs, 32 and 34). Soon, however, the 
nucleolar activity reaches a high level, and a considerable amount of plasmosomal 
particles finds its way into the ooplasm (Plate 4, figs. 35 and 36). The plasmosome 
breaks up into numerous irregular clumps of deeply staining material, which are 
constantly emitted. The dispersed nucleolar extrusions soon drift to the cortical 
zone (Plate 4, figs. 36 and 37). They, however, do not occur immediately beneath 
the follicular epithelium in the mitochondrial layer, but below it. In this subcor- 
tical zone they are found to p.ersist till vitellogenesis is about to commence (Plate 
4, fig. 38). Meanwhile the extrusions have been fragmenting, so that now they are 
reduced to minute particles, 
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The nucleolus and nucleolar extrusions, as observed in Bouin methyl blue 
eosin preparations, are consistently oxyphil. 

Secondary micleL — The secondary nuclei in this species appear rather late 
(Plate 3 , fig. 33 ), although sometimes empty vacuoles arc observed in ciuite early 
oocytes. The secondary nuclei originate from the extruded nucleolar imrticles in 
the way described in Polistes, although the evidence available in this case is not so 
convincing as in that species. For long they remain associated with the principal 
nucleus (Plate 3, figs. 33 and 34, and plate 4, fig. 35). In the meantime the second- 
ary nuclei attain a great size and show a high nucleolar activity ; the nucleoli 
grow in size, fragment, and the particles are emitted into the cytoplasm, as 
happens in the case of the principal nucleus (Plate 4, fig. 35). 

At about the same time some exceedingly small secondary nuclei also arise 
directly beneath the follicular epithelium from the nucleolar extrusions (Plate 4, 
fig. 36). Their place of origin is irregularly restricted to certain tracts which, how- 
ever, are always peripheral. At the time of vitellogenesis a few vacuoles arise in 
some cases at the periphery (Plate 4, fig. 37). They are found to disappear soon. 

The accessorymuclei have a long lease of life. After a ccj-tain period they 
break away from the principal nucleus and wander oflP to the cortical region, 
where they are irregularly distributed (Plate 4, fig. 38). And then they undergo 
a change ; instead of clear vesicles they become dense, opaque, homogeneously 
staining structures which contain many nucleolar particles. 

In yolk-laden oocytes they transform into altogether different-looking 
bodies. Each has a limiting membrane and contains a highly coiled network 
carrying numerous deeply-stained particles along its coui'se (Plate 4, fig. 39). 
Slowly they begin to lose their well-defined contour and are eventually completely 
dissolved into the cytoplasm. The secondary nuclei contain no chromatin 
at any stage. Their contents do not show positive response to Feulgeu^s test. 

Vitellogenesis.— lYiere are no fatty yolk bodies in the eggs of this animal 
at any stage. 

Albuniinotis yolk bodies . beginning of the deposition of albuminous yolk 
bodies is recognized in the subcortical region of oocytes which have attained 
a certain size. The mitochondria seem to play absolutely no direct role in their 
elaboration, and remain consistently inert. 

On the other hand, the role of the nucleolar extrusions in their production 
is abundantly clear, for the first albuminous 3 ^olk bodies which can be definitely 
recognized as such are the direct descendants of the extruded nucleolar bodies. 
The small albuminous yolk spherule, arising in the restricted subcortical region 
depicted in fig. 37, Plate 4, are simply the representatives of the extruded nuc- 
leolar fragments also gathered in this region during the earlier stages shown in 
fig. 36, Plate 4. That is, the albuminous yolk bodies arise by a direct 
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transformation of the extruded plasmosomal fragments. Soon these particles 
grow much bigger;, and the whole cortical region is crammed with yolk spheres 
of all sizes (Plate 4 fig. 39);, leaving an empty area in the middle, denoting the 
line of the cytoplasmic inflow proceeding from the nutritive chamber. 

Later on, the albuminous yolk spherules are found scattered throughout the 
cytoplasm. The advanced albuminous yolk bodies do not take acid fuchsin and 
remain yellow, and some of the bigger ones also become vacuolate and granular 
and slowly diasolve out in the ooplasm. 

The accessory nuclei are not directly transformed into yolk bodies. 


S colia quadrvpusUi latus 

J^nrse-cells. — The Golgi bodies of the nurse-cells are irregular spherical 
granitles which are, at first, dispersed all over the cytoplasm but soon get con- 
centrated in the perinuclear zone and persist there for long (Plate 2, fig, 15). 
LTltimately they are uniformly dispersed. 

The young nurse-cells contain a few . scattered mitochondrial granules 
(Plate 4, fig. 41), which speedily increase and come to lie thickly in the perinu- 
clear zone. In older nurse-cells they are uniformly dispersed. As in Polistes 
and Vespa, a certain amount of nurse-cell cytoplasm with the inclusions flows 
into the ooplasm. The nutritive chamber as a whole then degenerates and is 
finally cast off. 

During the early stages the nurse-cells and oocytes are connected by rings 
(Plate 4, fig. 41). Later these rings disappear. 

Follictdar epithelium, — The Golgi elements of the follicular cells are like 
those of the 'Oocyte. For the most part they occur close to the nucleus (Plate 
2, fig. 14). The mitochondria, likewise, are mostly restricted to the neighbourhood 
of the nucleus (Plate 5, fig. 44). The inclusions do not infiltrate the ooplasm. 

The oocyte^ Golgi bodies. — The Golgi bodies of^the indifferent cells are 
represented by a few osmiophil bodies in the shape of irregular granules and 
rodlets, scattered close to the nuclear membrane (Plate 1, fig, 10). In the earliest 
completely differentiated oocyte is perceptible a dense perinuclear zone of cyto- 
plasm which carries Golgi bodies as irregular spherical granules (Plate 1, fig. 10). 
In slightly bigger oocytes the inclusions are found freely scattered thi'ough the 
entire cytoplasm (Plate 1, fig. 11). Soon, however, the Golgi bodies begin to move 
out-wards, with the result that shortly afterwards they are entkely gathered up at 
the periphery (Plate 1, fig. 12). In greatly enlarged oocytes the inclusions still 
remain aggregated at the periphery. The cortical zone of concentration, however, 
becomes somewhat broader corresponding to the increased size of the egg, and 
is not uniform in constitution, for the greater number of the Golgi bodies are 



54 


5:ooLoar : miteli bhab lal sbivastava 


concentrated in the narrow inner* zone;, while in the outer part only a few ele« 
meiits are thinly scattered (Plate 2, fig. 13). Ultimately, however, the Golgi bodies 
occupy the entire cytoplasm (Plate 2, fig. 14). 

Mitochondria , — The mitochondria of the indifferent cells are difficult to 
detect. In the early oocytes they appear as numerous fine granules surrounding 
the nucleus almost from all sides, though for the most part aggregated towards 
the side where the cytoplasm is more abundant (Plate 4, fig. 40). The mitochon- 
dria gradually surround the nucleus from all sides and simultaneously spread 
out into the cytoplasm (Plate 4, fig. 41) till the entire ooplasm is uniformly filled 
with them (Plate 4, fig. 42). During the later stages of growth the mitochondria 
are exclusively concentrated at the periphery (Plate 5, figs. 43). On the side 
facing the nutritive chamber they are altogether wanting, as they arc forced aside 
by the cytoplasmic stream. In more advanced oocytes the mitochondria spread 
out towards the interior to some extent (Plate 5, fig. 44). The cortical arrange- 
ment of mitochondria is again observable in eggs in which proteid yolk-formation 
has progressed to an extent (Plate 5, fig. 45), but ultimately the inclusions spread 
all over the cytoplasm (Plate 5, fig. 46). 

Nucleolar extrusion , — The youngest oocyte possesses a single plasmosome aiid 
its fragments, and many similar granules are also detected in the ooplasm, wliicli 
must have originated in the first instance by the fragmentation and extrusion' of the 
plasmosomal particles (Plate 4, figs. 40 and 41). In the later stages the nucleolar 
extrusions are more abundant- (Plate 4, fig. 42). The nucleolar particles move 
away in all directions in the ooplasm, although the neighboiirliood of the nucleus 
contains a great many of them. In the next stage depicted in fig. 43, Plate 5, 
these nucleolar particles move away completely to the periphery, where they 
lie scattered among the mitochondrial grains. The nucleolar apparatus, in spite 
of repeated fragmentation, attains a considerable size in the bigger oocytes. 
It is observed to be budding, and the process of extrusion obviously continues. 
The nucleoli and nucleolar extrusions arc always oxyphil as observed in Bonin 
Mann’s methyl blue eosin preparations. 

Secondary nuclei , — A few vacuolar bodies may be detected close to the 
nucleus in some very early oocytes (Plate 4, fig. 40), but they seem to disappear 
soon (Plate 4, fig. 41). They are not of the nature of secondary nuclei. The 
secondary nuclei in Scolia begin to arise much later than in Polistes, though the 
manner of origin is the same. A few of the nucleolar particles near the nucleus 
Become each surrounded by a small empty space ; thus arise some bodies looking 
like miniature nuclei. Later on, a few secondary nuclei have grown considerably 
bigger and are scattered all round the egg at the periphery except in the zone 
immediately beiieath the nutritive chamber, and along a limited posterior area 
(Plate 5, fig. 43). The nucleolar apparatus of these nuclei in each case 
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attains a proportionately big size^ and fragments into many particles, which are 
finally extruded into the cytoplasm. Some of these small nucleolar particles 
thrown off by the secondary nuclei of the first generation become surrounded each 
by a small empty space^ and thus arise many smaller accessory nuclei of the second 
generation. This results in the appearance of many groups, more or less isolated 
from each other, composed of one big secondary nucleus and numerous nucleolar 
particles extruded by it some of which are already converted into small 
accessory nuclei. A great quantity of nucleolar particles are thus found to be 
scattered on the periphery. The principal nucleus, of coiu\se, continues to 
extrude the plasmosomal fragments, but they cannot, from this stage onwards, 
be distinguished from those extruded by the secondary nuclei. The secondary 
nuclei, newly originated, remain confined to their position of origin, so that 
in the bigger oocytes they form completely discrete groups at the periphery 
(Plate 5, fig. 44). The fragmentation of the nucleoli and their subsequent extru- 
sion is still in progress, and a few secondary nuclei can also be observed arising 
in the manner described above. Some of the extruded nucleolar particles grow 
up into greatly enlarged elements, and ai’e found to move inwards to a certain 
extent. The smaller nucleolar fragments occupy a more external position. 

Nearly all ‘the secondary nuclei move to the anterior side, and are closely 
aggregated there (Plate 5, fig. 45). The C 3 rtoplasmic stream of the nurse-cell has 
stopped. The secondary nuclei in most cases still possess two nucleolar particles, 
but it cannot be ascertained if any are extruded into the cytoplasm, on account of 
the large number of small yolk bodies. 

'In oocytes filled with yolk bodies the secondary nuclei are scattered all 
over the periphery among the deutoplasmic spheres. Some of them are still 
small. They now stain homogeneously and contain a single nucleolus and are en-» 
closed by a membrane (Plate 5, fig. 46). After this they disintegrate and disappear. 

The secondary nuclei contain no chromatin. . 

Vitellogenesis are no fatty yolk bodies in the oocytes of this animal. 

Alhtmiinous yolk bodies . — The mitochondria remain granular to the end, 
and play no visible role in the deposition of the albuminous yolk bodies. The 
proteid yolk bodies arise on the cortex by the direct transformation of the 
nucleolar extrirsions (Plate 5, fig. 45), which are found scattered in a great pro- 
fusion in this area before vitellogenesis commences (Plate 5, fig. 44). For long 
the proteid yolk bodies are confined to the periphery, but ultimately they are 
scattered throughout the cytoplasm (Plate 5, fig. 46). 

Discussion 

Golgi bodies.— ¥rom a study of the cytoplasm of the thi'ce species of Hymenop- 
tei'a,- used as material in this investigation, the present writer feels convinced that it 

F. 13 
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is useless to attempt to reduce the morphology of the Ooigd afpi^aTatirs to a stan- 
dard form. It is 'well known that there has foeefn a ceitain amotmt of 'disagree- 
ment fe^ween Nath a?ml Haiwey on this point. Nath and his oollahorators 
find, in nearly alll the amima Is they have examined, that the ^Grolgi apimrattis of 
the oocytes occtirs in the form of disoi'ete vesicles consisting of .an argen- 
tdi*yhil or osimophil coitex and nti argcntophohic or osimo^j):hobic centime. This 
fornn. Nath finds, is related to the foimateion of fat bodies, w^bich comes 
abrntt through the depoSft'On of fat in the in-teador nf the Vesicles, the '" Grolgi 
vacuole ultimately giving rise to 'a fully formed fatty s])herule. Harvey 
(1925, 1929 and 1931^ and Jagersten (1935). who deny the participation of the 
Grolgi elemrndisdn the foimation of fat bodies, insist that these tnchisions exist 
in the foim of scales or platelets, and not in the form of vesicles. Jagea^Sten 
goes so far as to say that Nath and his coilaborators and several other aitthors 
(Sharga, 1928 ; Gressoii. 1929 and 1931“; Hai, 1930) have mistaken (fat bodies f Or 
Golgi elements. Schlottke (1931) also thinks that Nath and Gresson describe fat 
bodies as Golgi elements. It must, however, be remembered that those aifthors 
(Nath, Gresson and others) do mot exclusively depend on osmic acid for the 
demonstration of the Golgi elements, but use silver methods like Da FanC and Gajal 
as well. And silver preparations do not retain fat bodies. Without gmng into 
the details of the question here, it may be pointed out that the stmcttire of the 
Golgi apparatus may naturally vary in different types of animals and in dMFereiit 
types of cells. In Polistes and Vespa the -Golgi elements occur predominantly in the 
form of crescentic rodlets, although a few in'cgular spheroids and rings also may 
occur here and there ; on the other hand. inScoliathey are found mostly in the form 
of irregular spherical granules A typically vesicular form, -such as is described 
by Nath. Gresson and others, is not encountered anywhere. This shows that the 
morphology of the Golgi apparatus may vary in closely related forms. Another 
remarkable featiu'C is the existence of several types of Golgi elements in the same 
cell. Ihis is shown in these studies and has also been described before, by several 
authors (Gatenby. 1922 ; Bhattacharya. 1925 ; Srivastava and Bhattacharya. 1935). 
The explanation of this fact does not lie in the assumption of Payne and Jager^en 
that several different types of inclusions have, from time to time, been offci'ed as 
Golgi elements. The explanation is that the Golgi elements are polynG[oiq3hic. 
It is this variability that has caused sever'al authors to 'use the term '' Golgi 
substance ” rather than the Golgi apparatus for these inclusions. It must, 
however, be emphasi^ied that the Golgi bodies are structural entities, as their 
constant shape and growth during the development of an oocyte shows. 

It is hardly necessary to discuss the ‘view of Tennant Gardiner and Smith 
(1931) and Walker and Allen (1929) that a specific Golgi, api^aratus does not nxist 
at all. Jt is clear that these authors are not aware of the fact thatthe ‘Golgi elcmeim 
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oits^ea l)^ea ofeservad iatra-vilam (See Bliattachaa-ya, 1942). la eggs they ai^e not 
geaieirajly oIiseiiYed iatra-vitain probably because their refractilve index is the 
saaue as that of the groaad cytoplasa^- in 'which they occur. This, however, woulld 
not justify the coaclnsioii that eggs aa’c* devoid of Crolgi elements. Mere artefacts 
caiwt assume cliaracteristic shapes. From his personal experience the writer can 
say that the Golgi app aiatus of male germ cells of several types of animals can 
be* seen igitra-vitani the ai^plication of an.y dye at alb and, what is equally 

signifiiCanb the apparalius usually possesses the same form in the living cells 
as appears in good Ludford preparatimas. The spermatocytes of the laud suatl^ 
Vaginula^ arc fine material for a demonstration of the Golgi apparatus intra-^vitam. 

The Golgi elements in the oocytes of the insects examined do not occur> at 
any stage> in the form of a juxtanuclear reticiduin and hence the issue raided by 
Yoinov about the correlation of the discrete Gelgi dictyosomes and the reticulate 
form does not arise in thi^ case. The> Golgi elements are constantly in the form of 
d^erete' bodies. It may be- mentioned,, however, that my findings do not support 
Voinova's oonclnsion that the dictyosomes of the animal eggs,, which, accord- 
ing te Voinov, are the active elements of the ooplasm and participate in the 
S3mthiesis of dentoplasmic material, do not correspond to the Golgi system, which 
is represented separately by a system of network. Kothnag corresponding te this 
has been no^ed in the iueects examined dni;ing the course of this work. Voinov 
was somewhat huciined towards accepting parat^s vacuome theory^ but in a recent 
work (1931^ he has definitely rejected it- 

Mitochondria . — The mitochondria occur, in the eggs of the three insects 
e^pamined,. mo.stly in the form of minute granules*, and sometimes as filaments, 
as has been described, by other authors of insect oogenesis. The filo-reticulaire 
masses of chond^iome described by Hosselet (1931) have uot been observed in any 
cellular element of the insect ovaries examined.. Hosselet thinks, like many 
other French authors, that the- Golgi elements have no. i*eal existence in the living 
cells, and that m the fixed cells tliey are represented sometimes by vacuome and 
sometimes by chondriome.. In support of this Hosselet mentions that typical 
reticulate boeKies closely simulating the Golgi apparatus of other authors ai^e 
observed in the eggs of the Dipterous injects- that he has investigated in prepa- 
rations made according to specific mitochondi‘ial methods, like Zenker-Helly. 
Such extraordinary patterns of mitochombia have never been described by any 
other author in airy insect (Kusbaum, 1917 Gatenby, 1920 ; ^nath and 
coLkborators, 1929 and 1930.; Govaerts, 1913 ; Gresson, 1929, 1931 and 1933; 
Voinov, 1925,;; Payne, 1932;, ^ivastava, 1934;, Srivastava and Hhattacharya, 
1935 ;; Hanade,, 1932). The evidence obtained by a study of the oogenesis 
of Polistes, Vespa, and Scolia do. not support Hosselet’s conclusions. The 
present writer feels not nrneh hesitation in say wag that Hnsselets couclnsioim 
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appear to be based on misobservatioii. Hosselet’s description of the periodical 
rejuvenation of the cliondriome at the expense of the nucleolar material extruded 
through peculiar intranuclear bridges appears equally fantastic. Just as in the 
case of filo-reticulaire masses of chondriome, nothing corresponding to this is 
found in the literature on the cytoplasmic components of insect eggs. It seems 
almost certain that Hosselet has confused the disintegrating particles of extruded 
nucleolar material with mitochondria. Nucleolar extrusion is fairly abundant 
in Polistes, Vespa, and Scolia, but the extruded nucleolar particles are always 
shai ply distinguishable from the mitochondrial granules. 

There are a few other authors, besides Hosselet, who have derived mitochon- 
dria from the nucleus. According to Saguchi (1932), the mitochondrial 
granules differentiate in the vitellogene Masse,’^ a structure which is itself 
derived from the nucleug. Similarly Heberer (1930), in the eggs of Eucalanus, de- 
scribes the differentiation of mitochondria in the yolk nucleus. The yolk nucleus 
itself is formed from extruded nucleolar bodies which condense into a juxta- 
nuclear cap-like body. It seems highly improbable that these views are correct. 
The yolk nucleus of Balbiani and the vitellogene Masse "" are highly specialized 
structures which are confined to certain animal eggs, whereas the mitochondria 
are universally present. Now it is a little hard to believe that a cytoplasmic 
constituent of universal occurrence originates diversely in. different eggs. 
The Hymenopterous -eggs do not have any structure corresponding to the 
yolk nucleus, and the mitochondria are present at all stages, even in the youngest 
oocyte. 

Nueleolar eorU^usion , — The occurrence of nucleolar material in the 
cytoplasm of eggs has been reported from a large range of vertebrates and inver- 
tebrates. In the oogenesis of insects it appears to be quite a common phenome- 
non. In the Hymenopterous material examined the extruded nucleolar particles 
are exceptionally large in number, and give rise to the secondary nuclei and, 
ultimately, to proteid yolk. Payne (1932), who investigated the oogenesis of a 
fairly large number of insects, did not find a single case of nucleolar extrusion. 
The explanation of this is, probably, to be found in the fact that Payne did not 
use any acid-containing fixative like Boiiin, Zenker and Flemming, which would 
wash away the cytoplasmic inclusions like mitochondria and Golgi elements and 
facilitate a study of the nucleolar extrusion. Sometimes it is a somewhat difficult 
matter to study this phenomenon without using such techniques. The author 
has been able to observe the process of nucleolar extrusion in nearly all pre- 
parations except those meant specifically for the demonstration of the Golgi bodies. 
There cannot be any doubt about the reality of the process, silthoiigh granules 
actually passing through the nuclear membrane cannot be generally met with, 
Tyldch is not surprising in consideration of tho fact that the act 'Of passing out 
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must be a fairly rapid process. Besides, since bodies resembling plasmosomes 
are actually observed in the ooplasm before the onset of vitellogenesis, the 
alternative to the passing out of the nucleolar particles is Jagersten's hypothesis 
that nucleolar bodies similar to those inside the nucleus are elaborated in the 
cytoplasm as well. Jagersten himself is not quite happy about the matter, as is 
apparent from his remark that, Die einzige Schwierigkeit linde ich diesbezug- 
lich darin, dass zwei so verschiedene Gebiete der Zelle wie der Kern und das 
Cytoplasma Gebilde gleicher BeschafFenheit hervorbringen sollen.’" To say the 
least, this view is the more improbable of the two. 

Seemiclary micleL— As is well known, the secondary nuclei were first de- 
scribed by Blochmann, though it is abundantly clear now that Blochmann 
made a mistake regarding their origin, which is not very surprising in 
consideration of the faulty techniques available in those days. Subsequent 
researches have failed to corroborate his account of '''' Knospungsprozess and 
their multiplication by self-division. In none of the Hymenopterous species 
examined by me is there any evidence of a budding of the germinal vesicle, or 
of a division of the secondary nuclei, and there is certainly nothing answering 
to his earlier description of knotchenf ormigen Verdi chtungen which 
gradually grew bigger, separated themselves and assumed a nuclear character. 
Blochmann himself, however, explained in a later communication (1886) that 
these Verdichtungen represented kleine, helle, ruiidliche Gebilde.’’ 

Siuhlmann (1886) reported these curious bodies in a number of insects. 
About the secondary nuclei of Hymenoptera he wrote, ‘^‘^Die Korper welche am 
Keimblaschen auftreten, hielt Blochmann fur Kerne, wahrend ich sie als Dotter- 
kerne deute.” There is absolutely ‘no reason for considering the Blochmann 
nuclei as Dotterkerne — apart from all considerations whether they are true 
nuclei or not. They have absolutely nothing in common with the Dotterkern ” 
of the spider described by Wittich, and Stuhlmann has certainly been led into 
a great error in conferring this name on Blochmann’s secondary nuclei of the 
Hymenoptera. The structure and composition of the yolk nucleus is an altoge- 
ther different matter. But it must be understood that by Dotterkern ” Stuhl- 
mann does not perhaps mean to signify the yolk nucleus, for he writes again, 
Ich wiederhole also noch einmal dass ich diese Kerne f iir •Dotterconcretion 
halte.” In some these Dotterkerne ” remain diffuse, in others, they may 
fuse to form a single big Dotterkern Commenting on the Dotterkern Stuhl- 
mann has written, ‘^^Der Dotterkern stellt eine Concretion von besonderem, 
v^on dem gewohnlichen Dotter verschiedeiiem Nahrungsmaterial dar, das zu 
irgendeiner Zeit vom Ei resorbirt wird.” 

Stuhlmann, it appears, has certainly misunderstood the nature of Bloch- 
mann’s nuclei, for it can hardly-be considered a type of yolk-. 
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Oil the other hand, he has described somewhat similar bodies of tiueloar 
origin in the eggs of numerous insects belonging to the Lepidoptera, Biptera, 
Goleoptera and Orthoptera which he calls “ Reifimgsballeni..” What these 
“ Reif ungsballen ” correspond to I cannot definitely decide. They- may be dis- 
solved fatty yolk bodies, for Stuhlmanni’s fixing reagents were calenlated to destroy 
them. But I certainly do not agree with Hegner (1915) when he- says, “ . ..... it 
seems therefore possible that the ' Nebenkerne ’ of Blochmaim, the Reifungsfealllen 
of Stuhlmann and the 'maturation spheres’ of Wheeler may be homologous. . .” 
They are not. Stuhlmann, of course, didi meet with the secondary nuclei or the 
Nebenkerne of Blochmann in the Hymenopterous eggs, b.ut he erroneously 
considered them Dotterconcretion.” The big “ Dotterkern ” originating- by 
the fusion of the- smaller bodies, resembles, in Hegner’s opinion!, what he 
describes as Keimbahn-^detenninants.” The bodies occurring in other insects 
are apparently even in Stuhlmann’s opinion, diffeiicnt, and are djufSerently 
naiiaed — " Rei-f uungsballen.” Wheeler’s “ maturation spheres ” in Biatta ger- 
maniea (1889), in the same way, are not homologous to thC' Nebenkerne 
of Bloehmann.. 

I have- absolutely no doubt that the secondary nuclei are conii.nfid in their 
distribntioB; entirely to. the Hymenoptei:o.us. eggs;, of this I am convinced by njy 
o.wn investigations of the insect, eggs. It, is, significant that, the- secondjuiy- niUieJlei 
have not been discovered by the modern workers of insect oogeiiesis inu any 
species not belonging to the Hymenoptera. The hoipology of the bodies discover- 
ed in Semiptera by Will (1884) and Ayers (1884) with Blochinjaitn’s secozwiary 
nuclei is nntenablei No such structures are observed, in the Idemipterous insect 
exarniiaed by the present writer (unpublished), or in Dysderens by Bhandari and 
Nath (1930); The nuclei discovered by me in the- nurse-cell mass, of' Mueca. are 
not secondary nuclei, as I erroneously supposed, but merely follicular nuclei. 
I withdraw my statement regarding their nature in my- previous, paper (.1934);, 

Govaerts (1913) reported the occurrence of the secondai'y nuclei in, the 
‘Hymenopterous insect that he investigated, but, could not determine their origin 
and function.. 

As for the view of Will (1884), Ayers (1884)^ Gross (1903-), Korschelt (1889), 
BrimelLi (1904) and Henneguy (1904). that tlicy represent follicnlar- epithelial 
cells that have wandered into, the oocyte, it may be said at once- that it is incorrect. 

Korschelt obviously had no dehnite evidence- to, decide their origin., Never- 
theless.Jjc is- not inclined to- accept their origin from, the head nue-leus, and 
writes eine Einwanderung von Epithel-zell'en in, djas Ei stattffinde.” 

Gross (1903) has as little by way of facts to, substantiate- his claim. The- follieular 
epithelial nuclei do. collect in the nutritive- chamber as Gross, fig-ures, irot,. however, 
by a secondary penetration of the nutritive chamber bnt merely throzigh the 
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failure of fkese elements to move towards tke perixDfhery from the indiscriminate 
scattering of the extreme early vStages ; but there is nothing at all in the figure of 
Gross to demonstrate an inflow of these into the oocytes. 

In the insects examined by me, especially in Polistes, this mode of migina- 
tion is altogether excluded, since the secondary nuclei appear very early. And 
hi no species, and at no sl^ge, have I any reason to suppose that the secondary 
nuclei represent the nuclei of the follicular cells. Similar bodies discovered in 
the oocyte and nurse-^cells of Musca were held by Korschelt to represent the 
secondary nuclei, but, according to him, may be Bliitkorperchen "" or “"^para- 
sitischen Organismen."'^ 

Loye^^s statement regarding their origin (1908) that they are produced by the 
coagulation of chromatin-containing substances inflowing from the nurse-cells, 
foilicular cells, and the germinal vesicle is also difficult to substantiate, for this 
conclusion rests on an intangible basis. That the fixing reagents should have such 
a remarkable effect on the inliltrated substances as to produce such definite pictures 
simulating ti'ue nuclei seems improbable. Neveitheless, it must be admitted fliat 
there is some force in the facts she brings forward. Loyez mentions in support of 
her statement that these structures are psendonoyaux and not true nuclei. She 
adduces the fact that although the big secondary nuclei resemble the true nuclei in 
their Structure, yet all transitional forms between these and smaller bodies, which 
seem to be produced by the coagulation of the contents of vacuoles, are found. 
These empty vacuole-like bodies have also been foimd by me, and they appear to 
be ^he forerunners of the second generation of the secondary nuclei in Polistes 
andTespa. Moreover, I have been able to obsem’c vacuole-like bodies, some with 
a ceiltral granule, othea'S without it, ill the cells of the follicular epithelium, a 
phenomenon unrecorded before. And this is in no way connected with the 
extrusion of any nuclear matter, but is easily explained by assuming the correct- 
ness of Loyez’s h'yphothesis. But I have been able to ascertain that, for the 
most part, the secondary nuclei are formed by the extruded nucleolar particles. 
Nearly all except a few of the accessory nuclei of the second generation in 
Polistes are produced in this way, and many of the second generations too may 
belong to this rank ; only a few, if any, can arise in the way suggested by Loyez. 
l am, however, in complete agreement with Loyez with regard to the improbabi- 
lity of their being follicular cells. 

In Lasius uiger (1911), on the other hand, Loyez reaches a different conclu- 
sion. The secondary nuclei in this instance are formed by the chromatinic granules 
extruded only by the germinal vesicles. About then’ morphological nature she 
writes : ^"Enfin ils out une structure absolument identiqiie a celle de la vesicule 
germinative,’’ and again, ‘^"Chaque noyau de Blochmann represente en realite une 
vesicule g^rminativC en miniature.’' As for the nature of the granules emitted 
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from the nucleus and developing into secondary nuclei, Loyez thinks that they 
are chemically modified cln-oniation. 

Professor Gatenby (1920) who described the secondary nuclei of Apanteles 
glomeratns, likewise, expressed the opinion that they were derived from the 
chromatoid granules extruded by the head nucleus. Mukerji (1930) reported, 
however, that the contents of the secondary nuclei of Apanteles sp. failed to 
give positive reaction against Feulgen^s test. 

A question of fundamental importance thus arises as to whether they are 
real nuclei, and whether they contain any chromatin. 

So far as my observations go, I must state at once that the secondary nuclei 
do‘ not contain any chromatin, nor do the germinal vesicles at that stage, 
for the matter of that. In fact, no chromatin is ordinainly detected in 
somewhat advanced oocytes ; they either become exceedingly fine, or are 
chemically transformed. This happens in most of the animals. If the 
chromatin of the oocyte itself is reduced to such a state of invisibility as to escape 
detection it would be idle to look tor it in the ooplasm, oi* in the secondary 
nuclei. 

Buchner (1918), however, considered the originating granules as basichroma- 
tin particles. My own work for the most part does not substantiate his views. 
Nowhere have I discovered any evidence of the infiltration of granules from the 
nurse-cells that give rise to the secondary nuclei, and I also maintain that this is 
not conclusively established by Buchner. I have not discovered the presence of 
these structures either in the nurse-cells or in their nuclei. Nor have I seen them 
dividing as Buchner figures. In the summary Buchner writes about their func- 
tion Sie stellen eine Hilfseinrichtung fiir das Ei dar, das durch sie in 
weitgehenden Masse dezentralisiert wird. Sie spielen fiir das Eiwachstum und 
die Dotterbildung die gleiche Rolle wie der Eikern."" . . 

MarshalPs report on these bodies, which he discovered in the oOcytes of 
Polistes pallipes (1907), leaves the matter undecided as to whether they are true 
nuclei or not, and he adds nothing about theii- origin. To the writer it appears 

exceedingly probable that Peacock and Gresson (1928) did not observe the real 

secondary nuclei when they reported theii- presence in the Tentlu-edinidm. The 
nuclei shown in the nutritive chamber are the follicular nuclei entangled amidst 
the nurse-cells, and theii- figures do not show the existence of any structure in 
the ooplasm resembling the secondary nucleus described by Blochmaun, Gatenby, 
Buchner, Loyez and others. 

Hegner s figures and description (1915) leave the matter of the origin of 
these structures largely undecided, but he considers their origin by the immigra- 
tion of the follicular epithelial cells or by budding from the oocyte nucleus 
improbable, and reaches the conclusion that in Camponotus they arise from the 
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material which is given off by the oocyte nucleus and which gets enclosed by a 
membrane and develops into a nucleus-like body. His figures, however^ do not 
show this extruded material. In Apanteles^ likewise;, the matter is undecided, 
while in Ehodites he derives them from chromatin-like granules that may have 
been emitted by the oocytes, follicular cells, or the nurse-cells. 

Hogben (1920), likewise, reported their presence in some Hymenoptera 
and was inclined to accept Loyez^’s views with regard to their function. 

I have discovered these bodies in the oocji^es of all the three Hymenopteroiis 
species investigated, and in every case theii' origin has been traced to the naked 
granules extruded by the nucleus. These granules, of course, I consider to be 
plasmosomal in nature. As for the vacuolar bodies, some of which do develop 
into the secondary nuclei, it is difficult to decide ho-w they originate. 

With regard to Buchner's (1918) assertion that the basichromatin material 
is elaborated in the ground cytoplasm, I may add that my work affords no 
evidence in support of it. The nucleolar particles (called by Buchner basi- 
chromatin particles) are not elaborated in the ooplasm, but appear to come from 
the nucleus. Then it has been ascertained in this piece of work that the 
secondary nuclei also, like the head-nucleus, emit* nucleolar particles, which in 
turn may originate other secondary nuclei. This is seen exceedingly well in 
Scolia in which a gaod many of them arise in this way. 

Whether they can be definitely considered as nuclei it is difficult to decide, 
for there is much to be said in favour of the view that no structure devoid of 
chromatin can be considered a nucleus. And in the secondary nuclei chromatin 
has not been convincingly demonstrated so far. But, as Buchner says, they 
represent a mechanism for yolk-formation — not concerned possibly with growth — 
and involve a decentralization of the nuclear function. 

In Scolia some of the nucleolar particles emitted by the secondary nuclei 
originated fresh batches of them, but most of them remain naked in the ooplasm 
together with those emitted by the iirincipal 'nucleus. And these transform 
dii’cctly into yolk. In the other Hymenopteroiis species examined all the 
nucleolar emissions of the secondary nuclei are used up in yolk formation. Thus 
the function of yolk-formation is discharged, not by the principal nucleus alone, 
but also by the secondary nuclei. I, however, cannot corroborate Loyez’s and 
Buchner^s conclusion, that they directly transform into yolk bodies. Govaerts 
(1913) rejected this opinion, and Gatenby^s work (1920) likewise did not support 
it. The secondary nuclei simply disintegrate and disappear. 
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, . Description of Plates 

Abbreviations used:— A- F., albuminous yolk; follicular cell; G., Golgi body; if., 

niitoehondria ; W., principal nucleus; W.6\, nursc-cell; nucleolar extrusion ; secondary 

luielei. 

All the diagrams were made vuth camera lucida, and drawn to the magnilicatioii shown on 
plate 5. 

PLxIte I 

(Polistes hebraeus) 

Fig. 1, Young follicle showing G-olgi bodies. Ludford. 

Fig. 2. Oocyte showing Golgi bodies. Ludford. 

Fig. 3. Oocyte showing Golgi bodies and secondary nuclei. Ludford. 

Fig. 4. Nursc-cell showing Golgi bodies. Ludford. 

Fig. 5. Part of ill! oocyte showing Golgi bodies. Ludford. 
b ig. 6. Part of an oocyte showing Golgi bodies and proteid yolk. Ludford. 

(Vespa orien tabs) 

Figs. ( & 8. Young oocytes showing Golgi bodies. Ludford. 

big. 9. Part of an oocyte showing Golgi bodies and albuminous yolk. Ludford. . 

(Scolia quadripustulatus) 

Fig. 10, Oocytes showing Golgi bodies. Ludford. 

Fig, 1 1 , Oocyte showing Golgi bodies. Ludford. 

big. *2, Oocyte showing Golgi bodies and secondary nuclei. Ludford. 

Plate 2 

Figs, 13 & 14. Parts of oocytes showing Golgi bodies and secondary nuclei. Ludford. 

Fig. 15.. N urse-cell showing Golgi bodies. Ludford. 
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Plate II . 

Mceli BnAR-Gytoplasmic Inclusions in the Oogenesis of Certain Hymenoptera. 
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(Polistes hebraeus) 

Fig. 16. Young oocyte showing Yacuolar bodies and mitochondria. F.W.A., acid fuchsin and 
methyl green. 

Figs. 17&18. Oocytes showing mitochondria and nucleolar extrusions. F.W. A., acid fuchsin 
and methyl green. 

Figs. 19. 20 &21. Oocytes showing mitochondria, nucleolar extrusions, and secondar}’ nuclei. 
F.WA.., acid fuchsin and methyl green. 

Figs. 22, 2? & 24. Oocytes showing nucleolar extrusions and secondary nuclei. Bonin, |Iamfs 
methyl blueeosin. 

Figs. 25 & 26. Oocytes showing mitochondria, nucleolar extrusions, and secondary nuclei. 
F.W.A., acid fuchsin and aurantia. 

Plate 3 

(Polistes hebraeus) 

Parts of egg-periphery showing mitochondria, nucleolar extrusions, and second- 
ary nuclei. F.W.A., acid fuchsin and methyl green. 

Part of egg-periphery showing mitochondria, secondary nuclei and proteid yolk. 
F.W.A., acid fuchsin and methyl green. 

Part of egg-periphery showing mitochondria, proteid yolk, • secondary nuclei, 
and vesicular bodies resembling secondary nuclei in the follicular cells F.W.A. , 
acid fuchsin and methyl green. 

Part of an oocyte showing mitochondria, secondary nuclei, and proteid yolk. 
F.W.A , acid fuchsin and methyl green. 

(Vespa orien tails) 

Fig. 32. Y'oung oocyte showing mitochondria and nucleolar extrusions. Champy-Kull. 

Figs. 33 & 34. Oocytes showing mitochondria, nucleolar extrusions, and secondary nuclei. 
Champy-Kull. 

Plate 4 
(Vespa orientalis) 

Fig. 35. Oocyte showing mitochondria, nucleolar extrusions, and secondary nuclei. 

Champy-Kull. 

Figs. 36, 37 A 38. Peripheral parts of oocytes showing mitochondria, nucleolar extrusions, and 
secondary nuclei. Champy-Kull 

Fig. 39. Peripheral part of an oocyte showing mitochondria, secondary nuclei and pro- 

teid yolk. Champy-Kull 

(Scolia quadripustulatus) 

Fig. 40. Young oocyte showing mitochondria, vacuolar bodies and nucleolar extrusions. 

F.W.A., acid fuchsin and methyl green. 

Fig. 41. Cocyte showing mitochondria and nucleolar extrusions. Two nurse-cells 

showing mitochondria. F.W.A., acid fuchsin and methyl green. 

Fig. 42. Cocyte showing mitochondria, and nucleolar extrusions. F.W.A., acid fuchsin 

and methyl green. 


Figs. 27 A 28. 
Fig. 29. 

Fig. 30. 

Fig. 31. 
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Prate 5 

(Scolia quadripustulatus) 

4 3. Oocyte showing tlic principal nucleus, the secondary nuclei, mitochondria and 

nucleolar extrusions F,W.A., acid fuchsin and methyl green. 

Fig 44. Part of egg-periphery showing mitochondria, secondary nuclei and nucleolar 

extrusions. F.W.A., acid fuchsin and methyl green. 

Fig. 45. Part of egg-periphery showing mitochondria, secondary nuclei, nucleolar 

extrusions and proteid yolk. F.W.A., acid fuchsin and methyl green. 

Fig 46. Part of egg-periphery showing mitochondria, secondary nuclei and proteid 

yolk. F.W.A., acid fuchsin and methyl green. 



Plate IV 

Mueli Dhae — Cytoplasmic Tuclusions in the Oogenesis of Certain Hymenoptera 
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INFINITE INTEGRALS INVOLVING STRUVE’S FUNCTIONS (II) 

By B. Mohan 

Mathematics Department, Hindu University, Benares 
Communicated by Dr. Gorakh Prasad 
(Received on’ February 17, 1942) 

The object of this note is to evaluate some infinite integrals involving 
Struve^s function defined by 


H, ix)-- 


0 2’'+-^'+ ‘ r {Y+ 1) r (i; + Y + 1) 


Let I 


=1 

0 


6' =^^ W (.^^) H {bx)dx, 

k, m V 


. ( 1 ) 
. ( 2 ) 


where R (Z+vdt 2m) >— 2, R(v)>— 1. 
We have 


0 


W, ix-) 2- 


(-1)7 


dx 


(3) 


k.m ^ ■5 2 ’'+ 27+ 1 r (y + 1) r (y + Y + 1) 

Now^ the series (1) is uniformly convergent in any arbitrary interval 
of values of x for R (v)> And the function 

is continuous. Also^ the integral in (2) is absolutely convergent under the con- 
ditions imposed. Hence, in (3), we may integrate the series term by term. Thus 


I=S 




0 r(Y+ i) r(v 4 Y + i) 


0 


X 


l^v+2y 


w 


k, m 


dx 


' G. N. Watson : Theory of Bessel Functions (1922) § 10.4 (2). 
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Now, we know that 




Z-l 

X 




/c, m 


,,, r(i+»!+*)r(i-m+j) 

W TjPk^i) 


where E{?±w+ 2 )> 0 .* 

On using this formula, we find that 

~ y+27+l r(jZ+jv + Y^m + l) + Y4-m-4-l) 


Thus, we get 

00 

J ^^^^{x^)-K,{hx)dx 

0 

y+ t r(jz+iv+OT+i) r(5Z+ jv-?M+i) ^ 
2"+V?'r(v+-i) r(5Z+^v-/i:+i) 

-n, ( 1, IZ + iv + OT + 1;, iZ + 5V — m + 1 _ 1;2 

iv+iiz+iv-/c+i ’ 

where E {v)> —1, E (Z+ v±2m)> —2. 


. (4) 


This result is capable of yielding several interesting particular tiases. 

(i) Z=l, /b=m+l, v = 2m. 

CO 

1 «■*'■ te’) H2„ «■**', . . (5) 

where E (m) <1. 


On using the formula 

H_| {x)=*^ ^ sin X, 

we find that for — I, (5) reduces to the well-known result 

CO 

sinbxclx= ^ ^ — e '‘ . 

0 


* S. Goldstein : Operational Representations of Whittaker’s Confluent Hyper-geometric 

Function and Weber’s Parabolic Cylinder Function— Proc. London Math- §pc. II 34 (1932), 
1Q3-25. 
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(ii) k=2±:m. 

On using the formula 


±m 




ix)^x 


we get 


f to) X 

1 ’ 2 '+'v.r(»+s) 

„ / ip + iv + i, 1 . 1 ;,2 

i.+8 ■ * * > 

where E (v)> — L E (p + v) >~1. 

This is a particular case of a formula proved by me recently.* 
*(m) v= — i 




"Wj. „ (a:*) siu ia; dx 


2 7 r (Iz+jw+i) rfaZ — 7 h-¥V> 

“ rW^I) 


IZ—m+l ._i72 


L iZ-A:+i 


L 


where E(Z±2m) > — 2. 

(iz;) v= 2 . 

On using the formula 


we get 


Hi (ir) = (1 — cos o^, 


I (1— cosZ>rr) {x^) dx 

0 

“ 4 ' ^(iZ~^'+2) 

^ / 1, iZ+m-f I, 5Z-“5?^+| ._i72 


2, sZ “i;4* 2 


L 


where E (v)>— L E (Z±2m)> —3. 


* Infinite Integrals involving Struve's fuiictions (I) —in the press. 
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{v) Wi=±¥. 

On using the formula 

Wh, ±1 (a;)=2"*^+‘ .T* Dgi-i {V^), 


we get 


J Dj^(.x^¥)'ajbx)dx 

0 

r(z+v 4 -i) ^ 

2i+iv-kk+i r(v+i-) r(iz-i/c+iv+i) 

„ / 1 , iZ+iv+IJZ + iv+l . , 2 \ 

Lv+iiZ-U+^v + 1 ^ 


where R(v)>— L E;(Z+v)> — 1. 
(vi) k=0. 

On using the formula 


Wo„(rr)=\/^ K, ilx), 


we get 




ii^") (bx) dx 


_ r(gz+ jv+^M+ 2 ) rdz-f 2v— W2+ 2 ) ^ 

2’'+^r(v+i)r(iz+iv+i) 

•j, ( 1 , iZ+lv+m+i, iZ + 2 V-m + i ._i7,2 \ 
V i, v + l, 2Z4-2V+1 . / 

where R(v)> — 1, R (Z+vd=2m)>—l. 

{'im) We know that, when n is a+-z;e integer, 

l”* W , , ,, , (x). 


Using this formula, we get 


c ^ 

\ tP' L [x'^) H (ijr) dx 

J n ^ 

0 

(-i)n y+1 r(jp+iv+^) r(jff+iv-TO+i) 


2’'+^ [£? r (v+l) ^(^39^-|v-m-2^ + l) 

-p ( I7 Ij^+lv + i, 5P + Iv — OT+i ^ A/2 ^ 

iv+iip+iv-m-«+i j’ 


where E(v)>— 1/ R(p+v)>— 1, R. (j)+v— 2m)> - 1. 
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m) We know that, when % is a+«e integer. 


^ f \ 1 

^ iZL + n + 1) 

On using this formula^ we get 




w+iwi+l, im 


(x). 


X 


P-1 -05’ 


T {x^) Hjr {bx) dx 


r (Ip-f ly + j) r (2P‘4-iv~y?2-t- g) 

2*'"^^ r (■??z+^+i) r (v+i) r {lp4•2v-“^?^~^^+2) 

-j- / Ij 2 P+ iv + i, s^4* iv~-??z+ i 1 

^ n iv+i ip+iv-~7?2--^+i ^ • 

where E (v)>— 1, R(p + v)>— 1, E (p+v~27?2)>-~l. 

fe) m = 2. 

We know that 

Wn,i {2^)=r(^+l)Z;2n (^). 
were Z:(£r) denotes Eateman's Function and E(n)>~l. 

On using this formula, we get 
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Z-1 




hp (M dx 


y-fl r jy-f I) r (aZ-l" aV-f 2 ) 


2"+^ r(p+i)r(v+f)r(iz+iv-p+i) 


bFs ( 

\ 2, 


1, 2 Z h §V”{- 1, IZhaV+i 
v+l, IZ+iv—p + f 




where E (v)> —1, R (^+v)> — 1. 


. (11) 


. ( 12 ) 



UNIFORM RADIAL OSCILLATIONS OF A STAR 
By H. K. Sen 

Mathematics Departmeot, Allahabad University 
Communicated by Prof. A. C. Banerji 
(Received on 4tli April, 1942) 

SUMMARY 

It bas been shown that the only non- rotating star capable of uniform radial oscillation and 
therefore of preserving the distribution of the polytropic index throughout the oscillation is the 
homogeneous sphere. The rotating oblate spheroid of small ellipticity has been shown incapable 
of uniform oscillation with a well-defined period, except when homogeneous. Both the models have 
been found to oscillate uniformly only in the fundamental mode with the same period. The bearing 
of this on the origin of the solar system and of the double stars has been touched upon. 

It is well known from the investigations of Drs. Kopal/^ Chandrasekhar^ 
and Sir Arthur Eddington that the Gepheid variables are much less centrally con- 
densed than the main-sequence stars. In fact^ as Kopal has stated^ the 6-Cephei F-5 
stars approach the limit of homogeneity. An entirely different line of approach 
to the problem was suggested by an analysis due to Professor A. C. Banerji^ 
and followed up in two papers by the author.^®' The analysis pointed to the 
probability of radial oscillations being only possible for the homogeneous star. 
Instability of radial oscillations was found for various laws of density proceeding 
in direct and inverse powers of the distance from the centre. 

For the fundamental mode of oscillation of the homogeneous star^ Sterne 
has obtained the amplitude to be the same fraction of the radial distance through- 
out the star. The oscillation is therefore a uniform expansion® or contraction 
of the star, and, from the conservation of the density distribution for 
such expansions, it follows that the star remains homogeneous thi'oughout 
the oscillation. For other modes of oscillation this is not true, as the amplitude 
of the oscillation at any point depends on the distance of the point from the 
centre,^ ^ and the distribution of the density will vary with the amplitude of the 
oscillation. This suggests that the probability of stability of radial oscillations 
is greatest for the homogeneous star and, even for this, the fundamental mode 
would be the predominant one. This is relevant to the criticism of Shinjo and 
Jeans that the velocity-cuiwes in the pulsation theory would contain higher 
modes of incommensurable period, which have not been observed in the regular 
variables. 
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In view of the above^, it has been thought desirable in this paper to make a 
general study of the configui'ations capable of uniform radial oscillation. In a 
uniform expansion, in which the radius vector to any point is increased k times, 
the volume of an infinitesimal element at the point is increased k^ times, and from 
the conservation of mass it follows that the density at the point decreases k^ 
times. Hence it follows that the distribution of the density in the original 
configuration is unaltered by uniform expansion (or contraction). As, further, 
the expansion is adiabatic, and therefore along a definite polytropic, it follows, 
from the extension by N. E. Sen^® to variable polytropes of Emdeir's theorem^ 
on uniform polytropes, that the polytropic index at any point is conserved by 
such an expansion. 

It has been shown here that, amongst the non-rotating variable polytropes, 
only the homogeneous sphere is capable of uniform radial oscillation, and there- 
fore, of preserving the distribution of the polytropic index throughout the 
oscillation. As actual stars have, however, a small amount of rotation and do 
not on that account preserve a strictly spherical shape, we have also considered 
the stellar model of an oblate spheroid of small ellipticity ; the strata of equal 
density are supposed to be similar spheroids. We have shown that the model 
cannot execute uniform radial oscillations with a well-defined period, except 
when it is homogeneous. 

It is interesting to speculate on the bearing of our result on the vexed 
problems of the origin of the solar system and of the double stars. We picture 
an almost homogeneous Cepheid variable rotating with a very small angular 
velocity. With radiation of energy, the angular velocity increases, till it 
becomes great enough to cause an appreciable alteration in the homogeneity of 
the star. The uniform oscillations then are not possible, as shown here. If we 
grant the very probable suggestion, as explained above, that no other form of 
oscillation is possible, matter would be thrown out of the parent Cepheid, out of 
which the ^planets would condense, and the attraction of a passing star set them 
moving sidewise. Eussell’s difficulty,^® of how such powerful internal forces 
(throwing out planetary material) could come into play, would no longer stand. 
Viewed in this light, the analysis fully supports the entmely novel Cepheid 
theory of the origin of the solar system advanced by Banerji in a very recent 
paper. ^ 

If there be no passing star, the Cepheid would break up by fission into two 
comparable masses, giving birth to a double-star system. The fissional method is 
the normal mode of breaking-up of a rotating gas mass with small central con- 
densation, according to Jeans.”^ It is interesting to note that the theory as here 
put forward is a merger of the fissional theory* of Cepheid variation as advo- 
cated by Jeans and of the pulsation theory of Shapley and Eddington.® The 
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spectroscopic binaries would form the connecting-link between the Cepheid vari- 
ables and the double stars. This latter suggestion, according to Jeans^ is supported 
by observation. Kopal^^ finds that the spectroscopic binaiues are appioxiniately 
homogeneous., which should be the case if they are formed from a Cepheid with an 
almost uniform density distribution. According to Kopab the central condensa- 
tion in binaries comes of ageing. 

We will now consider the different stellar models. We will, following 
Eddington;,® consider only small adiabatic oscillations;, and neglect the square of 
the amplitude. 

Model 1. Polytropic gas sphere of variable index* 

Let P, p and g be the pressure^ density and gravity at a point distant | from 
the centre at any instant of time and let the suffix zero denote the undisturbed 
values of these variables. Let 

i = lo(l + ii),P=Po(l + Pi), P=Po(l + Pi). . • • (1) 

If the period of the pulsation be then P and p will contain a factor 
cos ntj as the oscillations are assumed to be small. Further, if they are adiabatic, 
we have the following® equation ; 

Pi-yPi, ( 2 ) 

where y Is the effective ratio of the specific heats (regarding the matter and 
enclosed radiation as one system.) From the conservation of mass, we have 

pI^ dl=Po d'^o ( 3 ) 

From (1) we have 

if =1 + 5. (4) 

since for uniform oscillation is independent of * 

From (l)^ (3) and (4) we have 


1 + Pi = — = 
Po 


hL ilo 

V ■ 


Ti+li)' ^ 



to the first power of li. 
From (5) we have 



(6) 

Pi = -3y?i 

(7) 


From (2) and (6) we have 
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It is to be noted that both Pi and Pi are independent of since is so. 
The equation of oscillatory motion is 

1 (IF _ 
p dl~ 


dt^ 


From (3) we have 


pdl=P^dU^=P^clU{l-‘ll^) 
From (8) and (9) we have 


Po 


Now we have 


_ 

0 — ^2 J 

b 


where M is the mass interior to 
Hence, we have 

u: 2 


0 ^ ^0 ofc 

— —p—l -5., 


from (1). 

We have from (1), (10) and (11) 


— ^(Po + PoPi)= -(l-4§i)£'o + «^loii. 
which breaks up into the equation of equilibrium 

1 dF, 

Po dlo go . . - ■ 

and the equation of oscillatory motion 

^ ^(PoPi)=4?iffo + «‘^?oii. 

Po «bo 

which by (7) and (12) reduces to 

[^^io-(3Y-i)^o] ii=0 

As is supposed not zero^ the equation (14) further reduces to 




= (3Y-4)-fA 

?o 


which gives the period of oscillation. 
F. 2 


(8) 

( 0 ) 

( 10 ) 


( 11 ) 


( 12 ) 

(IB) 

(14) 

(15) 
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As for Stable oscillations should be positive, we have from (15) the well- 
known result that y^4/3. 

Further 7 i given by (15) should be independent of lo- Hence, we must 

have 


^o = uio 


where |x is a constant. 
From (16) we have 


where M(io) the mass interior to the sphere of radius ^o- 
From (17) we have 


GM(io) 


t: 

bO 


(16) 


(17) 


M(io)=A^o® ■ 

Also for the mass of shell of radius io and thickness fZ|o we have 

d-ZM(io) = 4irioVo^Z?o. (10) 


where Po is the density of the shell. 

From (18) and (19) we have 

p^j== =r a constant ..... (20) 

Thus we arrive at the important conclusion that amongst the non-rotating 
stars only the homogeneous sphere is capable of uniform oscillation. For the 
homogeneous sphere of density p we have from (15), (16) and (20) 

,^^=4^Gp(Y-|), (21) 

which is the result obtained by Sterne.^ ^ 

We note that (21) gives only one value of n, that is, only the fundamental 
mode of oscillation. 

We will now consider the rotating model. % 


Model 2. Oblate spheroid of small ellipticity . 

Taking the axis of rotation as Z — axis, the equation of oscillatory motion 
is, in polar coordinates, 

3V 1 ap 


df^ 


Si 




' + co^isin“P, 


( 22 ) 


where V, P and p are respectively the gravitational potential, pressure and 
density at an internal point (i, 6^, 0). The term co'l in (22) is due to the 
rotation. 
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Let a and a (l — s) be the major and minor semi-axes of the spherokh where 
£ is the ellipticity of the spheroid connected with its meridional eceeutrieity e 
by the relation 

6^ = 28 (23) 

The angular velocity o) of rotation is supposed to be small, so that we can 
neglect the square of the ellipticity 8. We further suppose the shells of equal 
density to be similar spheroids. The particular case of the homogeneous spheroid 
has been considered by P. L. Bhatnagar in his unpublished thesis for the D.PhiL 
degree of the Allahabad University. 

Neglecting the square of the ellipticity, the polar equation of the surface 
of the spheroid can be put in the form 

5 = a{l-~8Cos^^) ...... (24) 


We will use Ciairaut's results^ ^ for this model, vix,. 




CO" 


2ji:Gf> 


where p is the mean density ; and 

(hY^ 




GMe 


(cos^^— i). 


. (25) 


. (26) 


where M is the mass of the spheroid and V is the potential at an external point 

(i. <^). 

We will, as we have said, retain in our equations only the first power of 
as defined in Clairaut's result (a) above, that is, we consider only such slow 
rotations that we can neglect the effects arising from and higher i^owers of co. 

The equation (3) of the conservation of mass holds for the uniform oscilla- 
tion of an ellipsoid. This can be shown as follows. 

Let Co be the semi-axes of the ellipsoid through {^qj 6, </-»), and let 

these expand to the values a, Z?, c respectively. 

We know that the volume of a thin homoeoid^^ of semi-axes a, hj c is 4jtAa&c, 
where 

da 
a 

Hence, if p denote the density of the homoeoid and Po its undisturbed value, 
we have, from the conservation of mass. 


db _ dc . 

-y--— - I 


, . dl 

c?oco^o^o t abcp ^ , 
5o b 


. ( 28 ) 
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■whence -we have equation (3) since 


a _ h _c I 

a^~ h^~ Co ”17 

We can thus assume the equations (1) — (7) to hold in this case too. 

^o'Wj as the attraction of a homoeoid at an internal point vanishes, we 
have for the value of gravity at an internal point (i, B, 4>) 


9~ 


9V _ GM(|) ^3a® 

~W~~V F 




j (cos*i9 — i). 


where M(|) is the mass of the spheroid through (i, 6, 4>). 
Prom (24) and (30) we have 


(30) 


GM(g) 3cos=^-l , GM(|) . . 

9- -2 — -h 5 (0-ft-t ^£Sin®^ 

_ GM(g) f 3cos®(9-l , „ . , A 

1+ — W7virv7^v-(i)''a'' +ssin e I . 


a‘ y- 2GM(|) 

We have a similar equation for go : 

oM(io) 


9(2 — - 


ao‘ 


, , 3cos®^-l , , . . , \ 

2GM(lo) “ + 68111 “^), 


where M(i)—M(5o) due to conservation of mass. 
From (31) and (32) we have 

Q _ L , lcos^^~l 

^0 I 


1 + 


-co^(a^ 


2GM(io) 

For uniform oscillation we have 

a=ao (l + ^i) 

From (33) and (34) we have 


-«0®)j . 


£' = 9'o(1-2|i) . 

Prom (22) we have the equation of oscillatory motion to be 
1 9P 

+ « ioii + ®®isin^i9, 

as in (1) contains a factor cosnt for small oscillations. 

Prom (9) and (36) we have 


(31) 


• (32) 


• (33) 

• (34) 
. (35) 


• (36) 
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We have from (1)., (35) and (37) 

~ ^ (Po-+ PoPi) =- (1— 4ii)ffo+ • • (38) 

Po c?5o 

which breaks up into the equation of relative equilibrium 

~ =-<7o +(i)*io sin®^ ..... (39) 

Po 

and the equation of oscillatory motion 


i ^ (PoPi)=4ii^o+n^?oli. 

Po c?^o 

which by (7) and (39) reduces to 

(3y- 4) fiTo] li=0 . 


(40) 


(41) 


For stable oscillations we have again that y must be greater than 4/3. 
From (24), (32) and (41) we have, to the order of approximation adopted. 


n 


= =(3,-4)^. 

(Iq 


We have omitted the terms of order 8 or v in (42) because of the factor 
ii in (41). 

For a defined period of oscillation, n must be independent of lo and ao. 
In order that this may be so, we must have, from (42), 

M (5o) =vao^ (43) 

where v is a constant. 

From (43) we have 

d M (§o) =3yao" dao (44) 

If Po be the density of the. spheroidal shell through 6, 4^), we have, 
from (27), 

d M (io) = 477^0 Co Po dao (45) 

Also we have 

Co=ao(l~£)^ (46) 

where 8 is the ellipticity defined in (23). 

From (44), (45) and (46), we have, to the order of approximation adopted, 

Po= a constant (47) 

4:77 

We have omitted the term of order s or r in (47) because of the factor 
h in (41). 
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We have from (47) that uniform radial oscillation is only possible for the 
homog’eneous spheroid. If the uniform density be p, we have, iroin (42), (43) 
and (47), 

7i^=4:^Gp{y-i) (48) 

From (21) and (48) we see that we get only the fundaxnental mode of 
uniform oscillation and the same value for the period of oscillation in this mode 
for the models 1 and 2 considered above. Further, as we have seen, the models 
must be of uniform density in order that they may be capable of executing 
uniform oscillations. The superposition of a small amount of rotation does not 
affect the period of uniform oscillation of a homogeneous spherical star. 

The author considers it a great privilege to record his grateful thanks fco 
Professor A. C. Banerji, under whose guidance he has carried out the above 
investigation. 
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SUMMARY 

It has been shown that the superposition of a small amount of rotation does not materially 
affect the results arrived at for the radial oscillations of a spherical, non-rotating star. 

The adiabatic oscillations of a gas sphere have been considered by a nimiber 
of workers in order to explain stellar variability. Sir Arthur Eddington^ 
prepared the field by his classic inv^estigation of the small adiabatic pulsations 
of the standard modeb obtaining the period-density relation of the Cepheids and 
a theoretical estimate of the period of the fundamental mode of oscillation of 
S-Cephei correct to a factor of 2. Later work has mainly been the derivation 
of the higher modes of oscillation. Prof. A. C. Banerji^ has been the first to 
consider the case when the amplitude of the oscillations is large enough for 
retention of the second order terms. Banerji has shown that the oscillations 
in this case become unstable, and on this basis has given a most original and 

fundamental theory of the origin of the solar system. 

Actual stars, however, do possess a small amount of rotation, and, on that 
account, can be more accurately represented by oblate spheroids of small ellip- 
ticity. P. L. Bhatnagar, in his unpublished thesis for the D.Phil. degree of the 
Allahabad University, has considered small oscillations of a homogeneous oblate 
spheroid of small ellipticity. We have considered the radial oscillations of a 
slowly rotating spheroid, assuming that the strata of equal density are similar 
spheroids and remain so throughout the oscillation. These assumptions are quite 
plausible in the absence of any external disturbing factors. We have shown 
that both for small and large radial oscillations, the spheroid may be replaced 
by the equivalent sphere, which is constituted by replacing each spheroidal shell 
by a spherical one just containing it and of the same density. All the results, 
therefore, that have so far been obtained for the spherical star hold good also 
for the slowly rotating one. In particular, Bauer jUs investigation ^ on the origin 
of the solar system, in which the parent Cepheid has been assumed to be spherical, 
applies equally well to. the slowly rotating Cepheid. 
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Taking the axis o£ rotation as Z-axis, the equation of oscillatory motion for 
a rotating star is^ in polar co-ordinates^ 


df^ 


dY ’ 1 BP . 2t . 2. 
hir — r ^ ^ 5 sm 6 , . 

p 


( 1 ) 


where V, P and p are respectively the gravitational potential, pressure and 
density at an internal point (I, 6, 4>), and co is the angular velocity of rotation. 
The term co'^ sin^6^ in (1) is due to the rotation. 

We will consider only such small rotations that we can neglect eflPects 
arising from higher powers of co than the second, where co is the angular velocity 
of rotation. 

We will first consider 


Case L S7naM Oscillations. 

We will neglect terms of the order of v'^ and where is the 

amplitude of oscillation and 

«; = co'/(2ji;Gp), 

p being the mean density of the spheroid. 

Let P, p and g be the pressure, density and gravity at a point distant 5 
from the centre at »any instant of time f, and let the suffix zero denote the 
undisturbed values of these variables. Let 

? = lo(l + ?i). P = Po (l + Pi)w>-/>o(l + Pi), . , . (2) 

and ii=«i cos nt, .... . . (3) 

where the period 

II = 2jtM. (4) 

Following Eddington/ we will suppose the oscillations to be adiabatic, 
so that we have the following equation 

Pi=YPi. (5) 

where Y is the effective ratio of the specific heats, regarding the matter and 
enclosed radiation as one system. 

Let a and a (l-e) be the major and minor semi-axes of the spheroid, where 8 
is the ellipticity of the spheroid connected with its meridional eccenti’icity e by 
the relation 

^ ^^=28 . (6) 

, Neglecting the square of the ellipticity, the polar equation of the surface 
be shown to be 

i==a(l— 8 cos‘^6/) . . . . . . (7) 
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We will use Clairaiit’s results^ ^ for this model, 

0)“ 


(fl)^ 

where p is the mean density 
and (6)1® 


goci;j= — 


23iGp 


N-- 


GM. a' 


+ .rjl — 


GMe^ , 


) 


(cos 1(9 -5). 


( 8 ) 


where M is the mass of the spheroid, and V the poteutial at an erteriial point 

(i, e, ck). 

Let cio, rio, Oq (1— e) be the semi-axes of the spheroid through (^o» and 
let them expand to a, riy a (1 — s). 

We know that the rolume of a thin homoeoid^ ^ of semi-axes a, b, c 


where 


= 4:iik abe, 


a~~ e'^ 


(9) 


( 10 ) 


Hence, if Po be the undisturbed value of the density of the spheroidal 
shell through {’^ 0 , 6 , 4 ). and p its density at any other instant, we have the equation 
of the conservation of mass 


dlo 


dl 


ao^(l--£)Po =a^{l‘-B)p 


Since the shells are similar, we have 


^^^0 ?0 


From (11) and (12) we have 
From (2) we have 


dl 


dl, 


' = l+?l + io5l^ 


( 11 ) 

( 12 ) 

(13) 

(14) 


where the dash denotes differentiation with respect to 1 ^ 


From (2), (13) and (14) we have 

Pi^ — 3^1— 




whence 

to the first power of li. 

F. 3* 


do) 



248 


MATHEilATIGS : H. K. SEK 


From (5) and (15) we have 

From (1);, (2) and (3) we have the equation of oscillatory motion 


■j- ^ =-ff+co^^o ( 16 ") 

= "~^ + (o“io sm^j9 + n^io§i (I"?) 

As the attraction of a homoeoid at an internal point is zero^ wc have from 
equation (8) for the value of i^ravity at an internal point (§, <9, 


= -“^r-fco^io sin^(9“^ 


9V ^ GM(g ) 3^;^ , , , GM(i) 

^ \ 2 CO fH' 


pUCcos-^^-i), 

6 / 


where M (!) is the mass of the spheroid throii^'h 6*., 0). 

From (?) and (18) we have 

GrM(g) 3cos^^-l 2 (3rM(i) . . 

~T—+ cuV«+ 8 suri9 

a 6 a 

_ GM {l) f 3cos^(9~l 2 8. • 

_ ^ 1 + 0) «= + 8 81.1 e j. 

We have a similar equatioa for ; 


G-Mdo) / ■ 3 co s^g— 1 2 3 


Now for conservation of mass M (?) =M (?o). Hence, wc have from (19) 
and (20) 


-2_= 1 + 3_cos’’^-1 „2 . .3 _ 3^ 


go ad^'^2GM(?o)®" ^ 


. ( 21 ) 


As we have assumed that the spheroidal form is preserved in the oscillation, 
we have 

( 22 ) 

from (2). 

From (21) and (22), we have 

5r = ^o(l-~2?i) (23) 

From (13) we have ' 


Pdl Po "^^2 


- (24) 
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From (17) and (24) "we have 
1 3P 


Po 


(l-2Si) + sin^fl 


We have fi'om (2), (23) and (25) 

^(Po + PoPi) =- (l-4|i) ffo + «®5oii+(o^?o sin®(? 

Po 

Equation ( 26 ) breaks up into the equation of relative equilibrium 


1 9Po 


= -<7o +co^io sill ‘^<9, 


— _ (/Q-ruj so 

Po 9^0 

and the equation of oscillatory motion 

f J- (PoPl) = 4il^o+■^^^ioll . 

Po o?o 

By (16) and (27). equation (28) reduce,? to 


^ < lA ^ ii' , Po av I 5 . ,, 

ii +(4-y)^+ 5i=0, 

SO L Y bo - 


where v == - and a=3 — — (30) 

i 0 Y 

Equation (29) is the same as that obtained by Eddington® for the small 
adiabatic oscillations of a gas sphere. The variables Pq, Pq a-nd go, however, 
denote here the undisturbed values for the spheroid. 

To the order of approximation adopted, we will omit terms of order r, as 
defined in Claiiaut^s result {a) above-mentioned, from and Po occurring in 
equation (29). To this order of approximation, we have from (20) 

■GrM /oi\ 

^0= 

Clo 


where M is the mass of the spheroid of semi-major axis ao through (Ioj '?')• 

From (9) and (10) we have the mass of a thin spheroidal shell of semi-major 
axis Go 

(1~£) (1~e) dflo .... (32) 

Clo 

From (32) we have the mass of the spheroid 

M= (1-e) j4jca«Vodao= (1-£)M', .... (33) 


where is the mass of the equivalent S'phere, which we have already defined in 
the second paragraph of this paper as a sphere constructed by replacing each 
spheroidal shell by a spherical one just containing it and of the same density. 
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Hence, we have from (31), to the degree of approximation indicated above, 


go- 


GM' 


(34) 


where is the mass of the eqidvaleni sphere* 

From (34) we have 

^ro = Po'. (35) 

where is the value of gravity at (io> for the equivalent sphere. 

To the same degree of approximation, we have from (27) 


Po = l ffoPodio (36) 

io 

where the radius vector through lo meets the surface of the spheroid at ro. 

If Po' denote the corresponding pressure for the equivalent sphere, we have 

Ro 

Po'=I (37) 

lo ■ 

where Ro is the radius of the circumscribing sphere* 

We have from (7) 

ro =Ro (l — e cos“6») (38) 


Let ldoPodlo=f{lo) (39) 

Then we have from equations (36) — (39) 

Po=/’(^’o) -f(?o) ^/’[Ro (1-8 cos “6')]-/’ (io) 

=/*(Ro) — /* (io) (neglecting terms of order v) 

(40) 


From (35) and (40) we see that the equation (29) will be unaltered if we 
replace the spheroid by the equivalent sphere. 

As (29) is the fundamental differential equation for small adiabatic oscilla- 
tions, we have the important result that for such oscillations an oblate spheroid of 
small ellipticity may be replaced by the equivalent sphere. In other words, the 
superposition of a small amount of rotation does not materially alter the results 
arrived at for small oscillations of the spherical star. 

We will next consider 

Case 2, Large oscillations , 
so that we imtaiii terms of the order of 

We will at first consider such small rotations that we can neglect 
and v^ p that is, the effects arising from O)^, and higher powers of co. 
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The analogous case for the non-rotating star has been considered^ by 
Baiierjb and by Bhatnagar in his unpublished thesis for the D.Phil. degree of 
the Allahabad University. We will show that BanerjTs results and therefore 
his theory of the origin of the solar system hold good for the slowly rotating star. 
For adiabatic oscillations, we have 


(41) 

where y is the effective ratio of the specific heats, regarding the matter and 
enclosed radiation as one system. 

From (2), (13) and (41) we have 


and 


1 + Pi = 

1 + P,= 


^ (i+?i)-*'(i+ii^?oii')' 

1 

(1 (i+ii+loii')'*' 

From (21) and (22) we have 

^ (i+ii)*' 

neglecting terms of the order of 'r§i. 

From (13) we have 


pdl=Po^dU=jl^ 


From (16') and (44) we have 

dn 




(43) 


(44) 


(45) 


(46) 


dt^ 

It should be noted that in using (16') to derive (46) we have neglected 
terms of the order of . 

(46) by (2) breaks up into the equation of relative equilibrium (27) and the 
equation of oscillatory motion 


. ( 47 ) 


r. 

, 1 

1 3Po 

df^ : 

(i+ii)’‘ . 

o 

Ji/i 

CO 

o 

Q. 

1 


(i+lil! 


(47) by (27) and (43) reduces to 


(PoPi) 


i= -g. 


1 

id+ii)-'' 


2(1+1 


i 1 

l+ii + ioliO^ J 


neglecting terms of order 


{(l+il)27(l + ^, + ioi/>^]' ■ ■ 
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Retaining terms of the order of the equation (48) reduces to 

+ }] + [ (4ix' + ioli'O -{4(3 y - Diilx' 

+ 2(2Y + l)io?i'^^ + (3Y-l)?o?iir+{Y + l)io^?^ . . . . (49) 

Eddington.^ lias sliown that if the square of the amplitude be retained, the 
complete formula for will be of the form 

li = ai cosnt-'a 2 cos 2 nt^ 

where is of order This would give a velocity-curve having the general 

characteristics of the observed velocity-curves of Cepheids, vix.y a sharp decrease 
from maximum to minimum receding velocity and a slower return to maximum 
with indications of a hump in the curve.’’ ^ 

Substituting (50) in (49) and equating the coefficients of cos nt and cos 2nt 
separately to zero, we find that certain terms of the order of are left over. 
We therefore assume the following form for : 

= oosnt’-a2 GOB2nt — a^, (51) 

where a 2 and as are of order ai^. 

From (2) and (51) we have 

t = — io (^1 cos 4^2 cos 2 (52) 

= ax cos nt -a/ oos2nt-as\ (53) 

and ii" = ax" cos nt — a/ cos2nt — as\ . . ... . (54) 

where the dots and the dashes denote differentiation respectively with respect 
to t and 5o- 

Substituting from equations (51) to (54), equation (49) reduces to 

j^?2^aiio + ^o{"“(3Y“4)ai“~Yio^«i' }-f - {4«i'+ j cos7it 

+ [— 4?z^io^3^2*b (7o{(3Y““4)a2 + y?o<^2^+?(3y~ 4) (3y + 1)o5i^ + 2y(3y"“1)?o05i.«'/ 

+ '4Y(Y + l)?o^^^i^^} 4 '~^{~4a2^”"?o^2"^*"2(3Y~l)aiai'“'(2Y + l)io^^/^ 

-i(3Y'-l)io^3^i<r/<i'''-2(Y + l)io‘^^i' c^/'}]cds 2n^-r[^o{(3Y'^4)fl^3 + Y§o^s' 

+ I(3y- 4) (3Y + l)at*+iY(3Y-l)loaia/ + 4Y(Y + l)?o=*«i'^} + {-W 

Po 

■“2(3y— l)aiai' — (2 y + H3Y~l)?oaiffii"'’~2(Y + 

=0 (55) 
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Equating the coefficients of cos cos2?z^ and the remaining terms sepa- 
rately to zero, we have the following equations of oscillatory motion : 


and 


, 4 — V , 

ai H ^ — a I + 
so 


, 4: V f 
4 — 5 — (12 + 
so 


' n'^Po 
. PoY 

' 4w^Po 
P«Y 


1 _ , A 

^ 2 

1 _ t 

g^2 J«2 -.Ai 


(56) 


(57) 


where 


and 


„ , 4 — V , av 

((z * ^ ^ 2 . 

so so 


y _ ffoPp Su 

P 0 



• (58) 

. (59) 


.i-[i(3Y-l)^-f(Y-l) — T]«i=' + i(Y + l) [^-j+]^oaW 


+ [l-4(Y + l)v>fi'- (60) 

Equations (56)— (58) are precisely those obtained by Banerji^ in his 
investigation on the large radial oscillations of a Cepheid. The variables Po, 
and V here of course refer to the spheroid, but it has been shown in Case 1 
that, to the order of approximation adopted, they remain unaltered for the 
equivalent sphere- 

We have thus proved that both for small and large radial oscillations, the 
oblate spheroid of small ellipticity may be replaced by the equivalent sphere. The 
importance of the result arrived at would be realised from the fact that all the 
investigations carried so far on the radial oscillations of a sphere are seen to 
apply equally well to the slowly rotating star. In particular, Banerjhs attractive 
theory^ on the origin of the solar system holds in tofo for the rotating Cepheid. 
Further, a good deal of simplification has been effected in all future investi- 
gations, which may henceforth be confined, without material prejudice to the 
results, to the spherical star. 

It should be noted that the investigation in Case 1, where we have neglected 
effects arising from co*, is of a higher degree of approximation than that 
in Case 2, where we have neglected that is, effects arising from co‘h We 
will, therefore, now reconsider Case 2, retaining terms of the order of v^i- 
We will only indicate the steps of departure from the investigation already 
given. 
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From (21) and (22) we now have 

1 + «o li ia^ + acio + ao'^) j 

~ (l + ^i)'* 2GM(^o) (<?" + afflo + (}o^) li.’ • • (4:40 

where |x=cos^. 

From (1) and (2) we have the equation of oscillatory motion 

=-'7 + ®^ io sin*<^ + a)^ ?0 li . . (16") 


From (16") aad (440 we have 


dt‘ 


So _ 

(i+f7)''“' 

3fi^-l 

2GM(go) 


Po 


9P 

9io 


+ «>'■' §0 sin’S + m’ 


<7o fflo («* + «ao + «o^) Si- 


lo li sin*;? 


(460 


(460 by (2) breaks up into the equation of relative equilibrium (27) and the 
equation of oscillatory motion 

9 


cn_ 

dt^ 


1 1 1 _ ^9P_0 _ a+li)!_, 

(1 + Si)'‘‘ J Po 9lo Po 

3m2 — 1 

+»* io ii 2 G 5 i(i^y (“^+““<>■'■'’'■0“) 


9lo 


(P« P,) 


to 


(470 


(470 by (27) and (43) reduces to 

r_i 1 1 

dtV ^'’l.(l + li)‘ (l + li)^^'^ (l+li + lo Ix')^ J 

- -^(1 + ii) - (1 + + io iiO"' ] 

+ (3y~1) So 10 ^ ii sin^<9 + Y S/ sin ‘^(9 

3„2_i 

“ 9(}]y[ ciao ciq^) Si. . , . (480 

Proceeding as in Cas# 2 above^ we obtain the following differential equation 
in the place of ( 56 ) : 

+ [ ‘-''+ »’ <1-1*’) ^ i: [t ) 

2GM (So) * SoY 

where p.=cos0 and v and a are as in (59). 
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Equations (57) and (58) remain iiueliaiii»;ed. 

It is apparent iroin (56^ that the period of oscillation will in general be a 
function of 0, and hence that the oscillations will not be only radial. In view of 
the importance of homogeneity established in our researchesd^ we will work out 
in detail the case of the homogeneous spheroid. 

With the usual notation we have for the homogen^^ous spheroid : 

Vo— potential at an internal point (co^ 0^ 4^) 

= ijtGPo[3(l-ie^)^^-(l~k^)io^-HHo“^^ia .... (61) 


_ 4jtG 

P/O — ^ Po Oi 


and Pr 


Po' Pa (/’"-io")’ 


where 


I T ‘"J , .. O 


. (63) 


. (64) 


e. = l-lr 


2)3 2 2 3C0 (l LI “ ) 


■' ‘ 4aGPo ’ ....... 

r/ == semi-major axis of the spheroid. 
r== radius vector to the surface in the direction fP, 6). 
and p = cosP. 

The angular velocity co is connected with the meridional eccentricity e by 
the relation'"' : 

CO- __ 3--2e- 2\h . -1 1 -I 


neglecting the square of the eliipticity as dehned in (6). 

Putting ’%Q=rx and substituting for Qq and Po from (62) and (63), the differ- 
ential equation (56') reduces to 


where 




A = 4+ 


or 1 - _ 3(0- (i-j-i-) 


g 3»^ _ •2a (-] 

2ji; Ciypo C'i c-; 


3(0® (1 — i-i-) ^3— 
2 jt: Gpo 


9 . i)! 

4ji Gpo 7 


(3^1- -1). 
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The difi’erential equation (67) has a regular sino-ularity^ ‘ at the origin. We 
find the roots of the indicial equation “ to be 0 and -3. Taking the first root 
(as the second leads to an infinite value at the origin), we assume the following- 
series solution for (67) : 


CO 




(70) 


On substitution we find that the coefficients of the odd powers of x vanish 
and those of the even powers satisfy the recurrence formula : 


'2A+2 "^'(2A+2)(!^+5) 


(71) 


where I is zero or a positive inteo'er. 

The series (70) will be a finite polynomial if 


B = 2AA-i-2M2;i-l) (72) 


If (72) be not satisfied, the series (70) will not terminate and can bo shown 
to be convergent for x<l but divergent for x=l (that is, on the surface of the 
spheroid). Hence, by the extension of AbePs theorem® to series divergent on the 
circle of convergence, we shall have the limit of the amplitude infinite on tlie 
surface. 

Therefore, all the inodes of oscillation will be given by (72). 

From (68), (69) and (72) we have 

2j~=2(2?i + a)ci + 2(2r + 3 ^)c 2 - 2 ^^(l-lt‘^)(( 2 A-A + 3 ] 



0 

0)“ 

tcGpo 


(3p^~l) 


(73) 


In order that the period may be independent of jx, we must have the co- 
efficient of in (73) equal to zero. From this, with the help of (64), (65) |bnd (66) 
we obtain 


1 

^ 2A' + 5A+3 


(74) 


As K has to be integral or zero, the maximum value of y ^iven by (74) is 1/3. 
ihis is very much less than the critical value 4/3 for stability.^ Further, from 
(73) and (74) we have 


‘> 

n 

JtGpo 


= -4. 



The period of oscillation obtained from (75) is imaginary. We conclude, 
therefore, that a homogeneous rotating oblate spheroid of small ellipticity cannot 
execute purely radial oscillations of large amplitude. 



EABIAL OSCILLATIONS OP A SLOWLY ROTATING STAR 


257 


As iion-radial oscillations will meet with considerable material viscosity 
they will presumably not last long. This sets a mechanical limit to the aiiiplitiide 
of the pulsations. Eddington has given a different explanation.^ 

The author considers it a great privilege to record his grateful thanks to 
Professor A. C. Banerji, under whose guidance he has carried out the above 
investigation. 
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ABSTRACTS 


SECTJOX A 

Badial Oscillations of a VARrABLF Star. By H, K. Sen, Mathematics Department, Allaliabiicl 
University. 

Til a recent and important paper. Prof. A. C. Bauerji has shown that no radial modes of 
oscillation of large amplitude are possible for a Variable Star. Adopting Prof. Banerji’s method, 
it has been shown in this paper that no radial mode of oscillation (even of small amplitude) is 
}X3ssible for a sphere with a homogeneous, central core, and density at any point in the annulus 
varying inversely as the power of the distance of the point from the centre. Instability of radial 
oscillations has also been shown for the follow’ing models: (i) a .sphere with vanishingly small 
core, and density varying inversely as the p^* power of the distance from the centre (p >3, and 
amplitude taken to be small) : and (ii) a sphere in which almost the whole mass is concentrated at the 
(.*entre, oscillating with large amplitude. The conclusion has been drawn that, if the density vary 
inversely as the p^/' power of the distance from the centre, no radial mode of oscillation is possible 
except for Dr. Sterne'S models (i i the homogeneous sphere and <ii) the sphere in which the density 
varies inversely as the square of the distance from the centre. 


POLYTROPXC Gas Spheres wfi’h \''ariabli!: Index. By H. IC Sen, Mathematics Department, 
Allahabad Univei'sity. 

Eddington’s problem, of how far the proi>eities of the variable polytrope lie between 
those of the limiting, uniform polytropes of maximum and minimum poiytropic indices. 
has been considered. It has been shown from quite general considerations that the gravitational 
potential energy cannot be on isolated extremal property exhibited by the one-phase model of the 
limiting polytrope. Using Candler’s equations, several intermediate properties have been deduced 
for the variable polytrope, besides those derived by Candler*, in particular, the ratio of the central 
to the mean density. The temperature distribution of the variable polytrope has been considered 
in diverse aspects, and several integral theorems, as well as the raonotonic decrease from centre 
to surface of certain physical variables, which is assumed for real stars, has been shown to follow 
from the polytropic equation. 


Soi.FTioxs OF THE Differential Equations, it,=/ (± Lj, where /( ±^) properly 
defined. By Santi Ram Mukherji, Mathematics Department, Allahabad University. 

The paper is just a generalisation of Silberstein’s paper published in the Philosophieal Magazine, 
September, 1940. Oases beginning from r = l to r=6 have been taken and some properties of the 
Differential Equations in the general case have l>een discussed. 
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Solutions op some Differential Equations arising in problems of varying Viscosity 
IN Hydrodynamics. By Santi Ram Mttkherji, Mathematics Department, Allahabad University. 

The paper deals with the solutions of the following six differential equations which are required 
for finding the motion of incompressible fluid with varying co-eflicient of Viscosity. 

M = (^0+^1 ®) (^V) 

ini) (c+fcr)S7®i''= 

H (fifo+So «}\7“f+co ^ =0, (vi) |^=(a6+«i aJ+^s 2/+«3 
Where I'o, co, 7c are definite constants. 


Motion of an incompressible fluid with varying Co-effictent of Viscosity given by 
WHERE ei IS SMALL. By Sauli Ram Mnkhcrji^ Mathematics Department, Allahaliad 

University. 

In this paper e i has been taken so small that its square and higher powers are neglected and 
terms of the first order of quantities only have been retained. Motion of the fluid nt a finite distance 
and at a great distance from the origin has been considered. 


On the Theory of Spiral Nebula. By BHj Basi LaU Mathematics Department, Aliahabad 
University. 

In this paper fa) the possibility of the formation of nebiihe of irregular shapes has been 
considered ; (b) the motion of the ejected particles along the arms of a spiral nebula has been 
investigated ; and (c) the necessary condition for the formation of the sjiiral arms in a resisting 
medium has been found. 


On the Structure of the k Radiation of Oxygen. By Dr. D. B. Deadhar mid Dr. U. R\ 
Bose, Physics Department, Lucknow University. 

In the investigations on soft X-rn.ys of various metals with a two metre concave grating 
vacuum spectrograph the authors had occasionally to use the metals in the form of oxides which were 
rubbed upon the anticathode ot the X-ray tube. 

The spectograms showed lines due to the metals together with the oxygen lines. With a view 
to look for the origin of these oxygen lines the authors took raicrophotograph records of the Oxygen 
K line obtained on their plates. These microphotographs possessed a structure exactly similar to 
one observed by O’Bryan and Skinner (Proc. Ry, Soc. A Vol 176, 1940) for oxygen in Oxides. The 
oxygen lines examined by the authors on their plates must have been therefore emitted by Oxygen 
atoms in the state of cembination as oxides and not by free oxygen atoms. 
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Impkovement op Nitrogen Status of Soils. By A'. R. Dha,, Indian Institute of Soil Science, 
AllaJiabad. 

In a communication to the Nature (Nature 138, 1060, 1936) it was reported that farm-yard manure 
(cowdung) when added to soil tixes the atmospheric nitrogen and that the value of cowdung lies 
not only in its nitrogen content but also in its power to fix atmospheric nitrogen. Field trials have 
confirmed this observation. That nitrogen fixation or accumulation on the addition of farm-yard 
manure takes place even in soils of temperate climate is evident from the following results obtained 
from the classical field trials at Rothamsted 

Results obtained in 1926 


Total nitrogen 

(1) Receiving no manure since 1845 ... ... ... 01)95% 

(2) Receiving farm-yard manure since 1852 ... ... 0‘095% 

(3) Receiving complete artificials and (N H.J 260^ ... 0099% 

(4) Receiving complete artificials and farm-yard manure .. 0*253% 

(5) Receiving potash and phosphate but no nitrogen ... o090% 


Our results show that the loss of nitrogen -when ammunium sulphate is added to the soil is 
minimised by the addition of carbonaceous substances like molasses, hay, cowdung, leaves etc., which 
act as negative catalysts in the process of nitrification leading to a loss of nitrogen mainly in the 
gaseous state. 

Russell (“ Soil Conditions and Plant Growth, 11)31, page 362) has reported that the nitrogen 
content of a grass-land increases from 0*152% in 1856 to 0*338% in 1912. Similarly, a land permanently 
covered with vegetation for 24 years showed an increase of total nitrogen from 0 108 to 0*145%. 

The foregoing observations clearly show that carbonaceous substances help in the accumulation 
of nitrogen and its fixation and this explains why organic manures are valuable in steadying croi> 
yields. Not only the total nitrogen but the available nitrogen is also increased in the soils by this 
process. 

The residual effect of stable manure as observed throughout the world may be due not mainly 
to the conservation of nitrogen as hitherto believed but is caused by the fixation of atmospheric 
nitrogen through the oxidation of energy materials like pentosans, celluloses, fats, etc. It seems 
that wherever a residual efiect of a manure has been observed, with hay or stable- manure, or 
molasses, it is, perhaps, chiefly due to nitrogen fixation in the soil and no residual effect will be 
observed with a manure which is incapable of fixing atmospheric nitrogen although it may contain 
carbon. This viewpoint is supported by the observation of Morse (Mass Agrie. Exp. Sta. Bull, 
1936, No. 333) which shows that with a nitrogen status of soils approximately 0*15% there is no 
nitrogen accumulation with legumes. The green manures when added to the soil slowly undergo 
oxidation with loss of carbonaceous substances and nitrogenous compounds. The residual alkali 
intensifies the loss of nitrogen from such soils and hence the nitrogen status of soils is not improved 
as with farm-yard manures or ruolasses. 

It has already been reported by us that in general the available nitrogen in tropical soils is much 
greater (100 — --200 lbs. per acre) than in soils of temperate countries (20 — ^40 lbs per acre) and that 
is why a crop can be drawn in tropical soils in about 4 months whilst in non-tropical countries about 
8-9 months are needed, although the total nitrogen in tropical soils is less than that in soils of 
temperate countries. 

In temperate climates an attempt should be made to improve the available nitrogen status by 
ploughing the soil and exposing it to light and air in the spring, summer or autumn when the 
sunlight is strong- Instead of adding ammonium sulphate to soils in temperate countries to 
increase the available nitrogen it may perhaps be less expensive to increase ploughing and breaking 
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Up of the soils, makiug conditions more favourable for oxidation and obtaining a better crop-yield 
without making the soil more acidic, as happens on the addition of ammonium sulphate. In the 
case of soils in temperate climates which have deteriorated and may have been given up for the 
purpose of cultivation it seems that the remedy lies in the addition of more cow-manure (farm-yard 
manure) or hay or other readily decomposable carbonaceous substances like molasses but not by the 
addition of legumes, which have no residual efiect on such soils. 


Loss OF Nitrogen and its Retardation under tSTERiuE Conditions. .tV. A*. and 

N. iV. Pant, Soil Science Institute, Allahabad, 

The loss of nitrogen from urea and gelatine and in absence or presence of sugar has been inves- 
tigated under completely sterile conditions when mixed with sterile soils or oxides like ZiiO, TiOa etc. 
both in light and in the dark. It has been observed that even under completely sterile conditions 
and without any bacterial infection during the course of the experiment, there is a greater loss of 
nitrogen in light than in the dark and the presence of sugar markedly retards this loss. When the 
amount of the nitrogenous compound is not high there is appreciable iixation of nitrogen in presence 
of sugar. The explanation of Dory land based on the energy requirements of micro organisms 
(N. D. Agri. Exp. Sta. Bull., 116, 1916) is untenable in these cases and the experimental observations 
are easily understood from the viewpoint that just as in the case of metabolism in the animal body 
carbohydrates act as negative catalysts in the oxidation of proteins and can, preserve the body or 
exogenous proteins, similarly, in the soil carbohydrates conserve protein or other nitrogenous 
compounds by acting as negative catalysts in the oxidation of such nitrogenous compounds. It 
appears that both in the soil and in the animal body oxidation processes arc controlled by jdiysico- 
chemical laws, as iu ordinary oxidation reactions involving negative catalysis. 


1n\ EbllGAnolsS ON ALUMINIUM SILICATE SOLS. By S* GhoPi and .S. P, Gyizastava^ Ohemistl'V 
Department, Allahabad University. 

( 1 ) Sufficiently concentrated Sols of Aluminium Silicate eonlaiiuug varying amounts of Alumi- 
nium Oxide and Silica were prepared. 

(2) The compositions of the different sols were between the limits of =1-6 and = 0'8. 

All attempts to prepai-esols containing greater or smaller SiO^ and AljOj ratio than these values 
failed. 

(3) All the sols containing ditferent proportions of SiOa and Al^Oa were positively charged. 
Charge reversal was possible by negatively charged humic acid Sol. 

(4) The sols containing greater proportions of silica yielded better gels when coagulated by 
monovalent anions than the sols containing less of silica and coagulated by bivalent anions. 

(5) All the sols on coagulation showed abnormal behaviour on dilution towards KOI, {d) ionic 
antagonism by mixtime of KCI and other polyvalent anions and {c) the phenomenon of acclimatization 
with KOI. 

With CaCla abnormal dilution effect w’as developed only with the sol containing largest propoi*tion 
of silica. The coagulating power of CaCla was also least with this sol. 

(.6) The above results on coagulation can be explained by the views of Ghosh and Dhar from the 
adsorption of similarly charged ions by the colloid particles. 
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(7) Adsorption experiments with the different sols show that they are capable of adsorbing both 
the anions and cations from the added electrolytes. In general the sols containing greater amounts 
of silica adsorb more of cations than the sols containing less of silica, whilst the adsorption of anions 
increases with the increasing AL^O^ content of the sols. 

(8) The base or acid exchange has been found to be sufficiently a slow’ process. 

(9) These sols have been showm to be different from the sols obtained by mixing aluminium hy- 
droxide and silicic acid sols prepared separately. 

(10) The adsorption capacity of clay for both cations and anions is due to its inorganic constitu- 
ent, silica and basic oxides. The humus considerably modifies the physical character of clay and 
increases its capacity to adsorb the cations. 


Chemical Examination or the Seeds oe Nigella Sativa Linn. (Magrel) part L Fatty Oil By 
Bawa Kartar Singh and Bam. Das Tewari, Chemistry Department, Allahabad University. 


In this paper the fatty oil from the seeds of Nigella Sativa Liim. {Magret) has lieen examined 
and found to contain the glycerides of oleic, linolic, myristic. palmitic and stearic acids, the percen- 
tages of which are given below : — 


Oleic 

Linolic 

Myristic 

Palmitic 


35-99 

44-45 

0-26 

6*31 


Stearic 

Unsaponitiable (sterol) 

It has been shown that the oi 


2*45 

0-03 


examined by Crossley and Le Sueiu* (Agri. Ledger India, 1899, 
No. XII, p, 34 ; 1911-12 p. 3 12) was not a volatile oil but a mixture of fatty and volatile oils. Further 
the dioletinic acid present in the oil of Nigella sativa is linolic acid in our case, whereas it is telfairic 
acid in the oil examined by Bures ant Mladkova, (Casopis ceskoslov LekiUTiietva, 10, 317-— 323, 1930). 



SECTION B 

Studies on the Photochemical action in plants. (V) Light Kespikation of EUGENIA 
JAMBOLANA LEAVES AT DIFFERENT PERIODS OF STARVATION. By Shri Ranjan and Sitresh 
Chandra Tyagi^ Botany Department, Allahabad University. 

Varying periods of previous starvation of leaves of Eugmia jambolana, show that the hicrease 
in light respiration is highest when the leaves are least starved. With prolong starvation the 
increase in light respiration decreases, till the tenth day of starvation. After the tenth day the 
respiration in light again increases. An analysis of the total carbohydrates shows a decrease till 
the tenth day and then increase. The amino-acids, on the other hand, increase up to the end of the 
sixth day and then decrease. Thus, some correlation has been established between the increase in light 
respiration and the carbohydrate content, but not with the amino-acids. 


Studies on the Photochemical action in plants. (VI) The effeci' of some ('oloured 

LIGHTS ON THE LIGHT RESPIRxVlTON OF EUGENIA JAMBOLANA LEAVES. By Shri Ran; an 
and Siiresh Chandra Tyagi, Botany Department, Allahabad University. 


(1) The effect of monochromatic lights on the light respiration of green leaves has been 
investigated. 

(2) Red light, which is essential for photosynthetie process, does not affect in any way the 
respiration rate of plants. 

(3) Both the green and the blue lights increase the respiration rate of green leaves in light. 
The writers have shown that these lights do not affect in any way the photosynthetic process. They 
have thus divided the respiration of green plants into (a) dark respiration and (b) light respiration. 
Enzymatic activity alone is sufficient for the former, but for the latter blue, or green light is 
required. The role of the carotin oid pigments in photo-oxidative respiration is emphasised. 


Studies on the loss of fertility by certain fungi in culture. By R, N Tandon, Botany 
Department, Allahabad University. 

1. Melanospora destruens^ Phytophthora cactorum and Fiisariwn friictigemim Strain A were 
maintained on a synthetic medium and on the same medium with the addition of growth producing 
substances (in the form of extract of lentils) and were subcultured at monthly intervals over a period 
of 15 months. Considerable variation was seen in each case with a tendency to a general deterioration 
in fertility but this could not be correlated with the- medium on which the various culture lines -were 
maintained. Work on M, destruens was continued for 3^ years and in general it w'as confirmed 
that the nature of medium on which the parent cultures were maintained had no correlation with 
these deteriorations. 

2. M. destruens w^as also maintained on various modifications of the synthetic medium. The 
resulting cultures showed considerable variations which were largely independent of the medium 
on which the fungus was maintained. 

3. No difference could be seen between the amount of variation in culture lines subcultured 
at intervals of one or of three months. 

4. The type of inoculum (whether spores alone or mycelium alone) did not iofluence the 
fertOity of the cultures of M, destruens. 
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5. \ ariation was seen in cultures developing from parts of the same liypha or fi’om spores 
from the same perithecium of A/, destruens. 

6. Abundant sector formation has been shown by Malanospora cultures, pointing to the 
existence of strains of different intrinsic sporulating capacity. 

7. Continuous siibculturing of M. destruens over a period of 3| years shows that in mass 
subeulturing many poorly sporing or sterile parent cultures give rise to strongly sporing and very 
fertile cultures. These may remain fertile or may begin to deteriorate. 


Rkgmentation of Caudal Sucker op the Arhync’hobdellid [leeches. By M L. Bkaiia, 
Zoology Department, Lucknow University. 

There has been a good deal of controversy about the exact number of segments which form the 
caudal sucker of Arhynchobdellid leeches, A detailed study of a few general belonging to this group, 
supported })y the conditions seen in the embryos of Hinidinana^ reveal that sreen segments form the 
caudal sucker of tln^ Arhynchobdellid leeches. 


Cytoplasmic Inclusions in the Oogenesis of TURDOIDES TERRICOLOR TERRICOLOR. 

By D, N. Vanna, Zoology Department, Allahabad University. 

The work on the cytoplasmic inclusions in the Oogenesis of birds, from the point of view of 
modern cytological technique, is meagre. The only papers, published after 1914, are those of Brambell 
in 1925, Das in 1931, Srivastava in 1933 and the latest is that of Singh in 1938. In Seven Sisters, as this 
bird is popularly called, the cycles of Golgi and mitochondrial bodies were traced. The phenomenon 
of infiltration of both Golgi bodies and mitochondria from the follicle cells to the oocyte took 
place in a haphazard manner and continued till the formation of Zona radiata while yolk formation 

took place at quite au early stage it was even seen in the Yolk nucleus of Balbiani stage. Golgi 

bodies were seen to be responsible for the formation of fatty yolk and the elaboration of the albuminous 
yolk was found to be of seasonal occurrence. Pol uiuclearitv was a phenomenon most extensively 
observed in this bird. 


Liberation of sexual elements in aiarphysa mossambica Peters. By Najm-ud-Din 
Aziz^ Lahore. 

In transverse sections of a mature female Polychaete belonging to the species Aiarphysa mossambica 
Peters, a group of well-developed eggs was seen in the ccelomic cavity. The author describes the 
course followed by the eggs, and discusses the mode of liberation of the sexual elements. 


A collection of OLIGOCH.ETES FROM SOME HIGH MOUNTAIN LAKES IN KASHVnR. By 
IRajm-ud-Din Aziz, Lahore. 

The present paper contains a preliminary account of some Oligochietes collected from 17 lakes 
at about 120(X} ft., viz., Sheshnag, Handil Sar, Sona Sar, <1) ; Sona Sar (2), Duodhnag, Tar Sar, Chand 
Sar, Tulian, Harnag, Khem Sar, Yam Sar, Gangabal, Nandkol, Kul, Vishan Sar, Kishan Sar and Gad 
Sar. The collection includes members of the aquatic family Naididse and of the terrestrial families 
Moniligastridse and Megascolicidm. The author also discusses the geographical distribution of these 
Oligocheetes. . . 
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Entomosteaca frou so^fE High Mountain Lakes in Kashmir. Gmwi Lai Arara, Lahore. 

In the present paper the author gives a short account of the Entomostraca collected from ten 
lakes, via., Tulian, Harnag, Yam Sar, Khera Sar, Vishan Sar, Kishan Sar, Gad Sar, Gangabal Kill 
and Nandkol, all situated at’ about 12000 ft. and fed by water from the glaciers above. 

The Entomostraea include Cladocera belonging to the families Daphnidie, Chydoridai and 
Macro thrid 86 ; Ostracoda belonging to the family Cyprididie; and Copepoda belonging to the families 
Centropagidae and Cyclopidae. It is interesting to note that in the clear water of these lakes, at such 
great altitudes the Copepoda were deep red or orange, the Ostracods green and the Cladocerans dark 
brown, light brown or white in colour. 


A Preliminary Report on some Aquatic Insects from Kashmir. Ly D. R, Puri, Lahore. 

The collection includes approximately forty species belonging to the orders Odonata, Rphc- 
meroptera, Goleoptera, Trichoptera and Diptera. 

The order Odonata is represented by about twelve species, which were collecied mostly from the 
Liddar Valley at altitudes ranging from 7000 ft. to 9000 ft A few spficios ivere r('Stri(ited to particular 
areas, while others were more widely distributed. 

Three species of May-flies (Ephemeroptera) were collected from Kishan Sar and Nand Kol lakes. 

The order Goleoptera includes an amphibious beetle from Gangabal lake. ft. Hoais on the surface 
of water, but frequently flies to the land. 

There are about fifteen species of caddis flies (Trichoptera) in the collection. All species, except 
one, were taken on light. 

Three species of crane-flies (Diptera) were collected from below Tulian lake, (1 1000 ft,). One of 
them is exceptionally large, each wing having an expanse of 3 c. m. 


Some Spiders prom Kashmir. By Sukh Dyal, Lahore. 

The present paper deals with Campostichmma sp. of the family Agelenidm collected from Vishan 
Sar (12000 ft.) and Kishan Sar (12500 ft.) lakes. These spiders, black in colour, were found near the 
banks of the lakes. Another spider, Ocyale sp. of the family Lycosidae, dark brown in colour, was 
found on the banks of Sheshnag lake (11700 ft.). Two specimens of Lycosa sp. and one of Araneus 
were collected from Pahalgam (7000 ft.). A specimen of Nefiohila was found at Ohandanwa,ri (8000 ft.). 


A SPECIES OP INDIGENOUS PISH FROM Gad SaR Lake, KASHMIR. By Nazir A/imad, Lahore. 

This paper is a preliminary report on the ecology and systematic position of an indigenous fish 
obtained in the summer of 1941. The fish were sraa, 11 in size and mottled Salmo fario Limueus, 
These were very active and w^ere seen to move in shoals. 

In the paper an account of the adult and fry is given. 


On a small collection op Vertebrates prom high altitudes. By Nazir Ahmad, I^ahore, 

The collection under report was made during the summer of 1940 and 1941, from Kashmir, and 
comprises tadpole and adult of the toad, Cophoph7yne sikkimemsis (Blyth) ; young and adult of the 
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lizard, Leiolopisma kimalayamtm (Giintiier) ; a pit viper, Andstrodm himalayanus (Cliinther), and two 
rodents, Alactaga sp. and Lagomys roylei Ogilbv. The present paper contains an account of the 
systematies and ecology of the above forms. 


The “ Yolk nucleus op Balbiani” in the spider LYCOS a PUNETIPES. By Ram Suran 
Das, Zoology Department, Allahabad University. 

1. The yolk nucleus arises in the early oocytes in a juxtanuclear |X)sition as a hollow vesicle 
traversed by numerous fine intercrossing fibres. 

2. In older oocytes this vesicle is surrounded on all sides by a lameliated membrane of varying 
thickness. This does not consist of mitochondria, but on the contrary is purely a product of 
cytoplasmic di fferen tiation . 

3. The Golgi bodies are fine granular elements which completely encircle the yolk nucleus. 
Between the outer margin of the yolk nucleus and the Golgi layer there occurs a clear zone almost 
completely devoid of the inclusions. 

4. Vitellogenesis does not appear to be related to the yolk nucleus. The yolk nucleus 
persists in the vicinity of the principal niieieus in fairly advanced eggs, whereas vitellogenesis 
commences on the periphery. 


The Golgi bodies and the secretion of fat droplets in the eggs of cERrAiN anlmais. 

By Murli Dhar Lai Srivastava, Zoology Department, Allahabad University. 

The paper embodies the results of an attempt to investigate the relationship of the Golgi 
elements and fat droplets in the eggs of certain animals by means of an osmium-silver technique. 
The ovary is fixed in 1 *5 % osmic acid for twenty-four hours and subsequently impregnated with 
silver and treated with hydroquinone as in CajaFs method. Sections are mounted in Canada balsam 
directly or after extracting the fat in turpentine. 


On the structure and origin of the corpus luteum in the lizard HEMIDACTY/A^S 
L'LAF/V/R/D/S (RuPPEld- By S. K. Dutta, Zoology Department, Allahabad Vniversity. 

There has been a fairly good amount of work on the female reproductive cycle in the class 
Mammalia, in which most of the study is directed to the behaviour of the corpus luteum of the ovar>’. 

But the changes undergone by the ruptured follicle have not been so intensively studied in the lower 

Vertebrata. This paper deals with the structural variations of the ovary in the lizard Hamidadylus 
flaviviridis { Rappel). The occurrence of a corpus luteum is recorded and its histological structure 
described. 


Studies on the Six New Species of the Genus A^E0DIPL0S7 OMOxU, Railliet, 1919 
(family DIPL.OSTOMIDM PoiRiER, 1886 1. By P. N. Ckatterji, Zoology Department, Allahabad 
. University. 

This paper gives a description of the six new species of the genus Neodiplostonmm, Railliet 1919 
(Family Dtplostomidce, Poirier 1886). These species were collected from the common kite, Bnteo rufmtis 
rtifinus, hawk, Aedpetres nisas malanoschisttis, woodpecker, Brackypternus bengalensis bengalensis and 
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Indian Koel, Endynamis scolopaceous caught from the different villages near Alklialiad. According to 
the subdivision of the genus into two subgenera by Dubois 19117 three species arcincluded in the 
subgenus Neodiplostomum, Dubois, I9b7 and the three in the subgenus Conodiplosfominn, Dubois, 19117. 
The diagnostic characters of the species are given and their relationships discussed. Neodiplostomum 
eiidynamis n. sp. differs remarkably from all the other species of the genus on account of the presence 
of three small muscular papillas on the ventral side of the body just in front of the genital atrium. 
In n. sp. the genital cone. is absent, but a genital papillic, which lies just in 

front of the opening of the hermaphroditic canal in the genital atrium is present. 


Some Fresh- WATEU FrsnES and Fisheries of the United Provinces. By JOr.A.J. Farngi, 
y*!ioology Department, Agra College, Agra. 

The paper is divided into three parts. The first ])art deals with the four didereni, varieties of nois 
and theii' different modifications which are used in the various ].)arts of l,he province to suit varying 
conditions of rivers, lakes and other reservoirs of water. Tlie following four iyi^es of nets are 
described 

1. Trap-net, 

2. Hand-net, 

.‘1. Drag-net, and 

-1. Fixed-net. 

The description of each type of net includes full particulars regarding its (‘onstruction and i]\o 
nn^t hod of using it. 

The second part of the paper deals with tiO species of fishes. In each ease interesting feat, arcs 
such as market value, the time of the year when it is most abundantly caught and migratory instimd-, 
if possessed arc dealt with in detail. A list of fishes with vernacular names is given at the end of 
the second part. 

The third part deals with a general note regarding the scope of developing inland- fisheries in 
the Piovince. It is discouraging to note that the Local Government of the Province has so far 
adopted an indifterent attitude towards this problem whereas other Provinces liave liecn more active 
in the field and fruitful results are seen in them. One of the major recommendations -deals with tlie 
suggestion regarding the conversion of the Kitham Eeservoir (Agra) into a piscine culture station 
and the establishment of another big station at Narora fails (Bulandshahr). On the easlern side of 
the Province, natural reservoirs are in abundance and these may he utilised for slocking fishes. 

An elaborate scheme for the establishment of a Fishery Department is possible only if the Local 
Government become interested in the c^uestion and it is hoped that once the Department is started, 
it will become self-supporting after a few years. 


IN [KASHMIR. By N. Ii\ Gupta, 


Fresh-Water Polyzoa From High Mountain Lakes 
Lahore. 

In the present paper a preliminary account of some of the encrusting 8i)Gcies of Polyzoa 
probably belonging to the genus Phimatella Lamark, from two lakes of Kashmir, naraoly, Gauga Bal 
(11714 ft.) and Nand Kol {11200 ft.) is given. At the time of collection the following aquatic tempera- 
mres were recorded : Ganga Bal 64«F, Nand Kol 59»F. It is interesting to note that no trace of any 

Polyzoa was found in any of the other fifteen high mountain lakes, whereas it was very common in 
the above-mentioned lakes. 



Address by Dr. PANNA LALL, M.A., B.Se., LL.B., D.Litt., 
G.I.E., I.C.S., Adviser to His Excellency the Governor, 
United Provinces, at the Eleventh Annual Session of 
the National Academy of Sciences, India, held at Agra 
on February 13, 1942. 

Me. Peesidbnt and membees oe the National Academt 
OE Sciences : 

H IS EXCELLENCY the Governor of these provinces 
has entrusted me with a message, which I should first 
deliver to you. 

His Excellency’s Message — 

“ Two years ago I had the honour to attend the annual meeting 
of the National Academy of Sciences and I sincerely 
regret that it has not been possible for me to attend the 
meeting at Agra this year. Two years ago I spoke of the 
mad policy of one nation, or perhaps more accurately, 
of one TTia.n which, apart from its more direct results, has 
had the indirect resrdt of handicapping throughout the 
world scientific investigation, and which has turned the 
ingenuity of man to inventing means of destroying life 
rather than of preserving and improving it. Since then 
the confiict iias spread throughout the world, but a time 
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will come again when swords can again be beaten into 
ploughshares and spears into pruning hooks and it is 
well that we should maintain the continuity of scientific 
thought designed for other purposes than human destruc- 
tion. The National Academy of Sciences is designed to 
secure that continuity and I wish its meeting this year 
every success. I am glad to say that the Provincial 
Government has found itself able to give a recurring grant 
this year to the Academy in place of the non-recurring 
grants given in previous years and I know that this 
contribution to your resources will be well repaid.” 

I thank you for the honour you have conferred upon 
me by inviting me to inaugurate this session. The import- 
ance and weight which attaches to this Academy is evident 
from the list of distinguished scientists who are its members 
and from the galaxy of eminent men which I see resplendent 
here today. It is a pleasant coincidence that you are meeting 
today in this city of Agra where I spent many happy years 
of my academic hfe. 

It would indeed be presumption for one, with my 
slender equipment, to speak in such an assemblage either on 
the value of the work which you have done or to say to you 
what you should do ; or again to attempt to dogmatize on 
the charge which is sometimes levelled against Science that 
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it is responsible for the misery and injury which has been 
inflicted by the warring nations and that therefore its 
mischievous activities should be curbed, if it should not be 
altogether anaesthetized and laid at rest for a time, like a 
lunatic in a padded cell. But I cannot refrain from taking 
advantage of this opportunity to make a few observations. 
My two immediate predecessors, in the role which I fill today, 
referred* (with the humility of the real savant) to the 
exclusively classical education which they had received. 
Unlike them I have had the unusual good fortune of receiving 
a classical as well as scientific education. And though 
that justifiably labels me as jack of both, yet it gives me an 
advantage also. For without being open to the charge of 
partiality to science, I can appreciate, and offer my tribute of 
admiration to, the valuable work which has been done by 
your members in expanding the horizons of knowledge; dealing 
on the ”one hand with the immensities of the suns and the 
stars ; and on the other with the unimaginable minuteness 
of nuclei and electrons. But I would not be so foolish 
as to go into any further details. 

Science and the horrors of war — 

The statement that Science is to be held responsible 
for the suffering and misery which has been and is being 
inflicted this minute on our feUOw-men— but from which 



4 


Providence has so far saved us — ^is one which I never thought 
would need a solemn and serious refutation, until latterly 
when I heard that view expressed by responsible speakers 
whom I hold in great regard and esteem. I caimot brush 
this aside as cheap or prejudiced criticism. I would, there- 
fore, take this opportunity, with your permission, to submit 
a few considerations to the contrary, although they must 
needs appear to you obvious and even elementary. While 
not yielding to any in my love for classics and the fine arts, 
I am utterly unable to join hands with those who would 
condemn science as the source of our misfortunes and would 
crush its activities. This unjust attitude has recently pro- 
voked a scientist to retort that the Government of the 
world should be handed over to scientists who might achieve 
greater success than the pohticians in stopping this awful 
succession of wars. Without subscribing to that extreme 
demand, I would say, with the full knowledge of 
the horrors of the past two and a half years, that we 
still want science and more science — pure science ; 
applied science ; technical science. The fact that the 
knowledge acquired by science has been put by some to 
unworthy uses and has resulted in human suffering may 
denote a failure of religion or philosophy, but is surely not 
sufficient to prove the iniquity of scientific pursuit. It should 
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rather furnish a reason for educating those unworthy persons 
in the proper ideals of human conduct — ^in other words — 
Moral Science. Human passions were not less brutal before 
the advent of electricity and radio-activity. Humanity 
exhausted aU its resources in devising the lingering tortures 
of the poisoned arrow and daggers which opened inside the 
body with expanding jagged edges. And right back in the 
dawn of our race, how could our first ancestq^ h^g^j|uc- 
ceeded, in establishing their supremacy over t£^e elephant or 
the iS^^bothed tiger without the use of weapons fashioned 
by the scientific knowledge then available ? Would you 
condemn the discoverer of iron or copper for the use of the 
battle axe ; or blame the stone club which the early male 
employed with such success to strengthen his matrimonial 
suit ? But for patient researches in the properties of stone, 
iron and copper, there would have been little of our boasted 
civilization. And quite apart fi:om the visible and tangible 
enemies with which our forbears had to contend, science 
has given us information about a host of others, too minute 
to be seen or felt, which nevertheless are deadly. The 
typhoid or the cholera germ is no less deadly than the karait 
or the boa-constrictor. It is science alone which can dis- 
cover for us, first the existence of these enemies and next the 
way of checkmating them. We must have, can have, nothing 
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but praise and encouragement for scientific research. The 
tragedy rather is that knowledge is co-existent with power, 
and Providence has given us free will to employ that power 
as we list. That power or energy — Shakti — has a dual 
aspect, one gentle and the other fierce — the Gauri and the Kali 
— and Man, the supreme purpose of evolution, has yet to 
learn how to understand and propitiate both. 

In our ancient books there is a story of a research 
student eager to acquire mastery over the forces of nature, 
who obtained the power to burn up anything which he 
touched. And immediately he tried to employ that knowledge 
on the very person to whom he owed it. But Providence 
could not tolerate such wickedness, and in the end all that he 
succeeded in achieving was to burn himself to ashes with his 
own power. May be that that immortal story is being 
enacted once again before our eyes. 

Science and War Effort — 

Our immediate concern is with the actual circumstances 
surrounding us. The War is there as wars have always been. 
Like a vast devastating prairie fire, it is continuing its 
relentless march and ours is the only great country that has 
so far escaped ; but its horrible tongues are even nowTicking 
our borders. Is this, I ask, the time to put science away in 
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cold storage, or is it tlie time when the clear duty of all 
scientists is to make the fullest use of their intellect and 
resources, and together to devise the most effective means of 
counteracting the menace that stares us in the face. 

Gentlemen, bear with me when I pause and consider how 
helpless we should he without science. It is only with the 
help of science that the ships of the navy are stih saihng on 
the High Seas, bringing us food, medicines, and machinery. 
Our valiant soldiers, whether in the Mid-East or the Far East, 
must maintain touch with us by ether, air, or sea. You 
will recall how the advent of the magnetic mine and the 
accoustic mine by the enemy paralysed our shipping and our 
communications for a brief while till scientists — ^you — came 
to our rescue. So too against each new diabolical engine 
of the enemy must you discover an effective defence, and 
before it becomes too late. The transport of troops ; the 
repatriation of the wounded and the sick ; the surgical treat- 
ment of the maimed and the mutilated would be impossible 
without the aid of science. It is to the scientist that the 
layman appeals for advice how to deal with the explosive, 
the incendiary, or the anti-personnel bomb. The long 
continuance of the war must inevitably cause a shortage of 
vital commodities. It is to you that the world will look 
for substitutes, alternatives, and synthetic products, for many 



a natural substance. It is your researches which will teach 
us how to employ the available resources to the greatest 
good of the greatest number so that we may preserve our 
healths and stand up squarely to the attack. Without science. 
War effort wiU collapse like a castle of sand, and the gruesome 
spectre of Death and devastation will stalk this our fair 
land. With the help of science, we may be able to survive 
this catacylsm and after the war may be able to piece up 
such bits of civilization as may still be left and start building 
a new world with new hopes and new aspirations. 

The ScieDttifie attitude — 

I have so far only referred to the objective facts of 
science, its discoveries of matter and energy and invention 
of machines. Great as has been the contribution of science 
to the happiness and welfare of mankind by these objective 
items, the debt which humanity owes to science is, however, 
stiU. wider. The method of science has wrought a revolution 
in the entire realm of human thought and activity. 

The scholar who inaugurated your session last year 
described the merits of classical education in these eloquent 
words — 

‘ The severe mental discipline which it provided strengthened 
and invigorated the mind, taught us habits of accuracy 
and concentration, inspired us with an ardent love of 
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truth, enabled us to grasp the general principle implicit 
in a series of facts or phenomena, and instructed us in 
the processes of reasoning and logic. Indeed it did 
more ; for it did not neglect the emotional side of human 
life and it opened our eyes to the beauties of art and 
literature. ’ 

A truly beautiful prospect ; but may I, with all respect, 
claim for Science almost all tbis and a great deal more — 
Tie devaluation, of authority and tradition ; the insistence on 
personal observation and experiment; the search for 
unbiassed evidence ; tireless patience never losing hope ; 
the sorting out of data and conclusions and their orderly 
classification ; exactness of thought and expression ; the 
interest m causal relations as distiuct jfrom interest ia 
things for their own sake ; the presentation of the results 
of experiment regardless of their consequence ; and a loyal 
and tenacious adherence to those results whether they 
fit it with the accepted view of things or not. 

These are some of the constituents of the scientific 
attitude towards life. This attitude has silently but surely 
permeated our entire world. Its methods are with great 
advantage applied to such difierent realms as philosophy, 
economics, sociology, and even to red-tape administration. 
More, science has developed a new outlook upon our environ- 
pient and a new reaction to it, making some things seem 
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more valuable and others not. We can no more ignore these 
new standards of science in a discussion of the general 
problem of values than we can ignore, say, the telephone or 
the Railway train. It has given us a new angle for viewing 
beauty and art, as modern paintings, poems and buildings, 
even the appointments of our homes bear out, with their 
dominant notes of precision, economy and exact finish. 
These are the gifts of Science. 

It is by a synthesis to be effected by the scientist, 
the thinker and the artist, each bringing his own specialized 
contribution to the common pool, exploring the inmost 
recesses of human thought and activity, that our lives can 
be made fuller and richer and civilization truly advance. 



